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PREFACE 


Since the theory of continuous groups of transformations was inaugu- 
rated by S. Lie and F. Engel, the groups of motions in Riemannian 
spaces were studied by L. Bianchi, G. Fubini, W. Killing, G. Ricci 
and others. 

On the other hand, the idea of spaces with a linear connexion was 
introduced by E. Cartan, J. A. Schouten and H. Weyl and the affine 
and projective motions in these spaces were first considered by L. P. 
Eisenhart and M. S. Knebelman. 

In 1931, W. Slebodzinski introduced a new differential operator, 
later called by D. van Dantzig that of Lie derivation, which can be 
applied to scalars, vectors, tensors and affine connexions and which 
proved to be a powerful instrument in the study of groups of auto- 
morphisms. Using this operator, D. van Dantzig showed that his 2- 
dimensional projective space described by 2 + 1 homogeneous curvi- 
linear coordinates can be regarded as an (m+ 1)-dimensional space 
with a linear connexion which admits a one-parameter group of affine 
motions. He applied also the idea of Lie derivation to physics. 

Since then the deformations of curves, subspaces and spaces themselves 
as well as groups of motions, affine motions, projective motions and 
conformal motions were extensively studied by L. Berwald, E. Cartan, 
N. Coburn, E. T. Davies, P. Dienes, A. Duschek, L. P. Eisenhart, F. A. 
Ficken, H. A. Hayden, V. Hlavaty, E. R. van Kampen, M. S. Knebel- 
man, T. Levi-Civita, J. Levine, W. Mayer, A. J. McConnel, A. D. Michal, 
H. P. Robertson, S. Sasaki, J. A. Schouten, J. L. Synge, A. H. Taub, 
H. C. Wang, the present author and others. 

The Lie derivatives of general geometric objects were studied by A. 
Niyenhuis, Y. Tashiro and the present author. 

It is now a well-known fact that, if an -dimensional space admits 
a group of motions, affine motions, projective motions or conformal 
motions of the maximum order 4n(n-+1), n?-+-n, n?+-2n or $(m-+ 1)(n+2) 
respectively, the space is of constant curvature, affinely flat, projectively 
Euclidean or conformally Euclidean. 

In 1947, I. P. Egorov began the study of spaces which have a non- 
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vanishing curvature tensor and which admit a group of automorphisms 
of the maximum order. Investigations in this direction were carried out 
by Y. Muté, G. Vranceanu, H. C. Wang and the present author. 

Chapters I—VII of the present book are devoted to the above- 
mentioned publications. 

The automorphisms in Finsler spaces, Cartan spaces, general affine 
and projective spaces of geodesics and general affine and projective 
spaces of k-spreads were studied also very extensively by the use of 
Lie derivatives by R. S. Clark, E. T. Davies, H. Hiramatu, Y. Katsu- 
rada, M. S. Knebelman, D. D. Kosambi, B. Laptev, Gy. Sods, B. Su, 
K. Takano, H. C. Wang, the present author and others. Chapter VIII 
contains the theory of Lie derivatives and its applications in these spaces. 

Chapter [X is devoted to the study of global properties of the groups 
of motions in a compact orientable Riemannian space. The method 
used in this Chapter is due to S. Bochner and A. Lichnerowicz. 

The last Chapter is devoted to a brief exposition on the almost complex 
spaces and to some problems which can be dealt with by the use of Lie 
derivatives. 

There is a tendency of developing the theory of Lie derivatives from 
the point of view of the theory of fibre bundles. But such an investigation 
has just been started and it seems to the author that it 1s still premature 
to give an exposition of the results already obtained. We only refer to 
the recent papers by R. S. Palais, N. H. Kuiper and the present author. 

The bibliography at the end of the book contains only the papers 
and books quoted in the text and those of which the author may suppose 
that they are of interest for the readers. 

The author wishes to express here his hearty thanks to Prof. J. A. 
Schouten who read the manuscript and gave many valuable suggestions. 
The author wishes to thank also the editors of Bibliotheca Mathematica, 
Prof. D. van Dantzig, Prof. J. de Groot and Prof. N. G. de Bruin for 
their most agreeable collaboration. 

The author appreciates very much the kind help from his Dutch 
friends at the Mathematical Centre and the University of Amsterdam. 
Miss P. Brouwer looked through the manuscript and improved the 
English of the text. The author’s sincere thanks go to all of them. 


Amsterdam, April 14, 1955 KENTARO YANO 
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CHAPTER I 
INTRODUCTION 


§ 1. Motions in a Riemannian space. 


Consider an n-dimensional Riemannian space V, 1 of class C®? 
covered by a set of neighbourhoods with coordinates &* and endowed 
with the fundamental quadratic differential form 


(1.1) ds* = g,,,(é)de*dé*,3 4 


where the Greek indices x, A, p, v, ... run over the range Z, 2, ..., n. 
We write (x) to denote the system of coordinates &. 
In the V,, referred to (x), we consider a point transformation 


(1.2) T: '& = P(e); Det (a,f*) #0 


of class C®® which establishes a one-to-one correspondence between the 
points of a region R and those of some other region 'R, where 0, stands 
for the partial derivation 0/dé’. 

During this point transformation, a point é* in R is carried to a point 
’E* in ‘R and a point &* + dé in R to a point '& + d@’& in 'R. 


1In principle, we follow, throughout the book, the standard notations which 
appear in the recent book by SCHOUTEN [8]. The number in parentheses refers to 
the Bibliography at the end of the book. 

2 A function is said to be of class C" in some region if it is continuous and has 
continuous derivatives with respect to the coordinates up to the order 7 at each 
point of the region, and it is said to be of class C® if it is analytic. A space is said 
to be of class C” (C®) if it can be covered by a set of coordinate neighbourhoods 
in such a way that the transformation of coordinates in an overlapping domain is 
represented by functions of class C" (C®) in that domain. 

3'We adopt the summation convention: If an index appears twice in a term once 
as a subscript and once as superscript, summation has to be effected on the range 
of the index. 

4 The g,,(&) means the value of g,,, at the point whose coordinates with respect 
to (x) are &*. The /*(é") in (1.2) denotes ” functions of coordinates &’. 

5 A point transformation is said to be of class C* (C®) if the functions defining 
it are of class CT (C®). 
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If the distance d’s between two displaced points ‘é* and ’& + d’é&* 
is always equal to the distance between the two original points &* and 
é* + dé, the point transformation (1.2) is called a motion} or an tso- 
metry in the V,. 

Now in order to formulate the condition for (1.2) to be a motion in a 
V,,, we procecd as follows: 

The point transformation T carries a point &* in R to a point ‘& in ’R 
and consequently the point transformation T-! inverse to T carries 
the point ‘&" in 'R to the point £* in R. With this inverse point trans- 
formation 7-1: ’§ + &, we can associate a coordinate transformation 
(x) —> (x’) such that the transform in R of a point in ’R by T—! has the 
same coordinates with respect to (x’) as the original point in ‘R had 
with respect to (x). This coordinate transformation is given by the 
equation 


(1.3) ge an Ee 2 
that is 
(1.4) a = P(e"), 


This process (x) — (x’) is called the dragging along of the coordinate 
system (x) by the point transformation 7-1: ’& + & and (x’) is called 
the coordinate system dragged along by T-}. 

By this dragging along of (x) the d’é at ’& becomes dé* at &* and 
we have 


(1.5) ak = d'&, 
Now the distance d’s between ’&* and 'é& +- d’& is given by 
(1.6) d's? = g,,(')d'e a’&* 


and the distance ds between &* and é* + dé is given by (1.1). But in 
the coordinate system (x’), (1.1) can be written as 


(1.7) a aly yg ds? = g,..(&)d&* d& 
a 

where ,, 

(1.8) Srl) = Ann Banlé) ®. 





1 Following this definition, the reflexion is a motion. 

* Cf. SCHOUTEN [8], p. 102. This is written more elaborately & = 8*’&* where 
8 is the general Kronecker delta. In all cases where no ambiguity can arise, we 
drop the symbol 8% for the sake of shortness. 


2 Ary, Sf 4X,A%, and AX%, 2 ae, AX St a ee, 
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Thus comparing (1.6) with (1.7) and taking account of (1.5), we have 
(1.9)  Bayl’8) == Basel) 


for a motion in the V,. 

Now the field g,,,(&) 1s given at each point & of the space and conse- 
quently we have the field g,,(’&) at ‘€ in ‘R. Starting from this field 
,(€) at ’§, we form a new field ’g,,(&) at § in R in the following way: 

We define a new field ’g,,(&) at € in R as a field whose components 
‘£x4/(€) with respect to (x’) at each point & in R are equal to the g,,(’é) 
at the corresponding point ’& in ’R, that is, 


(1.10) BrvelE) F Brx("8) 
Since 

BoelE) = Ae Bre (6), 
we have from (1.4) and (1.10), 
(1.11) "Bal€) = (f°) (OF?) B00"). 


This process g,, —> ’g,, 1s called the dragging along of the field g,,, by 
the point transformation J! and the field ‘g,,, 1s called the field dragged 
along. We say also that the point transformation 7-1! has deformed the 
tensor g,, into ’g,, and we call ’g,, the deformed tensor of g,, by T-}. 

Now comparing (1.9) with (1.10) we have 


(1.12) BwelE) = Bae(§) 
with respect to (x’) and 
(1.13) ‘BrxlS) = Brx(§) 


with respect to (x) for a motion in V,. Hence we have 


THEOREM 1.1. In order that (1.2) be a motion in a V,, wt ts necessary 
and sufficient that the transformation '§ -> — do not deform the fundamental 
tensor of the V,,. 


We call ’g,, — g;, the Lre difference of g,, with respect to (1.2). The 
Lie difference of g,, is a tensor of the same type as g,,, because it is the 
difference of two tensors of this type. In order that (1.2) be a motion 
in a V,, it is necessary and sufficient that the Lie difference of the 
fundamental tensor of V, with respect to (1.2) vanish. 

We now consider the case in which the point transformation (1.2) 
is an infinitesimal one 


(1.14) = & + vad, 
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where v* is a contravariant vector field and da is an infinitesimal. For 
the coordinate transformation (1.4) we have 


(1.15) &* — Pe’) = & + di, 
from which 
(1.16) 0, f* = &% + 0, u* dt 


up to infinitesimals of the first order with respect to dé. In the following 
we shall always neglect quantities of an order higher than the first with 
respect to dt. Of course the equalities (1.14) and (1.16) should be written 
with the use of the sign * 1 because they are only valid for special co- 
ordinate systems. But we may accept as a general rule that * will be 
dropped in cases where no ambiguity can arise. 

Substituting (1.16) in (1.11), we find 


‘Bae = (8X + 0, 0% dt) (8% + 0,0? dt) (go, + v" 0, gopAt), 
from which 
(1.17) Bax = Bax i (uv Ou Grr i Box 0, v° a Br Oy v°)dt. 
Thus we have 


THEOREM 1.2. In order that (1.14) be a motion in a V,, tt ts necessary 
and sufficient that 


(1.18) U" Oy Bax a Box 0 U° 2 Br 0, v° = 0. 
We call 
(1.19) £8), at = Boe — Bane ® 


ar (v* Oy Erx = box 0, v° zs Bro 0, v)at 


1 The sign * is used to emphasize the fact that an equation is only valid or 
that its validity is only asserted for the coordinate system or coordinate systems 
occuring explicitly in the formula itself. Cf. SCHOUTEN [8], p. 2. 

2In the coordinate system (x’) which only differs infinitesimally from (x), this 
equation can be written as 


rs Barge UE = “Bye lE) — Bare l&) = Baxl’§) — Baye(€)- 
0 
But as js stated below, £ g,, is a tensor and consequently 
5 4 
-_ LE bay tt = AR*, LE bay dt = £ 8, dé + (term of higher order), 
v v v 


from which 
LS bry Gt = Bay l’E) — Brrye(E)- 
v 


This is the usual definition of the Lie derivative. See YANo [13]. 
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the Lie differential of g,, with respect to (1.14) or with respect to the 
vector field v* and £ g,, the Lie derivative! of gy,. 


The Lie differential of g,, 1s a tensor of the same type as g,,. Thus 
the Lie derivative of g,, 1s also a tensor of the same type. 
In fact, using the relations 


Vici as On Brx = Bouluat = Prolwet == 0,73 
Vu 2 Ou + (5h, 


we can write the Lie derivative of g,, in the form 


(1.20) A Bax = Way “1s y det ary 


which shows explicitly the tensor character of & Loa 
Thus we have 


THEOREM 1.3. In order that (1.14) be a motion in a V,, wt 1s necessary 
and sufficient that the Lie derivative of g,,, with respect to (1.14) vanish: 


(1.22) bE 8 = 2V 0, Uy) == 0. 


The equation (1.22) is called after Killing ® and a vector field satis- 
fying a Killing equation is called a Killing vector. 
Myers and Steenrod’ proved 


THEOREM 1.4. Any closed group of motions in a V, of class C* (r = 2) 
is a Lie group of motions. 


ne a 


1The name “Lie derivative’ was introduced by VAN DANTziG [2, 3]. 
2We use the notations §® and Vi to denote the covariant differential and the 


covariant derivative of ® respectively. Cf. SCHOUTEN [8], p. 124. 


*The {5} denotes the Christoffel symbol: (24392 40%°( 824, + O85 — 89): 


Cf. SCHOUTEN [8], p. 132. 

‘The round brackets denote the symmetric part, e.g. 2Vqv,) = V,v,, + V,%, 
while the square brackets denote the alternating part, e.g. I'f,j, = #0, — TYy,)- 
Cf. SCHOUTEN [8], p. 14. 

5 In the following we distinguish the contravariant, covariant and mixed com- 
ponents of a tensor by the position of the indices, the same kernel being used in all 
cases. Cf. SCHOUTEN [8], p. 44. 

6 KILLING [1]. 

7 MveErs and STEENROD [1]. 
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§ 2. Affine motions in a space with a linear connexion. 

We consider in this section ”-dimensional space L, 1} provided with 
a linear connexion I,(&). In an L, the parallelism between a vector 
u* at a point é* and a vector w* + du* at a point &* + dé is defined by 
(2.1) Su* Sf du* + I™%, ud" = 0. 


When we effect a point transformation (1.2), the differentials d& at & 
are transformed into the differentials 


esata 
(2.2) d'§* == dE 


at ’&*. Now if we make the condition that the vector # at & is trans- 
formed from &* to ’&* in the same way as the linear elements d& at &, 
then the corresponding vector at ’€ 1s 


of* 
ag” 





™ 
(2.3) u*(‘E) = —~- u’(é). 

When a point transformation (1.2) transforms any pair of parallel 
vectors into a pair of parallel vectors, (1.2) is called an affine motion ? 
in an L,. 

For an affine motion, we must have 


(2.4) Su%('E) 22 du*(’E) + I (/E)(')d’E* = O. 


Now we introduce the coordinate transformation &* = ’é*. Then 
with respect to (x’) dragged along by 7-1: ‘& - &, the equation (2.1) 
can be written as 


(2.5) Su def dy (E) + I.E) (E)de* = 0, 
where 

(2.6) un (E) = Apw(é) 

and 

(2.7) wr(&) = (Aga Thalé) + 0, AXA, 


and (2.3) can now be written as 
(2.8) u*('E) = u*(E). 


1 An z-dimensional space with a linear connexion 1s called an L,,. Cf. SCHOUTEN 
[8], p. 125. 
2 An affine motion was first defined by SLEBODZINSKI [2]. 
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From this we see that u*(’) is exactly the field value at ’é* of the field 
u“ dragged along by & — &’. 
Hence, from (2.4) and (2.5), we have 
(2.9) Tia’) = TMia(é) 
as the necessary and sufficient condition for an affine motion in an L,. 
We now define a new linear connexion ‘T¥j,(&) in R as a linear connexion 


whose components ‘I%,.() with respect to (x’) are equal to the I%,(’é) 
at the corresponding point ’€ in 'R, that is 


(2.10) Thalé) S MA (’6) 
with respect to (x’). 
Since 
Ax 'Tral§) = Aux 'Thx(é) + 0, 4X, 
we have, from é* = /*(&) and (2.10), 
(2.11) (6, f°)'Tialé) = (O, F(A, P)TE(8) + 0, 0,/*. 


This process I¥, —‘I¥, is called the dragging along of the linear 
connexion I“, by the point transformation ’& —> & and ‘Tj, is called the 
linear connexion dragged along. We say also that the point transformation 
has deformed the linear connexion I‘, into ‘Ij, and we call ‘Tj, the 
deformed linear connexion of I). 

Now comparing (2.9) with (2.10), we find 


(2.12) Tha (8) = Tra (€) 
with respect to (x’) and 
(2.13) Talé) = Ma (6) 


with respect to (x) for an affine motion in an L,. Hence we have 


THEOREM 2.1. In order that (1.2) be an affine motion in an L,, 1t 1s 
necessary and sufficient that the transformation '& + €& do not deform 
the linear connexion of L,,. 


We call ‘I, — Ty, the Lie difference of I, with respect to (1.2). 
The Lie difference of I, is the difference of two linear connexions and 
consequently it is a mixed tensor of contravariant valence | and co- 
variant valence 2. In order that (1.2) be an affine motion in an L, it is 
necessary and sufficient that the Lie difference of the linear connexion 
with respect to (1.2) vanish. 

We next consider the case in which the point transformation (1.2) 
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becomes an infinitesimal one (1.14). Substituting (1.16) in (2.11), we find 
(58 + 0, u? dt)’T, = (8%, + 0,07 dt) (dx + 0, v° dt) (8, + v0, 1%, dt) + 0,0, v° dt, 
from which 
(2.14) ‘MM, =i, 4+ [6,0 0% + vo, My, — 1%, 0, o%* + 1%, 6, ve + 1%, 0, v"ldt. 

Thus we have 

THEOREM 2.2. In order that (1.14) be an affine motion in an L,, it is 
necessary and sufficient that 
(2.15) 0,0, 0% + v0, Py, — Th, 0, u* + 1,0, 0° + 1,0, v0" = 0. 

We call 
(2.16) gaia T™ — I 3 

, = (0,0,u% + v0, Ti, — Pf, 0, 0% + P50, 0° + iy, 0, v")de 

the Lie differential of Tj, with respect to (1.14) or with respect to the 
vector v* and £Iy, the Lie derivative of IN). 


nn? 


v 
The Lie differential and the Lie derivative of Ii, are mixed tensors 
of contravariant valence 1 and of covariant valence 2. 
In fact putting 


(2.17) vy SIV, vo + 255%? = 0, 0% + I v?, 


we can write the Lic derivative of I in the form 


(2.18) 





which shows explicitly its tensor character. In these formulae S)j* and 
R\* are respectively the torsion tensor and the curvature tensor of 
the space: 


(2.19) Si def aap 
(2.20) Ri det 20 Cin + 21 vie) lint 
Thus we have 


THEOREM 2.3. In order that (1.14) be an affine motion in an L,, 
tt 1s necessary and sufficient that the Lie derivative of Ty, with respect 
to (1.14) vanish: 

(2.21) Lia = Viv" + Ryo” = 0. 


1 The remark made in the footnote 2 of p.4 on £ g), is also valid for £ T%,. 
0 0 
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When the linear connexion IY, is symmetric the space L,, is called an 
A,.1 In an A,, the linear connexion determines geodesics by means of 
the equation 

24% 7} A 
in oP Pg 

ds? ds_ ds 
and this equation also determines on each geodesic an affine parameter 
s but for an affine transformation with constant coefficients. 

Conversely when a system of geodesics and affine parameters on 
them are given by (2.22), a linear connexion 's uniquely determined by 
the coefficients I}. 

Thus it is evident that an affine motion in an A, carries a geodesic 
into a geodesic and does not change the affine parameter on it but for 
an affine transfo1mation with constant coefficients. Conversely a point 
transformation which carries every geodesic into a geodesic and leaves 
invariant the affine parameter on it but for an affine transformation 
with constant coefficients is an affine motion in the A,. Thus we have 


THEOREM 2.4. In order that a point transformation (1.2) wn an A, 
change every geodesic 1nto a geodesic and every affine parameter into an 
affine parameter, it 1s necessary and sufficient that (1.2) be an affine 
motion in the A,.? 


In an A,, the Lie derivative £ Ty, of Ij, can be written as 
v 


(2.23) 





Nomizu ®° proved 


THEOREM 2.5. The group of affine motions in a complete L,, of class 
C@ is a Lie group. 


§ 3. Lie derivatives of scalars, vectors and tensors. 


In the preceding sections, we have seen some examples of Lie deri- 
vatives. In the present section, we define systematically Lie derivatives 
of scalars, vectors and tensors. 


1Cf. SCHOUTEN [8], p. 126. 

2 Some authors call an affine motion in an A, an affine collineation. 

3 Nomizu [1]. An L, is said to be complete if every geodesic can be extended for 
any large value of the affine parameter on it. 
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Take a scalar field #(€) in an v-dimensional space X,, and consider 
an infinitesimal point transformation 


(3.1) Ds = & + vd. 

The dragging along (x) — (x’) of the coordinate system (x) by the 
infinitesimal point transformation T—! : ’& — & inverse to T is given by 
(3.2) g — EX 4 yt. 


We define a new scalar field ‘f(é) at € as a scalar field whose compo- 
nents with respect to (x’) at each point & is equal to £(’&) at the corre- 
sponding point '&, that is, 


(3.3) P(E) = P(E) 
with respect to (x’). But since ’f and # are both scalar fields, the equation 
(3.3) is valid also with respect to (x). 

The process $(&) > ‘f(&) is the dragging along of the scalar field by 
T-1; '& +€ and ’(€) is the scalar field dragged along. 

From (3.3) we have 


(3.4) 'D(E) = plé) + vd, pdt. 
We call 
(3.5) & pb di 8! 'p(E) — p(é) 
= v0, pdt 


the Lie differential of the scalar field with respect to (3.1), and 


(3.6) | ge= ae | 


the Lre derivative of p. We call 'J = fp + £ pdi the deformed scalar of p. 


Take next a contravariant vector field *(&) in X,,. 

We define a new contravariant vector field ’u*(&) at € as a field whose 
components 'u*(£) with respect to (x’) at é are equal to the u*('C) at the 
corresponding point ’é, that is, 


(3.7) ‘w* () SE u*(’6) 
with respect to (x’). Since 
"u*(E) = Ay, 'u* (€), 
we have from (3.2) and (3.7) 
'u*(E) = (0% — 0, v* dt)(w°(é) + v* 0, uP dt), 
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from which 

(3.8) "e*(E) = u*(—) + (vd, 0% — ud, "dt. 
We call 

(3.9) Lu dt 8! u*(é) — 10*() 


= (vd, u* — ud, v")dt 


the Lie differential of the contravariant vector field #* with respect 
o (3.1) and 


(3.10) Lu* = vd u* — uo, v™ 


o 


the Lie dertvative of u*. We call ‘u* = 1* + & u“dt the deformed contra- 
variant vector of u™. 
The Lie differential £ u"di is a contravariant vector because it is the 


v 


difference between two contravariant vectors. Thus the Lie derivative 
£w* is also a contravariant vector. 


In fact, when X,, is provided with a linear connexion (3.10) can be 
written also as (cf. 2.17) 


(3.11) Lu® = v'Vu% — uv,*, 


0 


which shows explicitly the vector character of £u*. 
J 


The Lie derivative of a contravariant vector with respect to an infini- 
tesimal transformation can be defined whenever the field value of the 
contravariant vector at the transformed point is defined. We give an 
important cxample. 


When a curve is given by its parametric expression £*(z), the tangent 
x 


d 
- is defined at each point &*(z) on the curve. By an infinitesimal 


point transformation é* — ’&* = & + v"(é)dt, the curve &*(z) 1s trans- 
x 


d 
formed into the curve ’&*(z) and the tangent . at é*(z) into the tangent 
qd’ &* 
dz 
transformation. dé” 
To find the Lie derivative of 7s 


at ‘&*(z) provided that the parameter z is not changed by the 








we proceed as follows. We define 


12 


a new contravariant vector 
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1’ 


( dé 
dz 
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at € as a vector whose components 
Ue ag 4 


) 





( ag* ) 


dz 
sponding point ’&, that is, 


with respect to (x’) at € are equal to the a at the corre- 














'( d&* ee a’e* d&* 
re (2 S-= 
with respect to (x’). Since 

t | ( = 

Cee Ae ES 
( dz i dz 
we find 

( = _ , dé* 7 ak” 

dz} * dz dz’ 
from which 
adé&* 
yw ae r 
or 
(3.13) & d&* = 0, 








because z is supposed to be invariant during the point transformation. 

Take next a covariant vector field w,(£) in X,. We define a new co- 
variant vector field ‘w,(&) at € as a field whose components ‘w,.(€) with 
respect to (x’) at € are equal to w,(’é) at the corresponding point ‘é, 
that is, 


(3.14) ‘wy/() = w', (’&) 


with respect to (x’). We call 
(3.15) £ wat SF 'w,(~) — w,(é) 
= (v* 0, wv, + w, 0, v")dt 


the Lie differential of the covariant vector field w, with respect to (3.1) 


and call 
Lw, = v* 0, W +- W,, 0, ve 


the Lie derivative of w,. £w, is a covariant vector and ‘w, = w, + £w,dt 
9 v 


(3.16) 





is called the deformed covariant vector of w,. 


§ 3 LIE DERIVATIVES OF SCALARS, VECTORS AND TENSORS 13 


Van Dantzig ! showed that the equations of motion of a dynamical 
system, found by variation of {dA = /,dé can be written in a very 
simple form £ ~, = 0. The equations of motions are 


(3.17) dp, — adA/aé* = 0. 


But, following Euler’s condition, the #, are homogeneous of degree 
zero in the d&*. Hence 


ad A/OE* = (8, p,)dé", 


and consequently, the equation of motion (3.17) is equivalent with 


(3.18) 2d§" 01, Pr) = 0. 
Now, if we put 
uv = dé dA, 
we have 
(3.19) pv = 1, 
from which 
(3.20) (2,20 + p,6,0% = 0. 
Thus (3.18) can be written as 
(3.21) £ Pr = v0, p, + p, 0,0" = 0.? 


If the X,, is provided with a linear connexion (3.16) can be written as 


which also shows the vector character of £ w,. 


v 
Quite similarly the Lie differential and the Lie derivaitve of a general 
tensor, for instance, P™, are defined by 


(3.23) £P, dpe = PS, 
where 
(3.24) Pe Ae) Pe (Ce) 





a eT 


1van Dantzia [4]. 
2Van Dantzig showed also a beautiful application of the Lie derivatives in 
thermo-hydrodynamics of perfectly perfect fluids. See vAN DANTzIG [5]. 
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and consequently 
(PA (6) = AX% A} AM (PX (8) 
== (8% — 0, v% dt)(8i — 0,v*dt) x 
x (8, + 2, v* dt)(Per_(&) + vd, Pe’. di), 
that is, 
(3.25) ‘P(é) = P#,(é) + (v0, PA, — Pd, 0% — Pd, us + PAO, v* dt. 


Thus the Lie derivative of a tensor Po with respect to (3.1) is given by 














(3.26) | & P® = wd, P®, — P*,0,% — P*,a,u + PA a, v*, 
or 
(3.27) £PO, = wV, PA, — P& y* — Pe yd + PA ye 





v 


which shows the tensor character of the Lie derivative. 
Finally the Lie derivative of a general tensor density, for example, 
9, of weight w can be found to be 


(3.28) £ e",, == vO, Ca a Pr, 0,0" — Ber, 0,u" = » 0, 0° + wer, 0,v°, 










or 


(3.29) & Ca = wv, Ca _ Br, U5 a Up =F a y+w aah Up» 





which shows that £ 8“, is a tensor density of the same type as 
9 


From (3.29) it follows that the following rules, hold for the application 
of the Lie derivation to quantities: 4 
1. The Lie derivative of a sum of quantities of the same kind is equal 
to the sum of the Lie derivatives of the summands. 
2. The Lie derivative of a contraction is equal to the contraction of 
the Lie derivative. 
3. For a product or a transvection of two quantities ® and , the rule 


of Leibniz 
LOY = (£O)¥ + OY) 


holds. 


1 By quantities we mean here scalars, vectors, tensors and tensor densities. 
Cf. ScHOUTEN [8], p. 6. 
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§ 4. The Lie derivative of a linear connexion. 
When we consider in an L, an infinitesimal point transformation 


(4.1) = & 4 wade, 

the deform of a contravariant vector 7 is defined by 
(4.2) we (E) Tt (8) 

and that of the linear connexion I, by 

(4.3) T(E) 8 P('8) 


If we now denote by 8 the covariant differential with respect to 
“a and by ‘3 the covariant differential with respect to ‘TY,, we have 


'3'u (E) = a’ (E) + Tien (6)* (Ed 
= du*(’8) + D5 ('6)('s)a's" 
= §u*(’E). 
On the other hand, for the deform of 824", we have 
‘(Bu (E)) = duX(’6). 
From these two equations, we have. 
(4.4) Su = '(8u*) 
holding with respect to every coordinate system and consequently 


(4.5) S(u* + Lu*dt) = Su + £du* dt 


with respect to (x). Thus we have 


THEOREM 4.1. The covariant differential of the deform of a contra- 
variant vector with respect to the deformed linear connexion 1s equal to the 
deform of the covariant differential of the vector with respect to the original 
linear connexion. 


Since 
‘S(u% + Lu* dt) = d(u* + Lwdt) + (M+ £0 dl) (uw + £w di)dé 
= 8u + SL dt + (£ 1%) u dé dt, 
we have from (4.5) 


(4.6) £3u* — Shu" = (£1) de. 
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Taking account of (3.13), we have from (4.6) 
(4.7) £V~u" — Vs ue = G I™,)u*. 


Formula (4.7) can be generalized for a covariant vector w, and for a 
general tensor P*”, as follows: 


(4.8) & Vi Y — Vuk y= 6 Dyn)» 


(4.9) | £VPA, — WLP = LT e)P My + (LTP — (ETS) PM 





From these equations we have 


THEOREM 4.2.2. In order that (4.1) be an affine motion in an L,,, tt is 
necessary and suffictent that the covariant differentiation and the Lite 
derivation with respect to (4.1) be commutative. 


Now since the deformed linear connexion is given by 
(4.10) Th = Ta + AV oat, 


it follows immediately that 


(4.11) Spat = Syst + £L Sakae 










It is also evident that the deformed curvature tensor is given by 


(4.12) Run = Kyat + £ Rya'dl. 


In fact substituting (4.10) into 


Ry = 20y' Tin + 2'T ive) Pia 
we find 


(4.13) 'Ryo* = Ryo + (WL — VLE + 2SyP£ Vp)dt. # 
v v v 

1 This equation can be deduced also by a direct calculation without using (3.13). 

2'W. SLEBODZINSKI [1, 2]. 

8K. T. Daviess [1]. 

4 PALATINI [1]. 
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On the other hand, by virtue of the Ricci identity ?: 
2V iy Vu Pn = Rye vy? — wh Us” — Zou Vo” 
and of the second Bianchi identity ?: 


de 156? gaat. cay 
Viv Roun ao 23 vp Rion 


we find 
WS — Vas TS + 2574 Po 
= PV, Run’ — Ryd ve" + Roun® 9? + Rye Of > Rye” 1? 
or 
(4.14) 





The equations (4.13) and (4.14) prove (4.12) 3. 


1 SCHOUTEN [8], p. 139. 
2 SCHOUTEN [8] p. 146. 
3 Daviess [1]. 


CHAPTER II 
LIE DERIVATIVES OF GENERAL GEOMETRIC OBJECTS 


§ 1. Geometric objects. 

Consider an n-dimensional space X,, of class C“. An object which has 
the following properties is called a geometric object of class p (< 11).4 

(i) In each coordinate system (x), it has a well determined set of 
N components Q“(é), where capital Greek indices A, %, II run over the 
range 1,2, ..., N. 

(ii) When we effect a coordinate transformation 
(1.1) ale (ad (iar nee a 
the new components 0% (é) of the object with respect to the new coordinate 
system (x’) can be represented as well determined functions of class 
w« — p of the old components Q4(é), of the old coordinates &, of the 
functions /* and of their s-th partial derivatives (los < #< wa), that 
is, the new components (24'(é) of the object can be represented by equa- 
tions of the form 


(1.2) Q* = FA(O*, a ie nf”, ose On peed f"), 
where 
Ong..ag fF A, 

For the sake of simplicity we sometimes denote the right-hand side 
of (1.2) by F4(Q, &, &). 

(iii) The functions /4(Q, &’, &”) have the group properties, that is, 
they satisfy the following relations: 
(a) FA(R(Q, &, &), &, &) = FAQ, &, &"), 
(b) FA(F(Q, &, &), &, &) = OA. 

Combining these two we have 

(c) FAQ, &, &) = OA. 


(1,3) 


1Cf. SCHOUTEN and HAANTJES [2]; GoraB [1]; N1JENHUIS [2], Ch. 1, § 6, p. 26; 
TasHIRO [1, 2], YANO and TasHiro [1]. 
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When the functions F“(Q, &, &’) contain only Q* and the partial 
derivatives of the functions /* with respect to é* but not &* and /*, the 
geometric object is said to be differential. } 

When the functions F4(Q, &, &”) are of the form 


(1.4) FAQ, &, &) = FRE, 6) 0*, 
the geomctric object is said to be linear homogeneous and when the 
functions F4(Q, &, &”) are of the form 
(1.5) POS 6). SFO 2 Ges), 
the geometric object is said to be linear. 

A tensor is a differential linear homogeneous object and a linear 
connexion is a differential linear object. 

When the components ‘? (I = 1,2, ...,M) of a geometric object 
are functions of another geometric object Q4: 


(1.6) Pe (QO) 
and the functional forms of '(Q) do not depend on the choice of coor- 


dinate systems, WT is said to be @ function of the geometric object Q*. 


§ 2. The Lie derivative of a geometric object. 


Suppose that there ts oy a field of a geometric object O*(&) with the 


transformation law Q - - FA(Q, &, &”) in NX, and consider an infinitesimal 
point transformation 
(2.1) "Oe et. 


We define a new field of a geometric object 'Q* of the same type as Q* 
as a field whose components ‘Q*(é) at € with respect to the coordinate 
system 


(2.2) gr. Ee Ld 
are equal to the Q4(’S) at the corresponding point ‘Sf, that is 
(2.3) (OP (2) 2 OF). 


Because ‘Q4 is an object of the same type as Q* we have for the 
relation between 'Q“(é) and ‘O4(€) 


(2.4) (Q(t) == FA('Q(6), &, &). 
Now the Lie differential £Qdt and the Lie derivative £ Q* of the 


1Go.aAB [1]; NiyeNHUIS [2] p. 37. 
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geometric object Q* with respect to (2.1) are defined by 
(2.5) LOAdt = 'OA(E) — OA(6). 


From (2.3) and (2.4), we have 
(2.6) OA('S) = FA('Q(6), &, &). 
On the other hand, from 
P(E) = & + vat, 


we find 


f* —— On, 0 at, 
Ono. dgl = %,....a, 0 4, 
and consequently, substituting these equations in (2.6) and neglecting 
all differentials of higher order in di, we find 
(2.7)  QA(E) + v? A OAdt = 'OA(E) + X35 FoA(Q, é)e,,,, vat, 


where 
One) vu" = v", One uv cae Checaity vw", 
(2.8) OFA oF“ 
revo [2], meag ef 
(2,8) | pe |, 8) = | 96, 


[Je denoting the evaluation of the expression in parentheses at 
f* ae *, 0, f* = ox, ee i — 0, eeey On,...al — Q. 
Thus from (2.5) and (2.7), we obtain 


(2.9) 








LO = 9,04 — 5? _, FAO, £8, 0% 


It is to be noticed that the functions F*“4(Q, £) depend only on the 
OA and the &. If the object is differential, then F*“ — 0 and the FX» 
depend only on the 2%. 

Now consider a general coordinate transformation (x) — (x’), then the 
components ‘Q* are transformed into 

(QM = FAO, &, &") 
and the A into 
OM = FAQ, &, €"), 
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from which we have 


(2.10) 





This equation gives the transformation law of the Lie derivative 
£OA during a coordinate transformation (x) — (x’). Since the partial 


derivatives dF4/eQ" contain in general OA, the Lie derivative of a 
general geometric object is not necessarily a geometric object. 

The Lie derivative of a geometric object is a geometric object if and 
only if the partial derivatives dF*/0Q" do not contain 04, that is, if 
and only if the F4(Q, é’, €”) have the form 
(2.11) FAQ, &, &) = FH(e, FQ" + GE, &). 

Thus we have 


THEOREM 2.1. In order that the Lie derivative of a geometric object 
be again a geometric object, 1t 1s necessary and sufficient that the geometric 
object be linear. 


If Q4 is a linear geometric object whose transformation law is given 
by (2.11), then the Lie derivative of Q“ is given by 


(2.12) £04 = v°d,O4 — XP, (FROg(Q*® + Ghod(é)a,, 0%, 
where 


A 
(2. 13) Pde )= | = =| Gros 0G aI . 
a(2 (Ch, iv O( (Ay, 2 


Similarly if ©“ is a linear homogencous geometric object whose trans- 
formation law is 


(2.14) or — Fae’, &”)O* 
then we have 
(2.15) LOM = 2,0" — XP_g Freg(E)®* d,,,, 0% 


From (2.12) and (2.15), we find 
(2.16) £(OS + O) = £08 + LO. 
This formula is valid also when the Q“ and 4 are both linear homo- 


geneous and have the same transformation law. 
If the Q“ and “ are both linear geometric objects having the same 
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transformation law, we see from (2.12) that 
(2.17) £ (a4 — WY) = far — fe. 

If the product of two geometric objects Q and ® is again a geometric 
object (this happens, for example, if two geometric objects are both 
linear homogeneous), then 


(QO) = 'Q'O = (A+ LQdt)(.© + Ld?) 
= QO + (£O)bdi + QL O)d?, 


from which 


(2.18) £(Q- ©) = (£2)® + 214). 


0 v 


§ 3. Miscellaneous examples of Lie derivatives. 

In Ch. I we saw already some examples of Lie derivatives of geometric 
objects. In this section we shall give some other examples. 

We take an arbitrary field Q4(é) of a geometric object whose trans- 
formation law under a coordinate transformation (x) — (x’) is 


(3.1) OA = FAQ®, &’, &), 
Then the law of transformation of 4,0“ is given by 
(3.2) a, 04 = FAQ?’ 3,0, &”, 2), 


where the functions F} are obtained from F“ by partial differentiation 
with respect to é¥. Thus 2,Q* are not components of a geometric object 
but (QO*, 0,0) are components of a geometric object whose transfor- 
mation law is given by (3.1) and (3.2). Since we have 
3 3) ‘CA a FA(Q*('S), ey E%), 

0,'O4 -_ Fh (Q*('é), 6, Q*(’E), éy EY) 


we can see that 
(3.4) L (a2, Oy OA) = G OA, 2,62"). 


v 


On the other hand, (3.3) can be written as 
OA = FA(Q*('8), &”, &), 
(0,24) = FR(O*('é), 6,.07('6), &", €) 
and consequently we have 
(3.6) £ (Q4, a, Q4) = (£4, £4, 4). 


7) 


(3.5) 
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Comparing (3.4) and (3.6), we have 4 


(3.7) £0, 04 = 0, £ 0%. 

Applying this formula, we can easily prove that ? 
(3.8) £ Orn Wy. Ag] Ou Wy, ...Ap] 
(3.9) £ 0, whe — OL pia %e, 


where w”t'*» is a p-vector and w“*""”» a p-vector density. 
We introduce now an anholonomic coordinate system (A) * defined 


ah 
by the fields e* and «6; h,1,7,...=1,2,...,n, and denote by Aj 


and Aj the intermediate components of the unit tensor: 
t h 


h 
(3.10) Ax def @, e* Be; Ay Seta Xa. 


e t 


The object of anholonomity is given by 4 


(3.11) OF, ef AM a, Ad. 

Then from (3.10), (3.16) and (3.28) of Ch. I, we find 
(3.12) AML u*) = v'A,u* — (8; 0" — 2v'Q*), 
(3.13) AL w,) = v'd,w, + w, (0,0 — 20° Qs), 
(3.14) AS pe) =v" On Dae — (0, vy” — 2! Or) 


— (0,0 — 2v' O11) +- 3". (0, v" -— 2v' Q),) 
+ wR" (0,v" — 2v' Qi) 


respectively, where «”, w; and %”, are respectively components of u”, 
w, and | a with respect to the anholonomic coordinate system (h) 
and where 0d, = A/o,,. 

From these equations we obtain the following formulas for the Lie 








1 NIJENAUIS [2], p. 25; SCHOUTEN [8] p. 105,. 
2 SCHOUTEN [8], p. 110. 

$3 SCHOUTEN [8] p. 99. 

4 SCHOUTEN [8] p. 100. 
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derivatives in anholonomic coordinate systems. } 
(3.15) Lu = v' du" — w'(8,v *— 20° OF), 


(3.16) £w, == 0'0;m, + w,(0,0" — 2’? Qh), 
(3.17) £ p Oar = 0" 0, Oe roa Ca CO ve — 2v' Ox) — ae (00° — 2v" it) 


+ R.(0,0° — 2v' QR) + w KB, (8.0% — 20' Qi) 
and 


(3.18) £A% = v/a, AY — AX v* + A¥(0,v* — 2v'O*) = 0, 
(3.19) fA? = v0, APR + A®O,v* — Aj(0;0" — 2'Q*) = 0. 


Using (3.7) and (3.19), we find 


(3.20) £ Os, = 0. 
Applying the formula (3.15), we easily get 
(3.21) £e* *. — 20%, 
ji 
from which 
(3.22) £ e* a er 20}, Ax, 
jit 


where £ denotes the Lie derivative with respect to eé. 
j j 
§ 4. Some general formulas. 


In this section we shall consider a linear geometric object A, that is, 
a geometric object whose transformation law is given by 


(4.1) Q* = FA(e, &)Q" + GA, &’). 
Since Q“ is a geometric object, the functions F4A(é, &’) and GA(é, é’) 
appearing in formula (4.1) must satisfy the relations 


(4.2) Fue’, Fae, &) = FRE, €"), 
FA(E", EVM IGH (EY, é") ee GA(E", é"") = GA(é, é"") 
and 
(4.3) FRE, &) = 8h, GM, &) = 0. 
We consider two infinitesimal point transformations 
(4.4) (B= + (Ede "EE Edu, 


1 NIJENHUIS [2] p. 106; ScHouTEN [8] p. 110. 
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For the coordinate transformations 
(4.5) p= + on Edt Pm BF + Ed 
we have 
(4.6) Fue, & )Fs(€, &) 
= [8h + UP 0 (Fe ee oe e On(Fe in @ vee 


e Il xs) 


+ AEs. 0 FUP ey H) Cay PAH] X 


X(s) 


x [By + UP Fos O,, a: dt + Ee 9 FOS (Oxy O°) (en es 


_. SA Dp =x) A Qe 1p TPS YAN e 
= 85 + Byio Los ea)? dt + Fo FOE oxen 2 au 


4+ ro Fanaa, 


oe & 


v°) (0, - v°)\ at? 
1 


(€) 
1 


+ [U2, 9 Fmd FOU, | v)(A,,, 0°) + UP o 0° d,(Fxd,,,, 0”) ]dlde 
1 1 2 


2 
‘1p “A A ‘ 
i $25, 2—0 I PS (2 ¥) (Ona pet 


where 


A A 
(4.7) Freon co sae a Puan es 1 _.| 
of? é ° O(C,. £°)0(Cxcay f°) é 


On the other hand, on taking account of 
= Bt Edt + VM Eldu + 0, v'dtdu, 
we find 
(4.8)  Fp(é, &) 
== 83 + DP. Fe S(8,.,, vdt + 0,,, ¥° du + 8, (0° 8,0°)didu] 


(s) 
+ AE 0 FUG Y Oy Vt + Og Vd) (By,y Vt + 4 # du) 
= 83 + a= 0 Feonx v dt + X?_, Fens Cn v du 


X (a) 


a $25.0 Fye%d (8, le (0... ae 
+ [Beno FES Oc, (0° 8.0") + Ehren FoR Ory PV (Oxy 0°) dle 


e 


$+ AER 0 FUE 0) Cay dU 
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Consequently, on comparing (4.6) and (4.8), we find 
t=0 Fit Fed (4 ae a) v*) =F Dips - "0 (Ferd 0 v*) 


ep Eno 


49 
(49) BP g Few, (0° Og 0°) + BE. PGP) Oan) 
2 


ce (8) 
1 


Thus, if we put 
(F, oJ Mf DP Fen, 


4.10 de £)X(s 
om (F, 0, ohh Ot BP g FER AY) 7 


%X (a) 


we obtain 


(4.11) {F, tr {F, eas + v° O{F, De : {F, #2 Ue + {F, ?, vs. 


Similarly we have 
(4.12) FRE, ee Gee) 
= [84 + 2? o (FX 4,,, 2 + ne 5 (Let ,,., vat) du 


e Il Xa) 
+ 423 4-0F 5 Dera (Cry ane” )du?| x 


x [E79 GM, uP dé + 4D? ,_9 GemnMa,  v°)(0,,, oP )de?| 
1 1 


%(8) 
1 
+ BE 9 (Gee By + 0A, (G2, P) dtd 


+ Ly? maha v°) (0, v*)da2 
2 2 


%(a) 


_. yp ‘sy A e p *x(ayA e 
= ZF 9 GY oo dt + by 9 GY Pain Y au 


EB 0 GUNG. U)(Byy 9M 


X(8) 
$+ (Whe 0 FUN COMB) Oy ®) + EP 0 VA(GBM Oy *) dtd 


t RZP Gono? (BB) (Qecey V oe 
2 


X(a) 
2 


and 


(4.13) GA(Ee’, &”) 


= yeas (e.. 0 dt + 0,., y du + 0, (v" 0, v")atde) 


+ $2? 126 CMH Ga dt + 0,, o? © dit) Arig” dt + @,.,, vw dit) 
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aA aA 
= Trao GMa, vet + BPg GowG,,, v du 


$ PBZ, o GMA, , 0°)(0,,, 0?)dt2 
1 


(¢) 
1 


+ [Pao Gs 8, (0° dt?) + BE so CUM (2 0°) (Ahyy VP) 


Xs) 


+ § Bes 0 Goi (A, v") (2 vee 


where 


0G“ o2G4 
4.14 Gad — = GroA 
( ) 8(Bent™ ) |. a Pp J 0(2,,. {ye ( a4 f° ak 


On comparing (4.12) and (4.13) we obtain 
D210 FS Gg VY Ay) + Waa Y°OG( GZ Bey 


(4.15) . 


Xa) 


= paar Ge o i C5 v°) + a 0 emma une mia v’). 
2 
Thus if we put 


x(a) U 


{G, v, oJ HE GRegOn(a,, me (Bn?) 


%(s) 
1 


{G, vy Hef ye?) Guerra 
(4.16) | 


we obtain 


(4.17)  {F, IG, oy aa va, {G, i = {G, a oy + {G, ¥, uy". 
We now consider 7 infinitesimal point transformations 
(4.18) '& = 4 OX (Edt (Db cnn tet De cog ty: 


Then, for two vectors v* and vw", formula (4.11) gives 
b c 


{F, nF, os — {F, nF, oy — 8 OF, os + 0° 0{F, o}s 
b b c c b b c 


c 


4.19 
a) — — {F, uP av — wd, v}s 


and (4.17) gives 
{F, o} 4 {G, vy} — (F, o} A {G, ov} — v° 0,{G, v} + 0° 0{G, v}" 
b b c c b b c 


c 


4.20 
— —{G, P80 — v2, 0)". 


The Lie derivatives of a linear geometric object Q“ with respect to v” 
b 
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are given by 


LO" = 72,0" — (FLO + (6, 9} 


where & represents the Lie derivatives with respect to A 
Since & Q* is a linear homogencous geometric object which has the 
tanatoemation law 
LO" = FRE, BL a” 
we obtain 


(4.21) ££ = 
v*8, io a, OA + 4 0, 6, OQ“ — (0, {F, on )Qu 
—(F, h2,.08 — 2,66, oJ 
— {F, on 1L¥? a, Q™ _ {F, oj OF + {G, op. 


Consequently on taking account of (4.19) and (4.20), we obtain from 
equation (4.21) 


(4.22) (LL) LE —£L£)0" 
= (£2, O° — {F, Lo} A" — 1G, Loy", 


= £aA, 
cb 
where 
(4.23) v= f= — fv = v? ou — vou". 
cb ec b be c b b c 


Thus we have 
THEOREM 4.1. Let £ f = v%d,f be r infinitesimal operators and let 
b b 


OQ“ be N components of a linear geometric object. Then (£ £)Q* is equal 


to the Lie derivative of Q* with respect to the vector £v%. ° ° 
cb 


If £/ a,b,c,... =1,2,...,7 are 7 infinitesimal operators of an 
¥ 


r-parameter group G, of transformations, then we have 


(4.24) LLM = okt 
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or 


(4.25) £v* = ro v* 


ce 0 a 


where c}, are the structural constants of the group G,. Consequently 
we can state 


THEOREM 4.2. If £f are r infinitesimal operators of an r-parameter 
v 


group G, of transformations, then we have the formula 
(4.26) (£ £)O* = cy ZO" 
c 6 a 


for any linear geometric object O*. 


CHAPTER III 


GROUPS OF TRANSFORMATIONS LEAVING A GEOMETRIC 
OBJECT INVARIANT 


§ 1. Projective and conformal motions. 
Let us first consider an A, with a symmetric linear connexion I%,. 
The geodesics of the space are given by 
he dé" dé dg" 


11 * T, - Sheer oa, 
ep ga ae a 


When a point transformation 
(1.2) == P(E") 


transforms the system of geodesics into the same system, (1.2) is called 
a projective motion in A,. The neccessary and sufficient condition that 
(1.2) be a projective motion in A, is that the Lie difference of I%, with 
respect to (1.2) has the form! 


(1.3) i bee ca ber ae ANP = AXP, 


where fp, iS a covariant vector. 
When (1.2) is an infinitesimal transformation: 


(1.4) EX — ot (EVdt, 


the condition is 


(1.5) | AM — ANpy ai Axp,,. | 


Thus we have 
THEOREM 1.1. A necessary and sufficient condition that (1.4) be a 


projective motion tn an A, ts that the Lie derivative of T, has the form (1.5). 


1 The necessary-and sufficient condition that two linear connexions ‘Ij, and Ti) 
give the same system of geodesics is that ‘Ij, = Ij, + 4hf, + AXP, for a certain 
covariant vector ~,. Cf. Schouten [8], p. 156; p. 287. 
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From (1.5), we have 
(1.6) £T2, = (w+ 1)Py. 


Eliminating ~, from (1.5) and (1.6) we find 


(1.7) 





where 


(1.8) I, dot (A*Te, + AXE?) 


VA n+ ] 
are the well-known projective paramcters introduced by T. Y. Thomas. ! 


Dp 
If we write out £1, explicitly, we get 


Dp D D D Dp 
(1.9) AV a = 0,0,u% + v° a, IN, — Th, 8,0 + 6,08 + Ty, 2° 


l 
— Af 0, 0, v? 4+ AXA, 0, 0°). 
er nou 0°) 


Conversely, if (1.7) holds, 1t can easily be proved that the Lie deriva- 
tive AN, mx OL I, has the form (1.5). 


Thus we have 


THEOREM 1.2. A necessary and sufficrent condition ue (1.4) be a 


projective motion in an A, 1s that the Lie derivative of re ux Vanish. 


Let us next consider a V, with the fundamental tensor g,,. When a 
point transformation (1.2) does not change the angle between two direc- 
tions at a point, (1.2) is called a conformal motion in the V,. The necessary 
and sufficient condition that (1.2) be a conformal motion in a V,, is 
that the Lie difference of g,, with respect to (1.2) be proportional to 


Bax: : 
(1.10) Bae — Bau == 2ORr»: 


where ¢ is a scalar. 


1T,. Y. THomas [3]; cf. SCHOUTEN [8!, p. 300. 
2 SCHOUTEN [8] p. 304. 
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When (1.2) is infinitesimal, the condition 1s 


(1.11) Kb = 2P Bix | 


Thus we have 


THEOREM 1.3. A necessary and sufficient condition that (1.4) be a 
conformal motion in a V ,, ts that the Lie derivative of gy, be a multiple of g,,. 


From (1.11) we find 


(1.12) Lar = 26; g 2 |Det(g,,)I- 
Eliminating ¢ from (1.11) and (1.12), we obtain 

(1.13) £ Gr. = 0, 

where 

(1.14) re 


If we write out £ G,,, explicitly, we get 
2 
(1.15) £ Y,,, =a v* 0, G,,. + G,,, 2 v° =F G,, 2, v° ~ =, Six: 


Conversely, if (1.13) holds, then it can easily be seen that the Lie 
derivative £¢,, Of g,, 1S proportional to g,,. Thus we have 


THEOREM 1.4, A necessary and suffictent condition that (1.4) be a 
conformal motion in a V,, ts that the Lie derivative of &,,, vanish. * 


Kobayashi ® proved 


THEOREM 1.5. The group of affine, projective or conformal motions 
in a space is a Lie group. 


§ 2. Invariance group of a geometric object. * 
Let us consider a geometric object Q4(&) in an X,, of class C® and an 


1 SCHOUTEN [8], p. 315. 
A Kh@projective and conformal motions will be studied in detail in Ch. v1 and vit. 


¢f Kapavasur (2, 3]. 


4 NIJENHUIS [2]; TASHIRO [1]. 
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ec arr ee ee mr ern ern a ee cena 


y-parameter group G, of transformations: 


(2.1) oe PEL BS a. a"). 
If the group has the property 
(2.2) ‘Q* — OA = 0, 


we call G, an invariance group of the geometric object Q*. Groups of 
motions in V’,, of affine motions in L,, of projective motions in A,, or 


Dp 
% % 
of 1%, of I, 


mn? 


of conforma] motions in V, 
or of &,,, respectively. 

We now suppose that the space admits an infinitesimal point trans- 
formation (1.4) for which the Lie derivative of a /inear differential 
geometric object Q* vanishes: 


(2.3) £O* = va, 0% — (F, v}\ OF — {G, v}4 = 0. 


, are mvariance groups of g,,, 


We know on the one hand that if the transformation law of Q4 is 
given bv 


(2.4) Q* = FUE’, EQ" + GAS, &), 
then that of £Q* is given by 


(2.5) £LQ* = FRE, E)VZQ™ 


Thus we sce that the equation 


(2.6) Lar =0 


has a meaning which does not depend on the choice of coordinate systems. 
We know on the other hand that if a contravariant vector field v*(é) 

is given, we can choose a coordinate system (x) in a suitable neighbour- 

hood of a regular point} of v* such that, ? in this neighbourhood, 


(2.7) = &, 
1 


In this coordinate system, the infinitesimal point transformation 
(2.8) "EX = EX 4 edt 
1 


1 By a regular point, we mean a point at which v* + 0. 
2 GourRSAT [1] p. 117; cf. SCHOUTEN [8] p. 83. 
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ee cee eee OR as SRP Vane 


generates a finite point transformation 


(2.9) Hm EA Be 
1 


For (2.8), the equation (2.6) becomes 
(2.10) LOS = a,Q4 = 0, 
which means that the components Q* of the geometric object are inde- 


pendent of the variable &!. Consequently for the finite point trans- 
formation (2.9), we have 


(2.11) ‘OA = FA(O*('6), EY &’) = OA 
because Q*(’&) = Q*(E) and 
FA(O*, &", &) = FA(O*, &, &*) = OA, 


the object being linear differential. 
This can also be derived in the following way. Because of 


LO4 = a,04, 
9 
we have 


{2 
(2.12) QS = oO =O" + 1£O% +. £20% + _ 


in the case where 2“ is of class C®. The equation (2.12) shows that (2.6) 
implies (2.11). Gathering these results we can state 


THEOREM 2.1. If a space admits an infinitesimal point transformation 
with respect to which the Lie derivative of a linear differential geometric 
object vanishes, then tt admits also a one-parameter invariance group of 
this geometric object. 


THEOREM 2.2. In order that a space admit a one-parameter invariance 
group of a linear differential geometric object, 1t 1s necessary and sufficient 
that there exist a coordinate system with respect to which the components of 
the geometric object are independent of one of the coordinates. 


Suppose that 7 contravariant vectors v*; a,b,c,... = 1,2, ...,7, 
a 


define 7 one-parameter invariance groups of a same lincar differential 
geometric object 4, then we have 


(2.13) LOA = va, OA — {F, vo}, OF — {G, v}4 = 0, 
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from which 


(2.14) ce? £Q* = (c2v4)6, O* — {F, ctv}{ QU — {G, ctv} = 0, 


c* being 7 constants. Thus we have 


THEOREM 2.3. If each of 7 contravariant vectors generates a one-para- 
meter invariance group of a same linear differential geometric object, then 
a linear combination of these contravariani vectors with constant coefficients 
generates also a one-parameter invariance group of the same geomeinic object. 


THEOREM 2.4. I} each of r infinitesimal operators of an r-parameter 
group of transformations generates a one-parameter invariance group of a 
same linear differential geometric object, then all the transformations of 
the r-parameter group leave invariant the geometric object, that ts, the group 
is an invariance group of the geometric object. 


Moreover, according to Theorem 4.1 of Ch. II, we get 
THEOREM 2.5. I} each of r vectors u* defines a one-parameter invariance 
a 


group of the same linear differential geometric object, then each of the vectors 
£v" defines also a one-parameter invariance group of this geometric object. 
cb 


Suppose that each of 7 linearly independent ! vectors v* defines a one- 


a 
parameter invariance group of the same linear differential geometric 
object. If any vector v* which defines a one-parameter invariance group 
of this geometric object is a linear combination of v* with constant 


a 
coefficients, then the set of vectors v% is said to be complete. 


a 
Now if 7 vectors v* form a complete set of vectors defining 7 one- 
a 


parameter invariance groups of the same linear differential geometric 
object, then since the £v" are also vectors defining an invariance group, 
we must have ae 


(2.15) Lor == 67, 0" 


where the co, are constants. The equation (2.15) shows that the £/ = 


A 


1 This means: whenever equations c#v* = 0 (c* = constants) hold, then c* = 0 
(cf. SCHOUTEN [8], p. 203). a 
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— ia — ers cm i ee eee, 
—s — — -_ 


v“d,f are v infinitesimal operators of an y-parameter group.! Thus we 
a 


have 
THEOREM 2.6. If 7 vectors vu" form a complete set of vectors defining 
a 


vy one-parameter tnvariance groups of the same linear differential geometric 
object, then the [f = v"0,f ave rv infinitestmal operators of an r-parameter 


a G 


invariance group of the object. 


§ 3. A group as invariance group of a geometric object. 

We shall consider in this section the following problem. Given an 
y-parameter group of transformations in an n-dimensional space, does 
there exist a lincar geometric object Qs with a given manner of trans- 
formation such that the given group is an invariance group of the object ? 
In other words, if 7 vectors v* define an 7-parameter group of transfor- 


a 


mations and if Q* are components of a linear geometric object whose 
transformation law 1s 


(3.1) ON =: FEE, QT + GAE, &), 

is the system of partial differential equations 

(3.2) LOA = va, O* — {F, vo} QU — {G, v}4 = 0 
integrable ? 


First of all we notice that the functions {F, Ot and {G, v}* satisfy 
(4.19) and (4.20) of Ch. II, from which 


(3.3) (F, ORL, ot! — CF, oF, ot 


— ¥ fF, vg + OF, vs = — Cont, v}e, 
b b 


c 


(3.4) iF, oH nG, oye — {F, ot, oye 


— wv 2{G, v}* + v° a{G, vy} = — ch {G, Hy", 
c b b c 
because of the relations 
(3.5) v? aju* — e 0,u% = C8, 0%. 
c b c a 





ae 


2This is the second fundamental theorem of Lie. Cf. E1senuart [4], p. 54; 
SCHOUTEN [8], p. 206ff. 
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We shall first consider the case in which the rank of v* in a certain 
neighbourhood is equal to 7 < n. ‘ 
In this case, we can take a coordinate system (x) with respect to which 
the components of the vectors v* satisfy the following conditions}: 
a 


(3.6) Det(v*) £0, ¥ =0; a,b,c=1,2,...,F, 
OS EAD a oa TS iG ae ed yoke da IN 


In such a coordinate system the equation (3.2) takes the form 


(3.7) LOA = 08,04 — {F, v}4, OQ" — {G, o}4 = 0, 
and consequently if we define the functions @4(Q, &) by 
(3.8) v* OF(Q, &) 2 {F, v}, QO" + {G, vo}, 

we get from (3.7) 

(3.9) £O4 = v*fa,04 — o4(Q, 8] = 0 

or 

(3.10) 9,.Q4 = @A(Q, é). 


We shall examine the integrability conditions of this system of partial 
differential equations. From (3.8) we get 


(3.11) wd Os = {F, on 
and consequently 
PO on Os = LF, OF, BOY + UF, vptG, of" 
from which 
vr [Oy 0,0,' — Of 0, 07) 
= [vith obs — (8, oi, on)" 


+E, ORG, 9)" — FF, oYR{G, of" 


1 Cf. EISENHART [5], p. 74. 
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Because of the equations (3.3) and (3.4), the above equation becomes 
(3.12) vr uPlOr 01,03 — Of 2, 97) 
= (ctF, oh, + 0 8(F, oh — ofa AF, off] 
+ [c%,{G, v}* + vt 0,{G, v} — va {G, oy). 
Also from (3.8) we find . 
(va, "0% + uv ue 0,03 = (v"é, {F, Y}W)Q” + va{G, oy, 


from which 
(v" 0,0 ~ vay, "05 4- or ora, Of — a, 0] 
= (0a, 1F, of, — 00, (F, o}f]0" 
+ [v’d, {G, v} — va{G, v}] 
or 
(3.13) ve [a,O3 — 2,0? 
= — cv O2 + [0°0, FF, oh — 072, {F, }h}O" 
+ [BA AG, oS — oF {G, oF) 
because of (3.5). Comparing the two equations (3.12) and (3.13) and 
taking account of (3.8), we find 


v’ vt [O!' 0,03 — 0712, 0} + 2,03 — a, 07) = 0, 
e b 


from which 
(3.14) Od OF + 8,03 = 0410, OF + 4 OF 
by virtue of Det(v*) #0. The equation (3.14) means that the system 


(3.10) of partial differential equations is completely integrable. Thus we 
have 


THEOREM 3.1. If there is given an r-parameter group of transformations 
in a space of n(= 1r) dimensions such that the rank of v“ in a neighbourhood 
a 


ts v, the group can be regarded as an invariance group of a linear geometric 
object. 
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te 


We next consider the case in which the group is intransitive and the 
rank g of v* in a neighbourhood is less than 7. 
oF 


In this case, we can take a coordinate system (x) with respect to which 
the components of the vectors v* satisfy the following relations: } 


(3.15) Det(v*) ~ 0, ve =0, v* = o,(&)u" 


a, 0,6 =.1, 2,. 44,0, 

1,),k=1,2,...,q;%,0,W~=q+1,...,n, 

%,A, 2, Y= 1,2, ...,M, 

WB 5 Ty ag es MG eg ed, Be ag 
In such a coordinate system, the equation (3.2) takes the form 


a) £O4 = 07a, Of — (F v4 Q" — {6, v4 = 0, 
a L ee f 


h h 


3.16 
P19) Vy) £04 = 9a 0" 8,2" — EF, guy Qh — 1G, pu} = 0. 


If we define the functions @4(Q, &) and H4(Q, &) by 
(3.17) vt @(Q, €) Hf LF, vA QU + 1G, v}4 
h h h 
and 


(3.18) 8} (Q, &) Sei (fF, On QU +. {G, oY) 
— {F, PtH Qt — {G, Pur} 


respectively, we can write (3.16) in the form 


(a) £O4 = v*[a,0% — 04 (Q, 4] = 0, 
h h 


3.19 
asi (b) £O* = gh LO + BAO, 8 =0. 
u h 


These equations are equivalent to 
(3.20) é,Q4 = O4(Q0, &), EA (Q, é) = 0. 


We shall examine the integrability conditions of this mixed system 
of partial differential cquations. 


ee eee 


1Cf. EISENHART [5], p. 74. 
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From (3.17) we find 
On Of = {F, ont 
and consequently 
vv Od, OF = LF, oq (F, v} 2 QO” + {F, vt UG, ye 
y 4 1 J 
from which 
(3.21)  v%v® (O18, OF — Of 0,, 07] 
7 = (FoF, Oo — (EF, oO? 
+ {F, a {G, yt iF, sia {G, v}". 
j , 
Because of the equations (3.3) and (3.4), the equation (3.21) becomes 
(3.22) ore [@}' 8, OF — Of' 2, 021 
= (6h (F OS + oh, ohahh + 00, (F, vj — 00, {F, v}Q}0" 
FIG, OE + OMG, oho} + 98 {6, oy — 00, (6, o}4) 
) ) i 
Also from (3.17) we find 
(v¥d,v°)O8 + vv? a OF = (vd, {F, v¥)Q™ + va, {G, v}', 
, 8 a4 J t J , 
from which 
(v" 0, uf — a 0,0) 08 + vro"le, Of — O71 
= [v8 (F, on — vO {F, v}]Q" 
; ) 
+ [ra AG, vy} — v’ AG, v}*], 
or 
(3.23) vt v"[a, Of — 2,04] 
iat 
= — cr v QO. — Cn Put v7 OA + [ot OAF, Ohi — ova AE, v}fy}" 
j 


+ [v¥a{G, v}* — v aC, vy"). 
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Comparing (3.22) and (3.23) and taking account of (3.17) and (3.18), 
we obtain 


(3.24) vr o[Oy en Oz — O41, OF + 0,03 — 6,04] + ch EA = 0. 


jt La 


The equation (3.24) shows that, if we take account of EA(Q, é) = 
then we have 


(3.25) OF 0, OF + 2,03 = Of 2,0) + a, 02. 
From (3.18) we get 
On Sn = oll’, oan = FP, py on 
and consequently 
(3.26) vO, On By = = oF, on ne, vy OF + OF, vn 1G, ie 
— {F, pr o}nth, vs Q® — {F, Put}ntG, ob 
h z 
Also from (3.18) we obtain 
(3.27) vd, Be = (v7d, o®)[{F, vt OU 4 4G, oF 
+ Pul(o vA, ohn) QM + 0*8,{G, v}"] 
2 h 
_ (v*0,(F, Pu VQ” aU" AAG, ory. 
é h 2 h 
Adding (3.26) and (3.27) and taking account of (3.3) and (3.4), we find 
(3.28) MOn en Ey + 0,8) 
= = pall, ont, vhs as v* Onl, v}3 a Cl, v}s ae Call, Pot} 31 Q* 
h 2 J 
+ eultF, OG, OP + 0°0,{6, vy — CutG, ue — Ole, P07") 
— TE OR, guaks + pur Oth, OF + cialE, OE + cull, pe v}g]Q” 
— HF HG, PUPP” + Pur ALG, OF + ciufG, 9} + ehutG, oyo}") 


+ (v *O, OWE, v}F (QT + {G, v}"). 
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On the other hand, putting c=1, b= u, x =a in (3.5), we find 
(3.29) vY (a, Pav = Pula" =F pon PoP v = Cu 0” = Cin pou" 


Thus from (3.28), we obtain 
(3.30) v*(Oj' a, 5% + 0,87) = (F, Un Be By + pices + Cy Ee. 


The equation (3.30) shows that if we take account of =A — 0 we have 
(3.31) @i On mA +- 0, nA = 0. 


The equations (3.25) and (3.31) show that the mixed system (3.21) 
of partial differential equations is completely integrable. We thus have 


THEOREM 3.2. Let there be given an r-parameter intransitive group of 
transformations in a space of n dimensions such that the rank q of v* in a 


certain neighbourhood 1s less than r. We choose a coordinate system with 
respect to which the vectors v“ have the components (3.15). If the equations 


a 
=(Q, &) = 0 are consistent in QO” at a point of the space, then we can 
find a linear geometric object Q* of the given kind which has the given group 
as invariance group. 


We consider finally the case in which the group is multiply transitive, 
that is, g =” <r. The above discussions are valid also in this case if 
the indices take the values 


1.4; ho 1, 2) nea Ds Uy 1 ae Tl; 


a, 8,y = 7,2, ...,%, 
and we have 


THEOREM 3.3. If there is given an r-parameter multiply transtirve 
group of transformations in a space of n dimensions and if B(Q, é) = 0 
are consistent in Q at a point of the space, then we can find a linear geo- 
metric object of the given kind which has the given group as invariance group. 


§ 4. Generalizations of the preceding theorems. ! 


Let us consider an v-parameter group of transformations gencrated by 


y infinitesimal operators £7 = v%0,f in a space of m dimensions. Then 
a a 


1 Yano and TAsSHIRO [1]. 
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for any linear geometric object Q“ we have the formula 


(4.1) (LL)O" == chy LO" 
ce b a 
If the transformation law of (2 is given by (2.4) then that of £0“ = @* 
is given by (2.5). Substituting £Q* = ©“ in (4.1), we find ° si 
(4.2) [04 — £04 = 03,04. 
c b be a 


If v linear homogencous geomctric objects ©“ satisfy (4.2) we say that 


they from a complete system with respect to the given 7-parameter group. 
We shall consider in this section the following problem. If v* are 7 


vectors defining an 7-paramcter group of transformations 1n a space of 
n dimensions and if ®“ are x linear homogeneous geometric objects of 


a 
the same type forming a complete system with respect to the given 
group, is the system of partial differential equations 


(4.3) LOS = vd, O* — {F, v} Q" — {G, v}* = 0% 
integrable ? 
We shall first consider the case in which the rank of v* in a certain 


a 
neighbourhood is equal to 7 < ». In this case we can choose a coordinate 
system with respect to which the components of the vectors v satisfy 


(3.6). In such a coordinate system the equations (4.3) take the form 
LO* = 00,04 — {F, XQ" — {G, v}4 = @4, 


consequently if we define the functions 04(Q, ®, &) by 


(4.4) vO, ®, £) EL LF, OM + {G, vA + OA, 
we get : ; ; ; 
(4.5) Lak — OA = va, 04 — OA(Q, O, &)] = 0 
- a a a 

(4.6) 6,04 = O4(Q, ®, ). 


By the same method as was used in § 3, we can prove 
(4.7) ©18,,03 + (2,07) (27,03) + 4,03 

0 
aml ° 


a 


= Of 8,,0% + (a, 01) (0%, OF) + OP; Oy = 
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This equation means that the system (4.6) of partial differential 
equations is completely integrable. Thus we have 


THEOREM 4.1. If 7 linear homogeneous geometric objects ®* of the 


same type form a complete system with respect to an r-parameter group of 
transformations in a space of n dimensions and the growp 1s such that the rank 
of v* in a neighbourhood is r <= n, then the system of partial differential 


ain LO* = O%* for a linear geometric object Q* is completely inte- 
grable. ° 

We shall next consider the case in which the group is intransitive and 
the rank g of v* in a neighbourhood is less than 7. In this case, we can 


take a coordinate system with respect to which the components of v”* 


satisfy (3.15). In such a coordinate system, the equations (4.3) take 
the form 


(a) £O* = va, OF — {F, vo}, OT — {G, v}4 = 04 
h h h 


h 


(b) LO = gy 02.0% — {F, puoh Qh — [G, oiv}* = Oo. 
u h h 


If we define the functions ©4(Q, ®, £) and EA(Q, ®, &) by 


(4.9) vONQ, , £) UF, QT + (G, v}* +o 
h h 

and 

(4.10) EA(Q, ©, & & pAl{F, 7}, 0" aoe (es | 


= {f, oyu Uh 22" _ UG, Pu a ai ps 


respectively, we can write (4.9) in the form 
(a) £Q* — oA = 2,0" — Of(Q, ®, §)] = 0, 
h h 


(b) £Q4 — o4 = Pu Go" = » + BA(Q, ®, &) = 


U2 


(4.11) 


These equations are cquivalent to 
(4.12) g,Q*° = OA(Q, ®, é), EA(Q, ®, &) = 0. 
By the same method as was used in § 3, we can prove 


ov Ola, OF + (2,07) (0%, 08) + 2,08 
id a 
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which shows that if we take account of & = 0, we have 
(4.13) OF, Os + (2,08) (04,88) + 2,03 
== Og! 8, OF + (0,0") (07,05) + 4,08. 
We can also prove that 
(4.14) v0, On ran + (8, Onn En) + 0,3 


— VA Wil 
== {F, Vsitn + Oca = Cuae ’ 
t 


which shows that if we take account of E:s -= 0, we have 


(4.15) Ona, as + (a, one of, Bs) + 2,83 


The equations (4.13) and (4.15) show that the mixed system (4.12) 
of partial differential equations is completely integrable. We thus have 


THEOREM 4.2. If 7 linear homogeneous geometric objects ®* of the 
a 


same type form a complete system with respecl to an intransitive r-parameter 
group of transformations in a space of 1 dimensions, tf the rank q of v% 


a 
defining the growp is less than r and if the equations BA(Q, ®, &) == 0 are 
consistent in Q* at a point of the space, then the mixed system of partial 
differential equations £Q* = ©* is completely integrable. 

a a 


Similarly we have 
THEOREM 4.3. If 7 linear homogeneous geometric objects O* of the 


same type form a complete system with respect to a multiply transitive 
r-parameter BrouP of transformations in a space of n dimensions and if 
the equations E(Q, ®, &) = 0 are consistent in OA at a point of the space, 
then the mixed system of partial differential equations £Q" = @* ts com- 
pletely integrable. 7 


§ 5. Some applications. 

We shall state in this section some applications of the theorems 
proved in the preceding sections. But for the sake of simplicity, we shall 
state them only for the case in which the rank of v* is equal to 7 <n. 

a 

THEOREM 5.1. Constder an n-dimensional space with a linear homo- 

geneous geometric object Q* and suppose that the field admits an r-para- 
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meter group of transformations such that the rank of e in a neighbourhood 
is ¥ <n and that 


(5.1) La* = OA, 
a a 
where e are r scalars. Then we can find a scalar pe such that the group ts 
a 
an invariance group of the geometric object QQ’. 


On substituting (5.1) in the identities 


(5.2) LLQ4 — LLO4= rept AO ae 
c b b Cc a 

we find 

(5.3) £0 a £0 = CoP» 


which shows that the 7 scalars P form a complete system with respect to 
the given group. 

To prove the theorem we have now only to show that there exists a 
scalar p such that 


£(e22") = 0 
or 
(5.4) & log o=—o. 


a 


But since the e form a complete system with respect to the group, 


a 
according to Theorem 4.1 this system of partial differential equations 
is completely integrable. The theorem is thus proved. 


THEOREM 5.2. Consider an n-dimensional space with a linear geometric 
object Q* and suppose that the space admits an r-parameter group of trans- 
formations such that the rank of v* in a neighbourhood is r <n and that 

a 


(5.5) Loa = 


where ®* are r linear homogeneous geometric objects. Then we can always 


a 
find a linear homogeneous geometric object ®* such that the group is an 
invariance group of the geometric object Q* + OA, 


On substituting (5.5) into (5.2), we find 
(5.6) £o* — £0 = c%,0% 
cb bec a 
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which shows that the functions ®“ form a complete system with respect 
to the given group. * 

To prove the theorem, we have only to show the existence of a geome- 
tric object ®* such that 


£(O* + O*) = 0. 


a 


But this equation can be written as 


(5.7) Lo = — 4, 


and since the functions ®“ form a complete system with respect to the 


a 
group, according to Theorem 4.1, the system (5.7) is completely integrable. 
Thus the theorem is proved. 


CHAPTER IV 
GROUPS OF MOTIONS IN J,’ 


§ 1. Groups of motions. 
Consider an ”-dimensional Riemannian space V,, with the fundamental 
quadratic differential form 


(1.1) ds? == g, d&d&. 
In order that an infinitesimal poimt transformation 
(1.2) EX — E* 4 (Edt 


be a motion in the V,, it is necessary and sufficient that the Lic derivative 
of g,, with respect to (1.2) vanish: 


(1.3) LBix = 2V 0.) = O. 


Now take a geodesic &*(s) in the V,, and consider the inner product 
ig 
of a Killing vector v, and a unit tangent : to the geodesic. Then 
along the geodesic we have oe 
5 ( pp di d& 
1.4 - Vv, - = Viv 2 -= Q, 
ae ds \* ds ~~ ds ds 
which shows that the inner product is constant along the geodesic. 
Conversely, if the inner product is constant along any geodesic, then 
we have (1.4) for any dé*/ds and consequently we have (1.3). Thus we 
have 
THEOREM 1.1.1 In order that a vector freld v*(é) define an infinitesimal 
motion in a V,, tt ts necessary and sufficient that the inner product of v"* 
and a unit tangent to an arbitrary geodesic be constant along this geodesic. 


In order that, pv* define a motion always if v% defines a motion, it is 
necessary and sufficient that 


V,(p2,,) V,.(2%) aa 0, 


1Cf. EISENHART [4], p. 212; IX. YANO [13], p. 30. This book will be referred to 
as G. T. 


ee 
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or 
(V, e)% + (V, p)v, = 0, 

from which we conclude V,p =O and consequently p = constant. 

Thus we have 


THEOREM 1.2.1 Two infinitesimal motions cannot have the same 
trajectories. 


Now since the tensor g,, is a linear homogeneous differential geometric 
object, according to Theorems 2.1 and 2.2 of Ch. 111, we have respectively 


THEOREM 1.3.3 If a V, admits an infinitesimal motion, it admits 
also a one-parameter group of motions generated by this infinitesimal 
motion. 


THEOREM 1.4.4 In order that a V,, admit a one-parameter group of 
motions it ts necessary and suffictent that there exist a coordinate system 
in which the components of the fundamental tensor are independent of one 
of the coordinates. 


If we choose a coordinate system ® in which v* = &, the Killing 
equation becomes 


Lor. = ge 0, bax ole 2B xx rae 0, 


from which 


THEOREM 1.5.5 In order that a V, admit a one-parameter group of 
motions, tt 1s necessary and sufficient that there exist a coordinate system 
with respect to which the components of the fundamental tensor are homo- 
geneous functions of degree -2 of the coordinates. 


1Cf. Eisenuart [4], p. 210; G. T. p. 31. 


2The trajectores of an infinitesimal transformation ’&* = &* -| v%dt are the 
ds* 
curves defined by - . = v*(€). 


3 Cf. EISENHART [4], p. 209; G. T., p. 31. S. Kobayashi proved that in a complete 
V,, this theorem is globally true. 
4Cf. EIsENHART [4], p. 209; G.T., p. 31. 
5 Such a coordinate system is obtained in the following way. Take a coordinate 
system (x) in which v* = e*, If we effect a coordinate transformation of the form 
1 


EX a. 9S pe(e2, £3, |, EM), 
we have 
ye = (0, E*')e% = EX, 
1 
6° Cf. G. T., p. 31. 


i 
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Moreover from Theorems 2.3, 2.4, 2.5 and 2.6 of Ch. 111, we have 
respectively 


THEOREM 1.6.! If each of r vectors generates a one-parameter group of 
motions in a V,, then a linear combination of these vectors with constant 
coefficients generates also a one-parameter group of motions. 


THEOREM 1.7.2 If each of 7 infinitesimal operators of an r-parameter 
group generates a one-parameter group of motions in a V,, then the group 
contains only motions. 


THEOREM 1.8.3 If each of rv vectors v* defines a one-parameter group 


a 
of motions in a V,,, then the vector {v" defines also a one-parameter group 
of motions. Ae 


THEOREM 1.9.4 If 7 infinttestmal operators 4I form a complete system 


of r one-parameter groups of motions, then the operators & f are generators 
of an r-parameter group of motions. 


§ 2. Groups of translations. 

If the trajectories of a motion are geodesics, the motion is called a 
translation. In order that (1.2) be a translation, it is necessary and 
sufficient that 


(2.1) £8. = 2V av, = 0, v'V,v, = a,. 


On transvecting the second equation of (2.1) with v* ,we find 
Vv Va 0, = av" U,, 
from which, using the first equation of (2.1), we get « = 0. Consequently, 
transvecting the first equation of (2.1) with v*, we find 
2V,.(v"a) = 0, 


from which it follows that v’v, = constant. 

Conversely, if a vector v* satisfying vv, = constant defines a motion, 
transvecting the first equation of (2.1) with vw’, we find the second equa- 
tion with « = 0. Thus we have 





= ee —_ 


1 Cf. EISENHART [4], p. 210; G. T., p. 31. 
2 Cf. EISENHART [4], p. 210; G. T., p. 31. 
3 Cf. EISENHART [4], p. 216; G. T., p. 33. 
4 Cf. EISENHART [4], p. 216; G. T., p. 33. 
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THEOREM 2.1.1 In order that (1.2) be a translation in a V,,, it 1s neces- 
sary and sufficient that £g,, =O and g,,v'v* = constant. In this case 
v 


every point 1s moved over the same distance. 
Now according to Theorems 1.1 and 2.1, we have 


THEOREM 2.2. In order that a vector freld of constant length define an 
infinitesimal translation, 1t ts necessary and sufficient that along every 
geodesic 1t make the same angle with the tangent. 


If we take a coordinate system with respect to which v* = e*, we have 
from Theorem 2.1 1 


(2.2) 0:2, = 90, 23, = constant. 


It is evident that 1f (2.2) holds in some coordinate system, the group 
of transformations 


"ge _ &* + ext 
1 


is that of translations. Thus Theorem 1.3 is true also for the group of 
translations, and corresponding to 1.4, we have 


THEOREM 2.3. In order that a V, admit a one-parameter group of 
translations it 1s necessary and sufficient that there exists a coordinate system 
with vespect to which the components g,, of the fundamental tensor are 
independent of £1 and g,, 1s a constant. ? 

Also Theorems 1.6 and 1.7 are true for translations as can be proved 
easily. 


§ 3. Motions and affine motions. 
The following theorem is geometrically evident. 


THEOREM 3.1.3 A motion in a V,, ts an affine motion. 


1Cf, EKISENHART [4], p. 212; G. T., p. 32. 
2 Such a space has been used to construct a 5-dimensional unified field theory 
of gravitation and electromagnetism. The ds? of such a space is of the form 


dst = (d5* + g1,48°)® + (Bop ~ Krohip) UE" dE, po = 2,3, 4,5. 





In this equation, g,, is identified with the electromagnetic potential and 
Boo — S108 With the gravitational potential. See for example Katuza [1], KLEIN 
[1], Yano [3]. 

8 Cf. EISENHART [4], p. 210; G. T., p. 34. 
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To prove this, we apply the formula (4.9) of Ch. 1 to the fundamental 
tensor g;,: 


£ (Vu 80x) os Vul£8ax) = — (4a) Box (Lit) Bao» 


from which 

(3.1) KA} = 48°1V, £8ig + Vi8uo — Voh8.al- 
This equation shows that £g,, = 0 implies £{5} = 0. } 
The following theorem is as geometrically evident’ 


THEOREM 3.2.2 For a motion in a V,, the Lie derivatives of the cur- 
vature tensor and its successive covariant derivatives vanish. 


We prove this by applying the formula (4.14) of Ci. 1 to the Christoffel 
symbol: 


(3.2) Vw Stil — VWistat = £Eva% 
where Ky, is the curvature tensor of V,. Thus for a motion we have 
(3.3) £Ky* = 0. 


On the other hand since a motion is an affine motion, the covariant 
derivation and the Lie derivation are commutative. Thus from (3.3) 
we obtain 


(3.4) LV Kyun = 0, LV Vs Kur = 0, 


§ 4. Some theorems on projectively or conformally related spaces 

Consider two Riemannian spaces V, and ’V, which are in geodesic 
correspondence. Then denoting the Christoffel symbols of them by 
{5} and ’{35} respectively, we have 

was = {us + App, + Aid, 

But since V, and ’V, are both Riemannian, the vector ~, should be a 
gradient. * Thus putting p, = 40, log ¢, we get 
(4.1) (ot = a} + 247 log 6 + 24Za, log ¢. 

We now assume that the V,, admits a motion with symbol £/. Then 


ee oe 


1 Under some global conditions £{ is} == 0 implies fg), = 0. See Ch. Ix. 
v v 


2 Cf. EISENHART [4], p. 213; G. T., p. 37. 
8 SCHOUTEN [8], p. 292. 
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we have 
L8rx = V,%, 1 V,.U = AU, + 0,0, — {53% = 0. 
5 


Consequently on utilising (4.1) we have 
Lax or 0, Vy, + 0, Vy = 2[' £83 — 4A‘ 0, log p me gAj a, log jv, 
= $—1(0,(¢v,) + ,(¢,) — 2'{EtP2, | 


Thus denoting by ‘g,, the fundamental tensor of 'V, and by '£/ the 
symbol defined by ¢v, in 'V,, we have 


£8 = OP UV£L bre: 
Thus we have 


THEOREM 4.1.1 I} two Riemannian spaces V, and 'V,, are in geodesic 
correspondence and tf V,, admits a group of motions, 'V, also admits a group 
of motions. 


Consider a V,, which admits an 7-parameter group G, of motions such 
that the rank of v* is in a certain neighbourhood equal to 7 < n. Then 


we have £2,, = 0. In order that a space ’V, conformal to V, admit 


the same group G, as a eroup of motions, it is necessary and sufficient 
that there exist a function p* such that a 29, ) = 0 or Let = = 0. But 
on the other hand 


(LE) e* = == C6 » hor 


and consequently Le" = = 0 admits » — 7 independent solutions. Thus 
we have 


THEOREM 4.2.2. If a V,, admits a G, of motions such that the rank of 
vu” in a neighbourhood is equal tor <n, then there exist n — 7 V,,’s, corre- 


a 


sponding to n -— rv independent solutions of £p? = 0, which are conformal 


a 


to the given V,, and udmit the same group as a group of motions. 


As an application of Theorem 5.1 of Ch. m1, we have 


THEOREM 4.3. If a V, admits a G, of conformal motions such that 
the rank of in a neighbourhood is x -: , then there extsts a 'V, which 


1s is conformal to V,, and which admits the G, as a group of motions. 
1 IKXNEBELMAN | 5]. 
2 KNEBELMAN [4]. 
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Using this theorem we can prove the following theorem which genera- 
lizes a theorem of J. Levine. } 
THEOREM 4.4.2 In order that a G, in X,, such that the rank of v* 1n a 


neighbourhood 1s equal to r <n, can be regarded as a group of motions 
inaC,,% it ts necessary and sufficient that the group be a subgroup of a 
group of conformal transformations. 


The necessity is evident. Conversely, if the group is a subgroup of a 
group of conformal transformations, it is a group of conformal motions 
in a C,. Consequently according to Theorem 4.3, there exists a V, 
which is conformal to C,, and is itself a C, which admits the group as 
a group of motions. 


§ 5. A theorem of Knebelman. * 


If a V, admits an r-parameter group G, of affine motions and if 
£f = v"d,f denotes 7 linearly independent infinitesimal operators of 


t 


the group, then we have ({£)f = c),£f/ and 
cb a 


(5.1) Lia} = 0. 


We ask for a necessary and sufficient condition that the group of 
affine motions contain a subgroup of motions. 

In order that this be the case, it is necessary that there exist 7 con- 
stants c*, which are not all zero, and such that £f = Chl is a motion. 


But this means that c* KB nx = 0 and this 1s only passible: if the a-rank ° 
of AB rx is <7. 


Conversely if the a-rank s of £g,, is <~y7, there are r — s linearly 
a 


independent solutions ¢3(é); u,v,w,...=1,2,...,r—s, of the 
equations 
(5.2) Pulf) LE, = 0. 





2 LEVINE [2, 3]. 

2'Yano and Tasnrro [1]. 

$C, stands for a conformally Euclidean space, cf. SCHOUTEN [8], p. 305ff. 

1 KNEBELMAN [7]; cf. G. T., p. 43. 

® The a-rank of the {g,,, is the rank of the matrix {g,, where a denotes the rows 
a a 


and Ax denotes the columns. Cf. SCHOUTEN [8], p. 20. 
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By covariant differentiation we get 
(5.3) (Vu Pu) hBrx + Fu Vu LB = 0. 
But on the other hand, since £7 are operators of a group of affine 
motions, (5.1) holds and consequently according to the formula 
L(V Bas) a Val h8rx) a (Lt) Be = (Lid) Bao» 
which is a special case of (4.9) of Chapter I, we find 


(5.4) Vuh Br) = 0, 


and consequently from (5.3) 
(5.5) (ViPu) Lb = 0. 


But since the ¢j, are 7 — s linearly independent solutions of d*£¢,, = 0, 


we have Vd) = Aj,d, where the Aj, are functions of ¢*. The integra- 
bility conditions of these equations are 


(5.6) V,AY%, — V,AY%, + AXA’, — AYA’, = 0, 


vr" w- "vv 


Now if there exist 7 — s functions f"(&) such that the transvections 

(5.7) c* = £"(E) 6, (E) 
are constants, the group of affine motions contains a subgroup of motions. 
In order that the c* in (5.7) be constants, the functions /"(&) should 
satisfy the equations 

O= (VP). + f(V bu), 

O= (Vif" + Avo) bus 
from which 
(5.8) VY + ALS = 0. 


But the integrability conditions of (5.8) are exactly given by (5.6). 
Thus we have proved the existence of functions /"(é) such that the c* 
given by (5.7) are constants. This proves: 


THEOREM 5.1. In order that a G, of affine motions in a V,, contains 
a subgroup of motions, it is necessary and sufficient that the a-rank of 
£2, 0e less than r¢. 
a 
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§ 6. Integrability conditions of Killing’s equation. ' 

The integrability conditions of Killing’s equation 
(6.1) £brx aa Vi, + Vi, = 0 


can be deduced from it, considering first the equation 


(6.2) Etta} = VV,0% + Kyiv’ = 0 * 
and next the mixed system of partial differential equations 


V,, + U,, = 0 Vy», = 05° Loy 
(6.3) i r (, »° Box) 


%  o)'% 2 eet “''% OV 
Vi, u*% = v,", V0," = — Kyj*v". 


We know that the cquations (6.1) and (6.2) or the equations (6.3) 
have for integrability conditions 


(64) LK = 0, LIK = 0, LV, Vo Kurt = 0, 


Thus we have by a theorem? on partial differential equations 


THEOREM 6.1. In order that a V, admit a group of motions, tt ts 
necessary and sufficient that there exist a positive integer N such that the 
first N sets of equations 


£&, =9, LK = 0, LV, Kye = 9, 


are compatible in v* and v,* and that the v* and uv." satisfying these equations 
satisfy the (N + 1)st set of equations. 

When there exist Jn(n 4- 1) — 7 linearly independent equations in the 
first N sets except the first, the space admits a G,, of motions. 

We shall examine the case in which the conditions 
PV + Ko Vi v° + 


PLA 
eas "V0 + Ky V8 = 


YoOA 


VILA 


(6.5) £{Ky*=vV, Ky%— Ky 


are identically satisfied by arbitrary v, and V,v% such that 
V, 2, +- VU, = OQ. 


1Cf. EISENHART [4], p. 214; SCHOUTEN [8], p. 350; G. T., p. 34. 
2 See for example, EISENHART [4], p. 1; T. Y. THomas [3]; VEBLEN [1], p. 73. 
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§ 7 A GROUP AS GROUP OF MOTIONS o7 


The equation (6.5) can be written as 


VV, Ku — Ku Vi% + Ks, v? + Kypay Vi," + Kon Va v =0 
from which 
V°V, Kyu — (Kyu 48 — Keay? AS — BG? Ag + Aye AQ) Vet, = 0. 
Since here v° and V,v, — Vv, are arbitrary, we get 
Vs oay —_— 0 
and 
Ko AG Sh A, AAG Aa oe Be 
= Ky PAZ — Ky AS — Ky Al + Bae Af, 


from which 


THEOREM 6.2.1 In order that a V,, admit a group of motions of the 
maximum order kn(n + 1), tt 1s necessary and sufficient that V,, be an S,.* 


§ 7. A group as group of motions. 


We shall consider in this section some applications of the Theorems 
3.1, 3.2 and 3.3 of Ch. III. 
We consider first a G, in an X, and suppose that the rank of v% in a 


a 
neighbourhood is equal to 7 <; ». In this case we can choose a coordinate 


system in which 
Det (v*) -4 0, v* = 0, «, By = 7,2, ...,73 
a a 
Ey, G=r+ I, 1.0, M. 
In this coordinate system Killing’s equations take the form 


(7.1) Lbrx aad VU", Bas. =i Lane Oy, V™ — B40, 0° == 0. 


Thus, defining the functions @,,,(g, &) by 
(7.2) vu" Onan’, é) ee — Bax 0, Uo Six Oy v", 


we gct from (7.1) 
Lb rx == v"[0, Bix Onax(8 é)| = 0, 


ee —- eee 


1 FISENHART [4], p. 215; SCHOUTEN [8], p. 350; G. T., p. 36. 
2S, stands for a Riemannian space of constant curvature. Cf .ScHOUTEN [8], 
p. 148. 
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from which 


(7.3) On Brx = OurlZ, é). 
On using the method of §3 of Ch. 111, we find 
. €0g, 20, 
(7.4) Ov, a + @,Op. = aw, 7 + 8 yrs: 
Vue VL ’ 


Morcover, as is casily to be seen from (7.2), the functions @,,, satisfy 
the relations 


(7.5) v" O90] = — Bran) % Ue Gira} x v". 


Thus, if the initial conditions of g,, satisfy g,,, = 0, then the solu- 
tions of (7.3), satisfy also g,,, = 0. 

Thus the equations (7.3) are completely integrable and the solutions 
g,,(6) are determined by }n(m +- 1) initial values of g,,(&), which, in 
the case of 7 <n, can be arbitrary functions of &"t!, ...,é". Thus 
we have 


THEOREM 7.1.1. AG,in X,, such that the rank of v* in a neighbourhood 


is r <n can be regarded as a group of motions in V,, whose fundamental 
tensor contains 4n(n + 1) arbitrary functions for r <n and 4n(n + 1) 
constants for r =n. 


We next consider a G, in X, and suppose that the rank of v* in a 
a 
neighbourhood is g < 7. In this case we can choose a coordinate system 
in which 


(7.5) Det (v%) 40, v& = 0, v* = ov 


2 
 O.Vy66s Say ey tet EN CST PT at, 


ts9 Ry wae ee le Dy agi: u“,v,W=qt+l,...,r. 
Then Killing’s equations take the form 


Lbrx =. VU" Oy rx + Bax a, vw" ae Ex 0, y a 0, 
i i i 


(7.7) 


i 


Lexx = Pub Brx = Roar (O py,)U" ai Gra, Pu) = 0, 


1 KISENHART [4], p. 218; G. T., p. 44. 
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ee “CTT Gt AA ne EE Be Perna 
a 


and consequently defining the functions ©,,,(g, ¢) and 3,),(g, &) by 


(7.8) V* Ona. (2 &) Hof = Be Y™ — Baw 2, 0%, 
t t ry 

and 

(7.9) B xl’: £) & T (GO Pu ea Bra Pu)?” 


respectively, the equations (7.7) give 
£8 = V[8x Bie — ParulBs 6)] = 0, 


(7.10) : 
Lor — Pu Lox a FB anlf, é) a 0, 


from which 


(7.1 1) Ox Brx a Onaxl8 a Bal? é) = 0. 


On_using the method of § 3 of Ch. 111, we can prove that, if we take 
account of the second equations of (7.11), we have 





Opa, 00) An 
(7.12) Se 28, + 0,0, == Gon e. + A, Or 
and 
OB uns 
(7.13) Oi On, ae 0,5 a ure 0. 
Moreover, we have from (7.8) 
(7.14) u" Oo) = baer — Bro v™ = Zinny xe 


Thus if the equations &,,,(g, 6) = 0 are compatible in g,, such that 
&%, =£,, and det (g,,) 40 at a fixed point of the space, the mixed 
system of partial differential equations (7.11) is completely integrable 
and the solutions g,,(&) are determined by the initial values of g,, satis- 
fying &.,,(g, 4) = 0, gy,; = 0. But since &,,,(g, 6) do not contain the 
g,x, these 3(% — q)(% — q + 1) components of g,, can be taken as con- 
stants. Thus we have 


THEOREM 7.2.1 Consider an intransitive G, in an X,, such that the 
vank of v* in a neighbourhood 1s q <r. If, in a coordinate system where 
a 


————_ 





1 EISENHART [4], p. 221; G. T., p. 45. 
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(7.5) 1s valid, the equations 3,,,(g,€) = 9, gn, = 0 ave compatible for 
£,, such that det (g,,) #0 at a fixed potnt of the space, then the group can 
be regarded as a group of motions in a V, whose fundamental tensor depends 
on at least 1(n — q)(n —q + 1) arbitrary constants. 


We consider finally a multiply transitive G, in an X,. Then the rank 
of v in a neighbourhood is ” <7. If we put 


Det (v*) AO, v* = giv" 


a u a 


a,b,c=1,2,....n; #w=n+1,...,r, 
according to the preceding arguments, we have 


THEOREM 7.3.1! If, for a multiply transitive G,in an X,,, the equations 
Bann, €) = 0, 2x) =O are compatible in g,, such that Det (g,,) + 0 
at a fixed potnt of the space, then the group can be regarded as a group of 
motions in a V,. 


§ 8. A theorem of Wang. 


Consider a V,, with positive definite fundamental tensor and suppose 
that the V,, admits a G, of motions 


(8.1) SSE Ve nse e We Hee 
Take a point P(é*) in the space and consider all the motions of G, which 
0 


fix this point. The set of such motions form a subgroup G(P) of G,. If 
we denote the equations of motions belonging to this subgroup by 


(8.2) Te: oe ad Wg}, eS, @eey rae ee sce C), 
then we have 
(8.3) i = AEs 0) 

0 0 


for any ¢. It is well-known that? the subgroup G(/?) depends on 7») => 7 — 1 
parameters if 7 > n. It is called the group of stability or the tsotropy 
group of the V., at P. 

Now to each motion 7, there corresponds a linear homogencous 


1 FISENHART [4], p. 221. 
2 EISENHART [4], p. 65. 
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transformation T at &* given by 
0 


(8.4) Te: dt = WO dP, 
where 


hx(@) SS a, WS; q). 


Consider now two transformations a and sf of G(P), then their 
product is given by 


~~ 


Te Te: "B= WWE; 0): 


1 1 


from which 


ae = WR(C)M Caer. 


This equation shows that if r, , belongs to se and T eure to T. © then 
TT belongs to a a Conscaueatiy all thé ie foi a face. group 


Ep) and the aiecscidens from 7. to Ty is a homomorphism. We 
shall now consider the kernel of this homomorphism. Suppose that T, 
corresponds to the identity of G(P). Geometrically this means that each 
direction dé issuing from the point P is invariant by T,. Since T,, changes 
a geodesic into a geodesic and does not change any direction issuing 
from P, T, does not change any geodesic issuing from P. On the other 
hand, since 7, is a motion which leaves invariant the point P, 7, must 
leave invariant all the points on the geodesics issuing from the point P. 
Thus T, is the identity of G(P). Consequently the two groups G(P) and 
G(P) are isomorphic. l‘urthermore, since the correspondence is continuous, 
they are isomorphic in the sense of the theory of topological groups. 
Thus G(P) depends on 7, (= 7 — ”) parameters if G(J?) does. 
Now since 7; is a motion, we must have 


Bro ("E)d'E d’'* = gy (E)dE de 
and consequently 


Bay (5) Ax ()Hie(C) ae de = Bau(é) a" ae 


at the point P(é). Thus the group G(P) is a subgroup of the rotation 
0 


group in the tangent Euclidean space at I’. 
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_— or S nmnemenened ———— eee fee ey 
a - = 


Suppose that the V,, admits a G, of motions with 7 > }n(m — 1) + 1 
parameters. Then the group G(P) depends on 


ty ary —n> 4(n — 1)(n — 2) 


paramcters. 
But on the other hand we have the following theorem of Montgomery 
and Samelson '. 


THEOREM 8.1. In a Euclidean space of n(-~ 4) dimensions there 1s 
no proper subgroup of the rotation growp of an order greater than 3(n — 1) 
(n — 2). 

Thus if ~ + 4, we must have 


(8.5) 7) = dn(n — 1), 


and the group G(P) coincides with the rotation group. 

Consequently the group G(P) contains a motion which changes any 
direction at 2? into any direction at P, the point P being arbitrary. 

Take now two points 2’, and P, in V,, in such a way that they are 
sufficiently near to cach other to be joined by a geodesic. We consider 
the midpoint M of the geodesic segment P,P,. Then in the group of 
stability G(M) at M, there exists a motion which changes the direction 
of the tangent to the geodesic at M into the opposite direction. Since 
this motion changes a geodesic into a geodesic and does not change the 
length of a geodesic, it carrics the point P, into the point P,. 

If there are two points A and B at a finite distance in V,, we join 
A and B by an arbitrary curve and take a series of points P,, P,, ..., Py 
on the curve in such a way that A and P,, P, and P,,..., Py and B 
can respectively be joined by geodesics. We denote by M,, M,, ..., My 
the midpoints of the geodesic segments AP,, P?, Ps, ..., PyB respectively. 
Then applying appropriate motions belonging to G(M,), G(M,), ..., 
G(M_,.) successively we can carry A into B by a product of motions of G,. 
Since A and B are two arbitrary points in V,, this shows that G, is transi- 
tive and consequently that 


r=7, +n = jn(n + 1). 


Thus according to Theorem 6.2, we have the following theorem due 
to Wang: 2 








1 MONTGOMERY and SAMELSON [1]. 
2 WANG [1]. 
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THEOREM 8.2. Ifa V, for n> 2, n £4 admits a G, of motions of 
order greater than $n(n — 1) + 1, then the V,, is an S,. 


The same argument gives 


THEOREM 8.3.1 InaV,, forn + 4, there does not exist a G, of motions 
such that 


tn(n + 1) >7> n(n — 1) 41. 


§ 9. Two theorems of Egorov. 
In 1903, G. Fubini? proved 


THEOREM 9.1. AV,," > 2, cannot admit a coniplete group of motions 
of order 4n(n + 1) — 1. 


Generalizing this result, I. P. Egorov? has proved in 1949 the two 
following theorems. 


THEOREM 9.2. The maximum order of the complete group of motions 
in those Vs which are not Einstein spaces 1s 4n(n — 1) + 1. 


In fact, if the operator {7 is that of a motion, we have 
v 


LK =0V, Ky + Ka Viv? + KypViv? = 0 


or 
(9.1) £K,, = VK, + (AZ K? + AXKP)V,v, = 0. 

Since Vv, must satisfy V/,v,, = 0, we can write (9.1) also in the form 
(9.2) LK y= VV Ky + See Tx Ve, Ue, = 9,4 
where 
(9.3) To = 4A Ke, 


We now consider a matrix by letting the two lower indices denote the 
rows and the two upper indices the columns. The rank of this matrix 
is what is called the wa-rank (or «,a,-rank) of 7,,%. ° 
1 Yano [19]. 
2 FUBINI [1]. 
3 EGorov [4]. 
4 Here we have introduced a new kind of indices «,, a, also running from 1 to ” 
for which we assume that «, 4 «a; for i #7 and that the summation convention 
does not hold. So summation over these indices must always be denoted by a 
sign 2. 

§ Cf. SCHOUTEN [8], p. 20. 
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———> 
a A, 


0 0b If the space admits a complete 


Hp oky Xe group of motions of order greater 
pA than 4n(m — 1) 4+ 1, the wa-rank 
ee ah eee f T°:*3*1 must be less tha 

aa, | — 2K 0 ss |, sel . 
0, * 80K 22 4n(n + 1) — 


[4n(n — 1) +1) =n—1, 

(7,s=3,...,n) : 
We consider the ( — 1)-rowed 
determinant formed by the above 


elements of this matrix. Since this determinant vanishes we have 
(9.4) Ki =0. 


On taking account of (9.4), we next consider the (” — 1)-rowed 
determinant formed by the following elements: 





Hy Oe, 0 0 eeeee Ka,'" ara Ka,” 


Since all such determinants vanish, the numbcr of the differences 
Ky — K,) which are not zero is at most » — 2, from which 


(9.5) Ke k, =n 
The equations (9.4) and (9.5) give 


] 
(9.6) Kk? = = KA, 


which shows that the space is an Einstein space. 

Thus the order of the complete group of motions in a V,, which is 
not an Einstein space is at most 4n(m — 1)+- 1. 

On the other hand a V,, with the metric ds? = (d&1)? + do® where do? 
is the fundamental form of an S,_., with non-vanishing curvature and 
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et = 





SS ee ee ee ee ee ee ee = 


with coordinates &*, ...,&", is not an Einstein space and it obviously 
admits a group of motions of order }n(m — 1) + 1. This proves Theo- 
rem 9.2. 


THEOREM 9.3.1 The order of the complete group of motions in a V 
which 1s not an S,, 1s at most kn(n — 1) + 2. 


n 


In fact, if the operator £7 is that of a motion, we have 
(9.7) EL Avuax = v° Vv; Kyiax ar aa a Oe ae Ve Y= 0, 


where 


(9.8) Ty = 2A Ky) — ARK — AK + A Ka), 
We now consider a matrix by lIctting denote vuax the rows and a,a, 
the columns. The rank of this matrix is what ts called the vpax-rank 
(or a,«,-rank) of 743°". 
If the space admits a complete 
group of motions of order greater 


than n(n — 1) + 2, the rank of %,%, 


this matrix must be less than at ae Sits 
VUAX 
in(n + 1) — Te eae 
: ( Ay Aghohy 4 CO 0 
1 ma Ae a ee re 
[2n(n 1) | 2| ue 2. Hy HX, . oH Sa 
We consider the (# — 2)-rowed 
determinant formed by the ele- | (t, == 4,5, ....0) 
ments of this matrix in the table. 
Since the determinant vanishes, 
we have 
(9.9) 5 CR == 0, 


On taking account of (9.9) we next consider the following submatrix 


1for 1 £~ 4, this is a special case of Theorem 8.2 of Wang. For 2 = 4, 
In(m + 1) = 10, $n(m + 1)- L=-9, dn(x— 1t) +2 = 8 


so that it is a consequence of Theorem 9.1 of Fubini. But we shall give the proof 
of this theorem to illustrate Egorov’s method. 
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teen ee ee ee ee nine ee 


with » — 1 rows and ” — 1 columns: 





a bad 
L1Xs Koy Lys Ly Xs 
VILAX 
| e . e as oa e e e +f) 

hae Nad had | 5 a See 0 0 0 

*k . e e Xs aed e e a ay 
hj AghyXy K Xoeqty 1 Oey 0 0 

kk ok e « e a3 a e e . as 
Hj AghyXy K Ag gh ik 401 Xo 0 

4 * % 1) ee 8 «6 ag 
Hy AyXohq oes Ao%gXy 


Since the rank of this matrix is less than m — 2, if Ky.4,,,° were not 
zero, two of the differences 


Ki1°%—_—K K 


e e e ay 
XgXy Ag HyAgke ? 


s s . 3 rae s e e a3 e e e ag a s s e Ae 
HQ%q%y Kagarag IS cae Ka jaray 


should be zero. But the sum of the first and the third is equal to the 
second, so all three vanish. Then using 


Oe a oa a 1 Oe = 0, 


AgXy Xo Ay Agh, 
we have 
Kigatt = Kiana! = Kigagtt = 0. 
This proves that 
(9.10) | CR = 0. 


The equations (9.9) and (9.10) show that 
(9.11) Kya” = 0 for x #yv,y,A. 


On the other hand, it is known that!an A,,” > 2,isa D, (= projective 
Euclidean space) if and only if the equation (9.11) holds for every co- 
ordinate system at every point. Since the V, is a D,, V, is an S,.? 
This proves Theorem 9.3. 


1 SCHOUTEN [8], p. 290. 
2 SCHOUTEN [8], p. 294. 
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§ 10. V,’s admitting a group G, of motions of order 7+ = 
In(n — 1) + 1.3 
Let £/ = v*d,f denote 7 infinitesimal operators of G, and be q the 


rank of v* in a certain neighbourhood. Then we have n = gq and the 


group of stability G(P) at a point P(é) is of order 7 — g = jn(m — 1) + 
+ 1—q. 
If » > qg then we have 


r—q> inn — 1) +1—n= fn — 1)(n — 2) 


and consequently for  ~ 4 we can conclude from Theorem 8.1 that 


G(P) coincides with the rotation group. Thus, as is to be seen from 
the proof of Theorem 8.2, the group G, is transitive and consequently 
we should have ” = g, which is a contradiction. 

This proves that 1 = gq, hence: 


THEOREM 10.1. If aV,, n 44, admits a group of motions of order 
tn(n — 1) + 1, then the group ts transitive. 


Since G, is transitive, the group of stability G(f’) and consequently 
G(P) is of order 


y—n= }n(n— 1) 4+ 1—n= fn — 1)(n — 2). 


On the other hand, we have a theorem of D. Montgomery and H. 
Samelson ?: 


THEOREM 10.2. In a Euclidean R,, n ~4,n #8, @ subgroup of 
order 4(n — 1)(n — 2) of the rotation group leaves invariant one and only 
one dtrectton. 


In the following we shall assume that n 7-4, n #8. 


Following Theorem 10.2, G(P) leaves invariant one and only one 
direction at P. We denote this direction by #(P). Now take two arbitrary 
points P and Q in V,,. Since the group is transitive, there exists a motion 
T which carries P into Q. If we denote by 7(Q) an arbitrary motion 
which leaves invariant Q, then the motion T-!7(Q)T leaves invariant P. 


1 Yano [19]. 
2 MONTGOMERY and SAMELSON [1]. 
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Consequently on applying this motion to u(P) we get 
T-*1(Q)Lu(P) = u(P), 


from which 
T(Q)Tu(P) = Tu(P), 


which shows that Yu(/) is invariant for any motion which leaves in- 
variant Q. Hence 

THEOREM 10.3. IfaV,,n #.4,n 48 admits aG, of order r = kn(n — 1) 
+ 1 there exists a field of directions such that the direction u(P) at P ts 
carried into u(Q) at Q by any motion of the group which carries P into Q. 


Consider now a geodesic which passes through a point P and which is 
tangent to the direction #(P). Since the group of stability G(P) at P 
leaves invariant P and (LP), it leaves invariant not only this geodesic 
but also all the points on the geodesic. Thus, if we take a point Q different 
from 2 on the geodesic, then G(P) leaves invariant Q. 

Consider next an orthogonal frame e*(2?) at P whose first axis e*(P) 


t 1 
is takcn along u(/?) and displace this frame parallelly from P to Q along 
the geodesic. Then we obtain an orthogonal frame e*(Q) at Q whose first 


axis 1s tangent to the geodesic. Now, if we apply a motion T of G(P), 
we gct 

Te(P)""'e(P), Te(Q) £" 'e*(Q). 
Since the parallel displacement is preserved by a motion, by displacing 
'e*(P) from P to Q along the geodesic, we obtain 'e*(Q). Thus the mutual 


position between ¢(P) and ‘e*(P) and that between e*(Q) and ‘e*(Q) 
i 


? t t 
are exactly the same. This shows that G(/?) at P acts, at Q, as a group 
of motions which leaves invariant Q and is of order }(m — 1)(m — 2). 
Thus we can conclude G(P) = G(Q). 

Since the group G(Q) fixes the tangent to the geodesic and the direction 
#(Q) at the same time, the tangent must coincide with the direction 1(Q) 
and consequently we can say that the geodesic is a streamline! of the 
field 2. 


1 The streamlines of a vector field 1”“(&) are the curves defined by the differential 
equations 
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Since there is one and only one streamline passing through a point, 
these streamlincs depend on » — 1 parameters and they are trans- 
formed one into the other by a motion of G,. Thus we have 


THEOREM 10.4. Jf aV,,n 44, n -48, admits a groub G, of motions of 
order vr = \n(n — 1) 4- 1, there exists a family of geodesics such that 
there is one and only one geodesic of the family passing through cach point 
and a geodesic passing through a point P ts transformed into a geodesic 
passing through a point Q by a motion of G, which carries P into Q. 


With any point & of V,, there is now associated a direction 7*(&). 
We attach to &a unit orthogonal frame e”(&) in such a way that the first 
axis e“(&) is ‘a thie direction 7*(&), and cae: all the frames obtain- 
able fan e“(£) by applying to it all the motions of G,. Such a family of 
frames is said to be adapted to the group of motions under consideration. 

The frames e*; h,1,j, .. = 1,2, ...,n, thus attached to the different 
points of the epics depend on $n(m — 1) + 1 parameters, the first n 


of which are the coordinates & of the origin and the other $(7—1)(”—2) 


are parameters 4% (a= 1,2, ...,4(# — 1)(” —'2)) which fix the di- 
rection of the vectors e, e*, ..., e% Thus the e* are functions of the 
é and the 77. * S ‘ : 


Now for a variation of coordinates, we have ! 


(10.1) de* = Ae, 
h 
where 
h 
(10.2) AM defo (E, q)dé* == (dé)". 
Since g,e"e% -= 8,,, we have from (10.1) 
zh 
(10.3) ds? = 9, d& de =X A*A* = D (dé) (dé)". 
h h 


The equation (10.1) represents the relative position of d& and e%. 
h 
Since this relative position is preserved by any motion of the group, the 
Pfaffian forms .{4 are invariant for any motion of the group G,. 


PScHouLeN [8], p 172 
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For a variation of coordinates and parameters, we have 
de* = d&*8,6% + dytd,e%; 0, = 8,On¢. 
h h h 


If e* 4+- de* is displaced parallelly from & + d& to &, we get e + de” 
h h h A 
at &*, where 
(10.4) Se* ef de + {her dee. 


h h h 


From (10.4), we find ! 


(10.5) Se* = re, 
i h 
where 
h 
(10.6) D) = olde" + (ede) 


are Pfaffian forms with respect to é* and 7%. The equation (10.5) repre- 
sents the Riemannian connexion with respect to the frames e*. Because 
h 


of the same reason as for (10.1), the I} are invariant for any motion of 
the group. 
Since 8(g,,¢*e") = 0, we have from (10.5) 
th 


(10.7) Ii + Tj = 0. 


As we see from (10.2) the A*® are linear homogeneous with respect 


to dé, On the other hand, since the vector e* has the definite direction 
1 


u*(é) at each point é*, it does not depend on the parameters 7%. conse- 
quently we see from (10.6) that Tt are also linear homogeneous with 
respect to dé". Thus putting 


(10.8) re = fre, nde, 
we obtain from (10.2) and (10.8) 

(10.9) Ti = ch At, 
where 

(10.10) c= he 


are functions of &* and 7%. 








_ 


* SCHOUTEN [8], p. 177. The forms A* and I? were denoted by w' and o> re- 
spectively in E. CarTan’s papers [6, 7, 9, 10, 11]. 
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ee 


The Pfaffian forms I’? and A® are invariant for any motion T of the 
group. If we denote by ‘cj the transform of c by T, we have 


(10.11) Tj = ‘cf A’. 
From (10.9) and (10.11), we find 
(‘cl — cf)A*=0. 
But the A‘ are m linear independent Pfaffian forms and consequently 
we have 
a h 


C, = C;. 


Since c? are functions of é* and 7%, this equation shows that c” are 
constants. 
To find the values of these constants we apply a method of E. Cartan. ! 
At two points &* and &* + dé& we consider the frames e*(&) and e*(€+- dé) 
h hk 


both adapted to the given group of motions. We effect to e*(&) and 
h 
e“(€ + dé) the same infinitesimal rotation around the first axes. This 
h 
rotation can be represented by the formulas 
'e(&) = eX(€) + hy, dte*(é), 

(10.12) i : | 
e“(E + dé) = e(E + dé) + hi,dte*(& + dé) 

h t 


h 


using the same infinitesimal constants kjdt which satisfy 


(10.13) ki + k*=0 
and 
(10.14) ki = — kt = 0. 


Now the figure composed of e*(&) and ‘e*(&) is congruent to that com- 
posed of e*(€ + dé) and ‘e*(é a d&) in the sense that there exists a 
motion which carries e*(é) ae e*(E + dé) and at the same time ‘e*(é) 
into es + dé). This motion ant be represented analytically by A and 


I? with respect to the frame e*. But during the orthogonal transformation 
h 


— 


1B. Cartan [6, 11], Ch. xu, xu. 
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of the frames which carries e“(£) into ‘e*(&), the components A* and IT? 
receive the variations ° . 


(10.15) AA* = — ki dtd‘, ATS = — kdl) + yk dt. 
On the other hand we have from (10.9) 
(10.16) AL, =, AA". 


On substituting (10.15) in (10.16) and using (10.9), we find 
(Ric, — cy h,)A* = 0, 
from which 
(10.17) kech — chki =0 
because the A* are linearly independent. 


l‘irst of all, putting 4 = 1 in (10.9) and taking account of I} = 0, 
we obtain 


(10.18) cy == 0. 
Next putting 7 = 1 in (10.17) and taking account of ki == — kj = 0, 
we find 
hic, = 0, 
which should be satisfied for any k? satisfying k?} = — ki, =O and 
k? 4+ kt — 0. Thus we get 
(10.19) cl — 0. 


Thus the equation (10.17) becomes 
(10.20) hic; — ¢,k; =0 


where y, S,¢, u,v = 2,3, ...,n. This equation can be written also in 
the form 


(10.21) (Si,c¢ — c,3;)ky == 0 
and should be satisfied by any fj, satisfying Rk) 4- kj == 0, from which 
(Sic; — cd;) — (8,c; — c,9;) = 0. 
On contracting this equation with respect to 7 and v, we find 
(10.22) (n — 2)(cf + cy) == ch Si. 


Since the cases # = 3 and # = 4 are exceptional, we shall hereafter 
assume 2 > 4, n +8. 
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Taking the antisymmetric part of (10.22), we find 
(m — 3)(ci — ¢,) = 0 
from which cf = c‘, and consequently from (10.22) 


l 
pee ae 
n— | 
Thus the matrix c? has the form 


OO: 0 nd. 0 


O c O ... O 
(10.23) (cr) ={ 0 0 cc... O 
0 0 0... €, 


thus, on account of (10.9) 
(10.24) Ly en 
Thus from the equations of structure! 
[@A*) = [A'TY), 
we get 
[dA*] = 0, 
which shows that the form ts exact: 
(10.25) Al = df(). 
Thus there exists a family of hypersurfaces /(é) = constants along 
which 
Al=-0 or 
ad&é* = ae +... 4- Ane’, 
Since the vectors e, ..., e* are always tangent to one of these hyper- 


n 


2 
surfaces, we can sec that these hypersurfaces admit groups of motions 
of the maximum order. Consequently these hypersurfaces regarded as 
V,,-18 are all S,_.,’s. 

It is clear that the orthogonal trajectories of these hypersurfaces are 
the geodesics that appeared in Theorem 10.4. 


1 SCHOUTEN [8], p. 177, (10.27) with S? = 0. 
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Since there is always a motion of the transitive group G, which trans- 
forms a given orthogonal trajectory into another given trajectory, it 
follows that there also must be always such a motion transforming a 
given hypersurface of the kind considered into another given hypersur- 
face of the same kind, Consequently the hypersurfaces are all of the 
same constant curvature. 

Now we distinguish two cases (I) c= 0 and (II) ¢c £0. 

In case I, c = 0, we have from (10.24) Tj = 0 and consequently 


(10.26) de* = 0, 
1 


which shows that e* is a covariant constant vector field. Since the normals 


1 
to theh ypersurfaces /(§) = constant are parallel, the hypersurfaces are 
all geodesic. 
In case II, c 40, we have from (10.24) 


(10.27) At =—Ty 


and consequently 
] l 
d&* = Ale 4+ Ate = Al*+—VVe& = Ale + — 8%, 
1 r 1 Cc 1 1 Cc 4 
from which 
] 
(10.28) a&* + 8 é —#)= Ale*, 
C4 1 
which shows that 
] 
ad& + 8 (- + e)= 0 
C1 
along one of the hypersurfaces f(é) = constant, and this means that 


the vector e* is concurrent! along the hypersurfaces. But because e* is 


1 1 
in the direction of the normal, the hypersurfaces are umbilical and of 
constart mean curvature, their orthogonal trajectories being geodesic 
Ricci curves. Thus we have 


THEOREM 10.5. IfaV,,n <4," ~8 admits a group G, of motions of 
order 4n(n — 1) + 1, then either (I) there exists a family of co! geodesic 


1 Yano [6]. 
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hypersurfaces whose orthogonal trajectories are geodesics, the hypersurfaces 
being S,_,'s of the same constant curvature, or (II) there exists a family 
of cot umbilical hypersurfaces of constant mean curvature whose orthogonal 
trajectories are geodesic Ricct curves, the hypersurfaces being S,_,’s of 
the same constant curvature. In both cases, the group leaves invariant the 
family of hypersurfaces and that of their orthogonal trajectories. 


Of course geodesic hypersurfaces are special cases of umbilical hyper- 
surfaces. But case I and case II in which hypersurfaces are umbilical 
but not geodesic are, as we shall see, essentially different. So we shall 
study these two cases separately. 


§ 11. Case I. 


Since the space admits a covariant constant vector field, according to 
a well-known theorem! there exists a coordinate system with respect 
to which the ds* of the space takes the form 


(11.1) ds? = (dé)? + g.(E5)de de; En, Go, b = 2,3, ...,0, 


the form g,,(¢*)dé"dé* being the fundamental form of an S,_). 

Conversely, if there exists a coordinate system with respect to which 
the fundamental form of the space takes the form (11.1), gye(€*)dé"dé* 
being the fundamental form of an S,_,, it is clear that we have case I 
and that the space admits a group G, of motions of order r= 
in(n — 1) + 1: 


(11.2) fia G44, = fe, a), 


where ’&° = f§(£?, a) represents the complete group of motions of order 
4n(n — 1) in an S,_,. Thus we have 


THEOREM 11.1. In order that case I in Theorem 10.8 occurs, tt ts 
necessary and sufficient that there exist a coordinate system with respect 
to which the ds? of the space takes the form (11.1), g,.(&)d&"dE* being the 
fundamental form of an S,_,. 


With respect to this coordinate system, the metric tensors have the 


form 
1 0 1 0 
oP = ; ge —= ( ¢ ) 
Ze (6 sit) O gre) 


1 YANO [6]. 
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Consequently, calculating the Christoffel symbol of the V,, we find 


(11.3) {5} = ‘(eb {a} = 0; Gi} = 0, 
where '{£} denotes the Christoffel symbol of an S,_, with g,¢(&) as 


metric tensor. 
For the eer ia’ of the curvature tensor of V,, we get 


(11.4) Koa Ba, 0) hi Or a =O 


ec” on. ) 


where 'K;,'5 denote the components of the curvature tensor of S,_, 


belonging to ’{5}. 
But for an S,_, we know that 
ae ‘K ae. 
(11.9) pon ~ (a= lin — _ 2) ( o8tn e8en)» 
’K being constant. Consequently we have for the Ricci tensor 


JK 
11.6 Ke = 
( on an — 1 


~ Ben» Ky, = 0, Ky, = 0, 
and for the scalar curvature 
(11.7) K ='K. 


Thus if we put 


l 
(1 1.8) Lun def __ Kua “7 2(n — 1) 1) Kg: 
we find 
"K "K 
eS -> De, - eH deg ee O; 
= 2Gi 1) 7) en a a 

(11.9) i ie 

| Oe —. 3 Lyf: — -- —.-Ab; Lj = 0; Le =0, 

2(7 — 1) ° 2(1 — 1) 


and for the conformal curvature tensor, we get 


] 
(11. 10) Ce rue .@ oe ee go 


ae om (Ay Li. — At Ly, ais L,* Bur i LE “en) = 0. 


Consequently since we assumed 2 > 4, the V, is a C,,.} 
Conversely, if we assume that the space is conformally Euclidean and 


ee 


1 SCHOUTEN [8], p. 306. The C, denotes a conformally Euclidean V’,. 
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admits a covariant constant vector field, then there exists a coordinate 
system with respect to which 

ds? = (d&1)2 + Bne(E>)dé" de® 
and 


(ltl) {G} = {6}, Kg’ = Koen, Key = Key» K = 'K, 


Pon ? 


the other components of {%,}, Kjj,°> and K,, being zero. 
From these equations we find 


l= 'K lL. =—'K. + ‘K 
ae ae 2(n — 1) ’ a tn 2(n — 1) Stn» 
(11.12) 
Los ‘K (t= 'K ee 45 
Fees e' — = Opa 
the other components of L,, and Lj” being zero. 
First, from 
a 
Chil = gp ag Cag + Hite) =O. 
we find 
‘Ky, = ~ - Yn? 
en ey OR 
and consequently 
‘K 'K 
L Sas ei re L ce eer 
om 2(n — 1) Btn : 2n— 1) ° 
Next from 
Coen = Kx," ig 1 2 (AgLe, A3L,, + Le Ben — Le 8en) = 9 
we find 
ee ‘i : : 
Kun = = a (AS Ben — Az Son); 


which shows that the hypersurfaces &’ = constant are S,_,’s with the 
same constant curvature. Thus we have 


THEOREM 11.2. In order that case I in Theorem 10.8 occur, it is 
necessary and sufficient that the space be conformally Euclidean and admit 
a covariant constant vector field. 
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I. Adati and the present author! have shown that in order that a 
V,, be subprojective space of Kagan ? it is necessary and sufficient that 
the space be conformally Euclidean and admit a concircular vector 
field. Thus according to Theorem 11.2, the space under consideration 
is a subprojective space of Kagan. 

We can also give another geometrical characterization. 

First there exists a covariant constant vector field u*: 


(11.13) V,,%, = 0. 
It may be assumed that w* is a unit vector. 


Since 4 is a gradient, we can put 4, = a,f. 
From (11.13) we find 


(11.14) Ky. = 0. 


VLAX 
The sectional curvature ® determined by a plane containing u* and a 
unit vector v* orthogonal to u* at a point of the V,, is given by 


a V alt A 9% 
Kyi W v8 ue v*. 


Since the V,, admits a transitive group of motions which transform 
the field u* into itself and every vector orthogonal to 4* into a vector 
with the same property, the sectional curvature is a constant. But from 
(11.14) we get 


(11.15) — Kyu’ vu v% = 0 


for any wv“, which shows that this sectional curvature is always zero. 
On the other hand, the hypersurfaces 


(11.16) /(€) = constant 


are geodesic and of the same constant curvature. Consequently, repre- 
senting one of them by its paramctric equations 


(11.17) E> B4 (4%); Bee OLE: 
a,b,c,d=1,2,...,n—1, 





1 YANo and Anati [1]. 

2 RACHEVskKyY [1]. 

3 ‘Two vectors at a point determine a 2-plane. The Gaussian curvature at the 
point of the two-dimensional subspace described by the geodesics passing through 
the point and being tangent to the 2-plane is called the sectional curvature at the 
point determined by the 2-plane. 
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we have the equations of Gauss} 


(1 1.18) ‘Kacva = Bie VULAK 
where 

(1 1.19) ‘Kacva = Raa Zev res ‘Rea Sav) 
and 

(11.20) ‘Bey Ot BUS Bun: 


The ‘A in (11.19) could be different for each of the hypersurfaces 
(11.16). But, since ‘k represents the sectional curvature determined 
by any 2-plane orthogonal to u*, and because the space admits a transi- 
tive group of motions which leaves invariant the field 1”, 'k should be 
constant. 

Now on putting 


By = 2° g,, BY, 
we obtain 
(11.21) By By = AX — Uy, Bra Br Be = Bre — Ua Me 


On transvecting both members of (11.18) with B%°*% we obtain 


@Top 


dcba 


'R( Baa ‘Zep oa cee Sav) Boscop 


== (Ay _ u’ u,,) (At — u*u,)(Ar oe uu,)(A* - wt.) Kir, 


from which 


(1 1.22) Koy a RL (Byv Sur _ Ee Ova) 
ae (uw, Zur aan 1, vn) Uy, “| (tt, 2x ad Us Gv) 


Conversely, suppose that the curvature tensor of V, has the form 
(11.22) where ’k is now some constant and where 4, = 0,/ is some co- 
variant constant vector field. Then the hypersurfaces /(é) = const. are 
geodesic and their orthogonal trajectories are also geodesic. 

Representing one of these hypersurfaces by (11.17), from (11.18) 
and (11.22), we find (11.19). (11.19) shows that all hypersurfaces are 
S,-1$ with the same‘constant curvature. Hence 


THEOREM 11.3. Jn order that case I in Theorem 10.8 occur, it 1s 
necessary and sufficient that the curvature tensor of the space be of the form 





1 SCHOUTEN [8], p. 242. 


80 GROUPS OF MOTIONS IN V,, CH. IV 


a a OO 


(11.22), where ‘'k ts constant and where u, ts a covariant constant unit 
vector field. 


From the equation (11.22), we get 
(11.23) V., Kia” = 0, 


which shows that the V, under consideration 1s symmetric in the sense 
of E. Cartan. ! 


§ 12. Case II. 

In this case, the normals to the hypersurfaces are Ricci directions. 
Thus on account of a well-known theorem ? the space admits what we 
call a concircular transformation, and consequently there exists a coordi- 
nate system with respect to which 


(12.1) ds® = (dé)? + f(E")f,.(€5)dé" dE, 


gc de" dé = f(E)f,.(6)dé"dé> being the fundamental form of an S,_, 
with constant curvature. When the function f(&!) is a constant, the case 
reduces to case I, so we assume hereafter that f(€') is not a constant. 
On calculating the Christoffel symbols of V,,, we obtain, for the non- 
vanishing components of {5}, 
(12.2 EY os pt og ens oe ae ma 
2) {es = — 2 j Sem tad = Ui} = + 3 f 
where /' = df/d&1 and '{=} are Christoffel symbols formed with g,, 
= f{(&+)f,.(&°) or, what is the same here, with f,.(é). 
Now calculating the curvature tensor of V,, we get, for the non- 
vanishing components of Ky)”, 


Aj, {&} = fé ? 


ae ee ee 
Kain a — Kio, rte 2 rien Gon 


ae 
a 23 is fo) ae 
Bas z ee f? 
Kye," — Keon = Kye, = toa (Ag Ben = AP Ben) 


where 'K;.,* is the curvature tensor formed with g,.. 


1 CARTAN [1, 2, 6, 8, 11], Cf. SCHOUTEN [8], p. 163, p. 370. 
2 Yano [4]. 
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From (12.3), we get, for the non-vanishing components of K 


VA? 
f’ {? 
K gan = leprae na Eon 
(12.4) ( j e 


es 
Keying = Keene — a (S9e Stn — 8ce8en)- 


From the first equation of (12.4) we see that the sectional curvature 
determined by two mutually orthogonal unit vectors «* with uw! = 1, 
u= = 0 and v with v! = 0, is 


(0-1) 
(12.5) — Kynv?v" = —\(4-,-4]), 
/ P 
and this does not depend on v*. Since there is always a motion of the 
transitive group which transforms the field «* into itself and every 
vector orthogonal to it into a vector with the same property, it follows 
that this sectional curvature is a constant. 
From the second equation of (12.4) we sce that the sectional curvature 
determined by two mutually orthogonal unit vectors v* with v1 =0 
and w* with w! = 0 is 





2 
mae 4 
— Kye gv? wv w* = — (Kgeye vw + 1 — -) 


- 
Since this must be independent of the choice of v® and w*®, we must 
have 


(12.6) Kegng = “P(B ee 8tn — Bee Sern) 
and consequently 


pon 


fe 
(12.7) — Kip gv? wv w® = ‘k — a 
Since the group is transitive, this scalar must also be constant. 
The equation (12.6) shows that the hypersurfaces §' = constant are 
S,-18. But we know that these must be all of the same constant cur- 


vature. Thus ’f is also constant. Hence /'2/4/? 1s a constant 


{? 
(12.8) op = k?, 
k being different from zero, from which by integration 
(12.9) f —_ a? ere 


where a? is an arbitrary positive constant. 
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On the other hand, we have 


Ben = ME) heal), 
et on af? (8 fae is Onbes _ Gober) 
and consequently 
Ket = Fy 


where F.,/* is the curvature tensor formed from f,,(&*). Consequently 
we have 


(12.10) Ke gene aa (E*) F oene: 
Thus from (12.6) and (12.7) we obtain 

(12,11) FF ocne = F(fyehen 7 hee fen) 

where 

(12.12) F = f(&')’k 


is a constant. Here F/ and ’k are constants and /(&!) is not a constant, 
consequently we must have 


‘k=0, F=0 
from which 
(12.13) K gene =— 0, ir e — 0. 


Substituting (12.9) and the first equation of (12.13) into (12.4) we 
obtain, for the non-vanishing components of K 


eon 


VLAK? 
Buin sacs Rego Borne — P(g oe Stn = Bee Son) 
Hence 
(12.14) Kyyax — R*(gy, Bur _ Lure Zur) 


Thus the space is of negative constant curvature. 
In fact, by (12.9) and the second equation of (12.13), the fundamental 
form of V,, can be written as 


(12.15) ds? = (dél)2 + a®eP**'[(de2)2 +... + (dé*)2], 


which is a well-known fundamental form of an S, of negative constant 
curvature. 

Conversely, if the V, is an S, of negative constant curvature, then 
there exists a coordinate system with respect to which the fundamental 








ne ene mn ts ——s won . 
= Oe 
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form takes the form (12.15). If we put 


_ | 
oR 
then (12.15) becomes 
du) + (dé)? 4... nye 

(12.16) i a ed eee 

h442 

Thus we can see that the space admits a group of motions of order 

in(m — 1) +1 given by 


(12.17) ‘u = au, 'E" = a(apé> + 6") 


where ‘é” = azé* + 6" represents a general motion in a Euclidean R,, ,. 
Thus we have 


THEOREM 12.1. In order that case II in Theorem 10.8 occur it is 
necessary and sufficient that the space be of negative constant curvature. 


Since an S, cannot admit a parallel vector field, case I is not a special 


case of II. 
Gathering the results obtained in the last three sections, we can state 


THEOREM 12.2. InorderthataV,,n<4,n4 8,!admit a group of motions 
of order 4n(n — 1) + 1, tt as necessary and suffictent that the space be 
a product of a straight line and an S,_, (thts ts equivalent to the fact that 
the space 1s a C,, and admuts a parallel vector field) or that the space be an 
S, of negative constant curvature. 


In this theorem, the cases n = 3, n = 4 and = 8 are exceptional. 
E. Cartan! has studicd the casc ” = 3 in detail and he obtained 


THEOREM 12.3. A simply connected complete V, admitting a G, of 
motions 1s homeomorphic to one of the following spaces. 

(1) a Euclidean space. 

(2) a product space of a straight line and a sphere. 

(3) a spherical space. 


The case m = 4 was our exceptional case. But S. Ishihara ? has studied 
this case and obtained 





ee eee 


1 CARTAN [6], p. 305. 
2 ISHIHARA [1]. 
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THEOREM 12.4. A simply connected complete V, admitting a transitive 
group of motions 1s homeomorphic to one of the following spaces: 

(1) a Euclidean space of four dimensions. 

(2) a@ sphere of four dimensions. 

(3) @ complex projective space of two complex dimensions. 

(4) a product space of two spheres of two dimensions. 

(5) @ product space of a straight line and a sphere of three dimensions. 

(6) «@ product space of a Euclidean plane and a sphere of two dimensions. 


THEOREM 12.5. In a V, there exists no group of motions of order 9. 
If a V, admits a group of motions of order 8, then the group is transitive 
and the space ts a Kdhlerian manifold whose holomorphic sectional cur- 
vature 1s constant. 


CHAPTER V 
GROUPS OF AFFINE MOTIONS 


§ 1. Groups of affine motions. 
Consider an L,, with a linear connexion If,. Since the linear connexion 


x 


va 1S a linear differential geometric object, Theorems 2.1 and 2.2 of 
Ch. Ill give 


THEOREM 1.1. If an L, admits an infinitesimal affine motion, tt 
admits also a G, of affine motions generated by the infinitesimal one. 


THEOREM 1.2. In order that an L, admit a G, of affine motions, 
it 1s necessary and sufficient that there exist a coordinate system with respect 
to which the componenis I, of the linear connexion are independent of 
one of the coordinates. 


To study the projective differential geometry inaugurated by O. Ve- 
blen?, J. H. C. Whitchead 2 considered an A,,, whose linear connection 
satisfies 


(1.1) Pio = Ah. %P%, = 0, 
6 Ap hy een SO, Dy deg 
According to Theorem 1.2, this A, admits a G, of affine motions. 


{n tact, if we put 
x def 


e” 
0 


Uv 


(1.1) can be written as 


(1.2) V,% = AX, VV, 0% + Rij%v” = 0. 


wd 
Thus the A,,, considered by J. H. C. Whitehead can be characterized 


as an A,,,, which admits a concurrent vector field and an affine motion. 
The authors of the School of Princeton consider in such a space tensors 





ee 


1 VEBLEN [1, 2]. 
2 WHITEHEAD [1]. 
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or tensor densities whose components are of the form 
xr NE? fxr 
pr, = é a en Ci hinge) 


from which 
(1.3) & pS Np. 


This means that they consider the quantities whose Lie derivatives 
are proportional to the quantities themselves. 

If we choose a coordinate system with respect to which v* = &, 
the equation £1, = 0 takes the form 


(1.4) LOH = 0,0, + Th = 0, 
hence 


THEOREM 1.3. In order that an L,, admit a G, of affine motions, 
it 1s necessary and sufficient that there exist a coordinate system with respect 
to which the I,(€) are homogeneous functtons of degree — | of the coordtnates. 


To study projective differential geometry, D. van Dantzig considered 1 
an L,,,, whose components of the linear connexion are homogeneous 
functions of degree — 1 of the coordinates &*; x =0,1,...,n. Ac- 
cording to Theorem 1.3, this L,,, admits a G, of affine motions. * The 
authors of the School of Delft # consider in such a space the tensors or 
tensor densities whose components are homogeneous functions of degree 7. 
Thus 


(1.5) Lt = [r—s ttt (n+ lwp, 


for a tensor of weight w. This means they also consider those quantities 
whose Lie derivatives are proportional to the quantities themselves. 
The number 7 — s + ¢+ (n+ 1)w was called the excess. 

Since a linear connexion is a linear differential geometric object, 
Theorems 2.3, 2.4, 2.5 and 2.6 of Ch. 111 hold for a group of affine motions. 


§ 2. Groups of affine motions in a space with absolute paral- 
lelism.* 


An L,, is said to possess absolute parallelism or teleparallelism if for 








1van DANTZIG [1]. 

2 VAN DantziG (2, 3]. 

8 SCHOUTEN and HAANTJEs [1]. 
* ROBERTSON [1]. 
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any points P and Q of the space the parallel displacement of any quantity 

from P to Q along a curve joining P and Q gives a result at Q which does 

not depend on the choice of the curve. In such a space we fix a point & 
0 


and consider linearly independent contravariant vectors e*(é) at this 
point, (420.05 05-2 2-1, 2,0 2.44 MN): a 2 
Since the parallel displacement does not depend on the curve, on 


displacing the vectors e*(&) from " to an arbitrary point & of the space 
a 0 


along any curve joining é* and pe we get fields of Vector e*(€), and for 
these ficlds holds : 
(2.1) Vie oe Te = 0, 

a a a 


from which 


a a 


(2.2) Din = — 40, 6% = & 6,6, 
a a 


a a 
where the e, are defined by ee = 8%. 
b 

It is well-known that if an L, admits absolute parallelism, then 
Ryjn* = 0 and conversely, if Rjj,* =0, then the L, admits absolute 
parallelism, the S),* being not necessarily zero. 

If an L, with absolute parallelism admits an infinitesimal affine 
motion &* -> &* + v%dt, then from V,,e¢* = 0, £I¥, = 0 and 


L(Vye") — Vike") = (LT) 
we obtain 


whe) = 


which shows that the vectors £e* are also absolutely parallel and conse- 
quently that a 


(2.2) £e* = cpe*, cy = constants. 
vb G 


Thus we have? 


THEOREM 2.1. In order that an L,, with absolute parallelism admit 
an infinitesimal affine motion, it ts necessary and sufficient that the Lte 


1G. T., p. 18. 
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derivatives of n linearly independent absolutely parallel contravariant vectors 
be linear combinations of these vectors with constant coeffictents. 


If all the constants cf are zero, that is, if 
(2.3) £e* = 0, 
va 
the affine motion is said to be faritcular. 


If we choose a coordinate system with respect to which v* = dj, the 
conditions for a particular and a general affine motion become 


0,e* = 0 and 0,6 = cy & 
a b a 


respectively, from which 


(2.4) eo = f(s, ..., &") and & = a, (F)/(&, ..., &*) 
a a b a 

respectively, where u;(&1) are functions of &! satisfying 

(2.5) 8, Uy (E*) = c,u,(E") 

and consequently also satisfying 

(2.6) My (E* + t) = u6(E?) p(t). * 


Conversely when the a have the property (2.4), the space evidently 


admits a one- paramelen group of affine motions given by &* > & + edd. 
Thus we have : 


THEOREM 2.2. In order that an L,, with absolute parallelism admit a 
G, of particular affine motions, it 1s necessary and sufficient that there exist a 
coordinate system with respect to which all the components of the absolutely 
parallel contravariant vectors are independent of one of these variables. 


THEOREM 2.3. In order that an L,, with absolute parallelism admit 
a G, of general affine motions, it is necessary and suffictent that there extst 
a coordinate system with respect to which the components of the absolutely 
parallel contravaniant vectors have the form 4 = uy (E1)/"(E7, ..., &"), 
with ws(&1) satisfying (2.5) or (2.6). i 


An A,, with absolute parallclism is an E,. In E,, we can take a recti- 
linear coordinate system (x). Then £e* = 0 gives v* = const, and conse- 
va 


— 





1 VON NEUMANN [1]; WEYL [3], p. 25. 
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el 


quently this means that the particular affine motion is a translation. 
In E,, he" = ue gives v* = c¥f + #* and this means that the general 


affine motion a general affine transformation. 


§ 3. Infinitesimal transformations which carry affine conics into 
affine conics. 

It is evident that in an A, an infinitesimal affine motion carries an 
arbitrary affine conic? 

oe ag" 

k-——_=0 (k= constant 
as3 ms ds ( 
into an affine conic and transforms every affine parameter into an 
affine parameter. 

Conversely we assume that an infinitesimal transformation &-> & 
+ v*di carries an arbitrary affine conic into an affine conic and the affine 
parameter on it into an affine parameter on the deformed affine 
conic. 

First we get from {dé = 0 

dé" ad Lads 


62) or ar ar 


where we have dropped v from £ for the sake of simplicity. 
Secondly, from the formula 


Lou — shu = (£LT%,)deu 


(3.1) 





we get 


ou* dé 5(£u") su" fds 
OE ee ge a 
Thus putting #* = dé&/ds in (3.3), we get 


52£% ag" agr d2e* Lads d&* d fds 
3.4 Spe ees PY, 5 he ee ee ene 
(64) £4 ds? (41a) ds ds ds? — ds ds ds ads 
Putting then u* = §7&*/ds? in (3.3), we find 


Oe AEM BREA ae EY dt 
(3.5) haa = = 3(£T\,) as dst (VILE iD) ee 


S38 Lds se od fds d& @ fds 


—— =e — ee eee en ae eee 


ds? ds ds* ds ds ds ds? ds 











1'Yano and TAKANO [1]; cf. SCHOUTEN [8], p. 299 
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Se EG SEP Oe 


But because the transformation transforms every affine parameter 
into an affine parameter, we must have 


(3.6) ‘s = (1 + adt)s +. bdt; a, b = constants. 
From this it follows that 


ds 
(3.7) eae 
ds 


and that the equations (3.2) and (3.5) become 


dé dg 
ve Rg ge: 
and 
ae dé’ 32gr 








d&’ d& dé 3 Ore" 
ee os eee a eh 
ds ds ds ds3 ’ 


+ (W£T ia) 


respectively. 
On the other hand, under the transformation (3.6) of s, & is trans- 
formed as follows: 


hence 
(3.10) Lk = — 2ak. 
Thus, from (3.8), (3.9) and (3.10), we obtain 
63f" ag" 
dé rer dé dé dé 


= 3(£1%,) “ae dee + (Vi£T ia) ie ae a 


i <-) 
ote Gan rw | 





Thus, in order that every affine conic be transformed into an affine 
conic and the affine parameter on it into an affine parameter on the 


ae re nen recat ae RE Eee tee a PEE PPC 7 SN A A EE RR eR Se Ue 


deformed conic, the equation 


age 8 dé’ d&* dt 
SAT a) ae ee + (WRT) a “as as = ° 


% 2fx 


a 
must be satisfied for every value of a and — yee and consequently 
s 


it is necessary that £1%, = 0. Thus we have 


THEOREM 3.1.1 In order that an infinitesimal transformation transform 
every affine conic of an A,, into an affine conic and the affine parameters 
on wt into affine parameters on the deformed conic, tt 1s necessary and 
sufficient that the transformation be an affine motion. 


§ 4. Some theorems on affine and projective motions. 
We consider an A, which admits a G, of affine motions with the 
infinitesimal operators £/ = v"é,f such that the rank of v* in a neigh- 
@ a a 


bourhood is 7 < ”. Then we have 
(4.1) £1 = 0: 


In order that an 'A,, projectively related to the A,, admit the G, 
as a group of affine motions, it is necessary and sufficient that there 
exist a covariant vector field , such that 


£( wk a py Ax + Pb, Aj) = 0 


a 


OT 
(4.1) Eps = 0. 


But according to Theorem 3.1 of Ch. 111, this system of partial differential 
equations is completely integrable, hence 


THEOREM 4.1.2 If an A, admits a G, of affine motions with the in- 
finitestmal operators £f = = v2 uf such that the vank of a in a neighbourhood 


sr <n, there er digas an 'A, which 1s (not trivially) projectively 
related to A, and which admits the same G, as a group of affine motions. 


ee ee ee 


1'Yano and TAKANO [1]; G. T., p. 16. 
2 KNEBELMAN [3]; YANO and IMAtr [1]. 
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We next consider an A, which admits a G, of projective motions such 
that the rank of v in a neighbourhood is 7 < ”. Then we have 
a 


(4.2) Llp = By Ay as PrAi 


In order that an 'A,,, projectively related to the A,, admit the same G, 
as a group of affine motions, it is necessary and syfficient that there 
exist a covariant vector field #, such that 


E(Uia + PAX + 2,47) = 0 


a 


or 
(4.3) Eby = Pr. 
On the other hand, substituting (4.2) in the identity (££1%,) = ca £T ia 
we get a ° 
ks ki = cat 
which shows that 7 covariant vectors p, form a complete system with 
respect to G,. Thus (4.3) is completely integrable and we have 


THEOREM 4.2.1 When an A,, admits a G, of projective motions such 
that the rank of v 1s r <n, there exists an 'A, which 1s (not trivially) 


projectively related to A,, and which admits the same G, as a group of affine 
motions. 


From this we obtain 


THEOREM 4.3.2 In order that a G, in an X,, such that the rank of 
vis 7 << n, can be regarded as a group of affine motions in a D,, tt ts 


a 
necessary and sufficient that the G, be a subgroup of the ordinary projective 
group. 


The necessity is evident. Conversely, if the group G, is a subgroup 
of the ordinary projective group, it is a group of projective motions 
in a D,. Consequently according to Theorem 4.2, there exists an A, 
which is projectively related to D,, and is itself a D, and admits G, 
as a group of affine motions. Thus Theorem 4.3 is proved. 


ee 





1 KNEBELMAN [3]. 
2 ‘Yano and TasHiIRo [1]. 
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v 


§ 5. Integrability conditions of £1, = 0. 


We consider the integrability conditions of £1, = 0, which can 
be written as i 
V.u% = u.*%* — 25,3 *u", 1 
(5.1) : ‘ S 
V2" = — Ry) *". 
From (4.13) and (4.14) of Ch. 1, we have 


(5.2) £LSi3%=0, £Rij* =0 


respectively. Then applying the formula (4.9) of Chapter I to S)5” 
and R,,,", we obtain 


(5.3) LV, S3%=0, £V,Rij% = 0 


respectively. Repeating the same process, we have 
LV, Sin” are 0, EN asi Ryan” a 0, 
(5.4) AV vavev San oe 0, AV eosoyey Ryn” ace 0, 


Thus we have 


THEOREM 5.1.2 In order that an L,, admit a group of affine motions, 
it ts necessary and sufficient that there exist a positive integer N such that 
the first N sets of equations (5.2), (5.3) and (5.4) are compatible in v* and 
v,* and that all thety solutions satisfy the (N + 1)st set of equations. If 
there exist n® + n —r linearly independent equations in the first N sets, 
then the space admiis an v-parameter complete group of affine motions. 


For an L,, with absolute parallelism, we have Rj,,% = 0, if we replace 
(5.2), (5.3) and (5.4) by 


(5.5) LSjx° = 0, LY SA" = 0, £¥ uy Sui” = 01 ++ 


Theorem 5.1 holds. 
We now consider an A,, for which V,,R,,,* = 0, (Cartan’s symmetric 


1 Cf. SCHOUTEN [8], p. 346. 
* KNEBELMAN [2]; G. T., p. 19. 
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ee 
EE ER i SR ee ne 


space). Then the Ricci identity 
(5.6) O = VV, Rin” — Veo Van” 
= Rt Rug? — Byes? Riga® — Rros? Riga 
~~ R30 Re 


shows that, if we take v,* = (YR) 4", then £R),,* = 0 is satisfied iden- 
tically, v* being arbitrary. Thus we have ° 


THEOREM 5.2.1 An A, for which V,Ri\j*=0 admits a transitive 
group of affine mottons. 


On the other hand, A. Nyenhuis ? proved that the generators of the 
holonomy group of an L,, span the }-domain of the curvature tensor 
Rj," and its covariant derivative. Thus the generators of the holonomy 
group of an A, with V,,R)),% = 0 span the {-domain of the curvature 
tensor Ry)”. Siice the generators of the isotropy group span the }- 
domain of the set v,* = V,v“, we have 

a a 


THEOREM 5.2.3 In an A,, for which V., Rj), =0 the isotropy group 
contains the holonomy group. 


We now consider the conditions of complete integrability of £1, = 0, 


that is, those of (5.1). In order that we have complete integrability, the 
equations 


Lyn” = Vi SI — Sin? 0n* + Stay? + Sista? = 0 


and 
LR” = vV, Ryn SAK US —- Roya Uy ° + Rion Uy? + Koo Ue — OQ 


should be satisfied identically for any v* and v,*, from which we can 
easily deduce S),% = 0 and R)),* = 0. 
In this case, the group has its maximum order n? + n. Thus we have 


THEOREM 5.3.4 In order that an L, admit a G, of affine motions of 
the maximum order n* + n, it is necessary and sufficient that the L,, be an 
E> the group being a general affine group. 

1 CARTAN [6, 8, 11]. 

? NIJENHUIS [2], Ch. 11, § 13. 

8 SCHOUTEN [8], p. 363. 

4 FISENHART [4], p. 234; G. T., p. 20. 

5 J, stands for an ordinary affine space. 
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ee 


In an L, with absolute parallelism, a particular affine motion 
E*-» & + y"dt satisfies the equation 
Ler = Ve — eu = 0, 


va a a 


from which, because of V,e* = 0, 


a 


(5.7) 50. 


rv 


Thus the conditions of complete integrability of the equations £e* == 0 
or of v,* = 0 are that ahi 
£8," = wv V,S,3% = 0 


are identically satisfied for any v’, from which it follows that V,Sj;* = 0. 
Thus we have 


THEOREM 5.4.1 In order that an L, with absolute parallelism admit 
a group of particular affine motions of the maximium order n, it 1s necessary 
and suffictent that the covariant derivative of the torsion tensor vantsh. 


In this case, the differential equations v,;* =O admit solutions v 
whose initial values can be arbitrarily assigned. Thus when an L,, with 
absolute parallelism admits a group of particular affine motions of 
the maximum order n, the group is simply transitive. 


§ 6. An L, with absolute parallelism which admits a simply 
transitive group of particular affine motions. ’ 

We consider an L, with absolute parallelism and denote » linearly 

independent absolutely parallel vectors by a and the components of 


a 

the linear connexion of the space by [ hea we have v, e = 0, from 
which "b 

t b b 
(6.1) MA — -— CO, a — +. 0,8), 

b 
\- t- b 
(6.2) Sa ba é* Oy >) 
+ 
(6.3) Ryn” = 0. 
1G. T., p. 20. 


2 SCHOUTEN [8], p. 185. 
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We assume that the space admits a simply transitive group of particular 
affine motions, then according to Theorem 5.4, we have 


4 
(6.4) VS = 0. 
Thus if we put 
-F a { cb 
(6.5) 6 OS eee SoS = 1 ae, 
ec 6b of a 


{ 
the cj, are scalars and Vc, = 0, which shows that the c;, are constants. 
Thus from (6.2) and (6.5), we get 


a c b 
(6.6) Ow Ey) =—_ 400 Cu Cr, 
and 
(6.7) hae — eae = ce, 
c b b c a 


which shows that » vectors e* gencrate a simply transitive group. 
b 


Conversely, if 2 vectors e* generate a simply transitive group, then we 
b 


have (6.6) and (6.7), and we can easily see that (6.4) holds. Thus ac- 
cording to Theorem 5.4, the space admits a simply transitive group 
of particular affine motions. Thus we have 


THEOREM 6.1. In order that an L,, with absolute parallelism admit 
a simply transitive group of particular affine motions, it 1s necessary and 
sufficient that n absolutely parallel vectors generate a simply transitive 


group. 


We assume again that the space admits a simply transitive group of 


particular affine motions and denote by & (A, B,C = 1,2, ...,) n vectors 
B e e r 


which generate the group. Then we have 


(6.8) Let FeO, e% — ed, &* = 0, 
Bb Bb’ 6 B 


which can also be written as 


B b 
(6.9) “0,6, = &*0,6,. 
B b 


This shows that with respect to the linear connexion 


— + 
(6.10) 1%, oh, 


§ 6 AN L,, WITH ABSOLUTE PARALLELISM 97 


the vectors e* are absolutely parallel, from which 
B 


Conversely, we assume that the linear connexion I%, defined by 


+ 
(6.10) from a linear connexion I, of an L, with absolute parallelism, 


is of zero curvature. Then denoting by e* and e linearly independent 
b Bo+ i 
vector fields absolutely parallel with respect to I, and I, respect- 


ively, we have 


+ b - B 
(6.12) mh = Oe = ones 


and consequently 


b B 
Mo Se 

OO 0 = CO e,, 

b B 


from which 
(6.13) Ler = ed, — eG ae: = Q, 


Bb B b b 


+- 
This equation shows that the space with affine connexion I, admits 
a simply transitive group of particular affine motions. Thus we have 


I 
THEOREM 6.2. In order that an L,, with absolute paralleism 
adimt a simply transitive group of particular affine mottons, tt ts necessary 
-t 


and sufficient that the linear connexton I, = Th, be of zero curvature. 


Again we suppose that an L,, with absolute parallelism admits a 
simply transitive group of particular affine motions, then we have the 


second equation of (6.5). Denoting by e* the vectors generating the 
B 


simply transitive group of particular affine motions, we have 
(6.14) HO — Oe = cine, 
Cc B BC A 
from which 
~ UB 
(6.15) Sin" 1 ay = — Ban 


a 


—- 


Thus from the second equation of (6.5), (6.15) and 


(6.16) 50 = Sy 
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we obtain 
cb CB 
(6.17) Cor Oy = — Cope, ee. 
a aA 


+ ~— 
Now the linear connexion I%,(I%,) defines an absolute parallelism in 


the L, and consequently, if we give m vectors e*(&) (e*(&)) at a fixed 
b 0 BO 


point € of the space, then the vectors e(&) (e*(&)) at every point of the 
0 b B 


space are automatically determined. Now for convenience we choose 


the vectors e* and . in such a way that : *(E) = e*(€). Then from 
b 0 B 0 


(6.17) we have at re point (&) 

0 
(6.18) Coo = — 865,92 Cop, 
which also holds at all points of the space. 


The space discussed in this paragraph is exactly a group space. } 
The group generated by e*(e") is called the first (the second) parameter 


group. ed 
From 
(6.19) he 22:0,. Le = 0; 
bB 
we have 


THEOREM 6.3. The vectors defining the first (the second) parameter 
group are transformed inio themselves by the second (the first) parameter 


group. 


§ 7. Semi-simple group space. 
We consider a group space and adopt the notations used in the preced- 
ing paragraph. [f we put 


+ 


ey) Dia = Puap 
we get 

l- a mae : + 
v2) Ma =Tat Sa Ta = Ca — Si 


The linear connexions given by I war pa and IM, are called respectively 
(+-)-connexion, (0)-connexton and (—)-connexion of the space. 2 


1 EFISENHART [4], p. 198; SCHOUTEN [8], IV. 
2 CARTAN [3]; CARTAN and SCHOUTEN [1]; EISENHART [4]. 
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e e a 
On substituting the first equation of (7.2) in Rj,* = 0, we obtain 
ae t+ + + 
(7.3) Ryn = 25yP S53" + SPS + SPS, 
where Rj,“ is the curvature tensor of I). From R,3% = 0 and (7.3) 
we obtain 


(7.4) S.; 0S = 0. 


[vp 


This equation can also be obtained from the Jacobi identity satisfied 
by the structural constants: 


é a 
Crde Cole = 0. 


From (7.3) and (7.4), we get 
- + 
(7.5) Ryans = Sy? S30 


+ 
For the covariant derivative of the torsion tensor S),*% with respect 
to I), we have 
a a a 
Vv, SH — = ay 5:3 st SPS — SP SC SP Sue 
from which, because of (7.4), 


(7.6) Vy Sui” = 0. 
Thus from (7.5), we get 

(7.7) Vio Rua = 0. 

because of (7.6). Thus we have 


THEOREM 7.1.1 Every group space is a symmetric A,, with respect 
1° its (0)-connexton. 


We now suppose that the space is a semi-simple group space. According 
to E. Cartan, ? in order that the group be semi-simple, it is necessary 
and sufficient that the rank of the matrix 


(7.8) Eco = CaeCa 
be n. Thus putting 


¢ Db 
(7-9) Bua al E cb ey &%, 
1 SCHOUTEN [8], p. 191. 

2 CARTAN [3]. 
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we can give a Riemannian metric 
(7.10) ds? = g,dé*d& 


to the space. The equation (7.8) can also be written as 


(7.11) Sua = 455-0 Se 

Now from (7.5) we obtain by contraction 
bo + 

(7.12) Ry = Sy? S99" 

from which, because of (7.11), 

(7.13) Ry = 28, 
Moreover from (7.7) and (7.13), we have 

(7.14) Vi Ria = 4V 2 = 9, 


which shows that the I%, are the Christoffel symbols {j5} formed with 
Z... Thus we have 


THEOREM 7.2.1 For a semi-simple group space, the (Q)-connexton 
1s Riemannian and the space is Einsteinian. 


From 
rs CR al 
SoS = sone Be, Le H=Lec=— 0, 
wf vB b 
we obtain 
_ b 
(7.15) £ Sy" = 0 and consequently £ Su = 
b b 
Irom (7.11) and (7.15), we obtain 
(7.16) Lun —_ 0. 
b 
On the other hand 
(aM) Bune = Bop 
c b 


are constants. The equations (7.16) and (7.17) show that the infinitesimal 
transformations of the first parameter group are translations. Since a 
similar result holds for the second parameter group, we have 


1 CARTAN and SCHOUTEN [1]; EISENHART [4], p. 206. 
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THEOREM 7.3.1 The infinitesimal transformations of the first and of 
the second parameter group of a semi-simple group space are translations. 


§ 8. A group as group of affine motions. 
We apply now Theorems 3.1, 3.2 and 3.3 of Ch. 11 to the case of 
the group of affine motions. 


We consider a G, in an X,, and we suppose first that the rank of 
b 


in the neighbourhood under considcration is 7 < ». In this case we 
choose a coordinate pana with respect to which we have (3.6) of Ch. II. 
Then the equations AM, ux == O become 


(8.1) Aa = = 6 wv" + vets wm — Dp qu" 3 Bn eae” + Tip A ote = 0 


and consequently, defining the functions 0,%, (1, &) by 
(8.2) v*O,%, (I, é) 2! — a,a,0% + 12,8,% — Mav? — 1% a, 0°, 


we obtain 
(8.3) re her =o v" |e, |e OLE, é)|, 


from which 
(8.4) 0, 1a t= Oath, 4). 


As was shown in § 3 of Ch. 111, we can prove that the system of partial 
differential equations (8.4) is completely integrable and that the solutions 
I™,(€) are determined by the initial values of M, at a point (6), which 


in the case 7 <, can be arbitrary functions of the variables & and, 
in the case y = #, arbitrary constants. Thus we have 


THEOREM 8.1.2 AG,inan X,, such that the rank of v* in the neighbour- 
b 


hood under consideration is r :< n can be regarded as a group of affine 
motions tn an L,, whose components of the affine connexion contain 1° 
arbitrary functions or constants. 


We next consider a G, in an X, such that the rank of v* in the neigh- 
b 


bourhood undcr consideration is g -< 7, n. In this case we choose a 
coordinate system with respect to which we have (3.15) of Ch. 11. 


1 CARTAN and SCHOUTEN [1]; EISENHART [4], p. 213. 
2G. T., p. 26. 
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NY 


Then the equations £1%, = 0 become 
£0 = 2,0," + wea V — Mae v + PH, a + Vy. 0% = 0, 
3 
(8.5) Ll a = vu Sy + (8, a, 9u)0" ae 2, Pu)( ) ¢ (91) (2, " 


~— Pia Pu) ™ Ae (28 mad a9 - a ,.94)0" = 0. 


Thus, if we define the functions 0,%, (1, 6) and 3,2, (1, &) by 
(8.6) v0, %(T, &) of — 6,2,0% + Ty 2," vu — Pn. ilar! av 
J J 


and 
(8.7) By, €) = (G4 u)e% + (2, Pu) (20°) + (Pu) (2,0) 


— 1%, (2, 4) + M5 ( a, 91) 0" + 1% (2, 91,)0%, 


we obtain 
AU np = Vite Pia — GatalP, &)] = 0, 


(8.8) _ 
Alp = eo Puhlnn a Buwll, é) = 0, 


from which 
(8.9) On Pa = Olt, é), Ey OMe: é) = 0. 


Using the method of § 3 of Ch. 111, we can prove that if &,%,(P, €) = 0 
is compatible at some point of the space, then the mixed system (8.9) 
is completely integrable and the solutions 1',(&) are determined by 
their initial values at this point which satisfy ,%,(T, é) = 0. Thus we 
have 


THEOREM 8.2.1! Consider a G, in an X,, such that the rank of v% in 
b 


the neighbourhood wndery consideration is q <y7,n. If, in a coordinate 
system with respect to which (3.15) of Ch. 11 ts valid, the equations 
Bull’, é) = 0 are compatible in Vy, at some point of the space, then the 
group can be regarded as a group of affine motions in an L,,. 


We finally consider a multiply transitive G, in an X,. Then the rank 
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of v* in a neighbourhood under consideration is » < 7. Thus, if we put 
b 


(8.10) det (v*) 40, v= of; G00 = )).2) 3265; 
b u 
: “,v,w=n+I1,...,Fr, 


we can state 
THEOREM 8.3. If, for a mulitply transitive G, in X,, the equations 


Bau(l, €) = 0 ave compatible at a fixed point of the space, the group can be 
regarded as a group of affine motions in an L,,. 


We now consider analogous problems for groups of particular affine 
motions in a space with absolute parallelism. 
We first consider a G, in X,, such that the rank of v* in a neighbourhood 


b 
is y ::”. In this case, if we choose a coordinate system such that (3.6) 


of Ch. m1 is valid, the equations £e* =0 (A, B,C,... == 1,2, ...,%) 
become oe 
(8.11) Le = v*0,e* — eau = 0. 

auf a A wl a 


Consequently, defining the functions ©), %(e, &) by 


(8.12) wv, %(e, &) = av, 
a al a 
we have 
(8.13) £e& == v%(0,e — 0,46, 4), 


a ut a al 


from which 
(8.14) 06° ==. 0) (é,.€): 
mT 


As is shown in §3 of Ch. mI, we can prove that (8.14) is completely 


integrable, and that the solutions e*(&) are determined by the initial 
A 
values at a point (&), which, in the case 7 < 1, can be arbitrary functions 
0 


of the variables é* and in the case 7 = n, arbitrary constants. Thus we 
have 


THEOREM 8.4. AG,inan X,, such that the rank of v* in a neighbourhood 


isr <n can be regarded as a group of particular affine motions in an 
L,, with absolute parallelism and the components of the absolutely parallel 
vectors can contain n® arbitrary functions when r <n, and n* arbitrary 
constants when r =n. 
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We consider next an intransitive G, in an X, and suppose that the 
rank of v* in a neighbourhood is g < 7, . In this case we can choose a 


coordinate system such that (3.15) of Ch. 11 holds. Then the equations 
£ e* = 0 become 


aA 

Le = v*0,e — ea, = 0, 
(8. 15) 1A t A A 4 : 

he = 9uhLe — "(2 Pu) = 0. 

tA A 
Thus, if we define the functions ©, %(e, &) and &,%(e, &) by 
(8.16) vO, %(e, 6) = ea, 
4 A t 

and 
(8.17) Bale, é) = = \ Oy Pu) ’ 


af 


respectively, we have 


(8.18) ‘LO vee . — 0,%(e, €)| = 0, 
1A t 

and 

(8.19) Le = oh Let + By%(e, 6) = 0 
ul ta 


from which 


(8.20) oA = O22, €), Suh (e, &) = 


Using the method of § 3 of Ch. 111, we can prove that if the equations 
mae, €) = 0 are compatible at a point of the space, then (8.20) is 
completely integrable. Thus we have 


THEOREM 8.5.1! Consider an intransitive G, in an X,, such that the 
rank of v* in a neighbourhood 1s q <7, n. If, in a coordinate system with 


respect to which (3.15) of Ch. ut holds, the equations &,%(e, €) = 0 are 
compatible at a point, then the group can be regarded as a group of particular 
affine motions 1n an L,, with absolute parallelism. 


We finally consider a multiply transitive G, in an X,. Then the rank 


of v* is m <y. Thus (8.10) is valid, and we have 


1G. T., p. 29. 
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—— ee 





ee 


THEOREM 8.6. If, for a multiply transitive G, in an X,, the equations 
B44 (e,é) = 0 ave compatible in e& at a point of the space, the group can 
A 


be regarded as a group of particular affine motions in an L, with absolute 
parallelism. 


§ 9. Groups of affine motions in an L, or an A,,. 


Let an L, with a linear connexion I, admit an infinitesimal affine 
motion &*—> & + v“di. Then £1%, = 0. But if we put 


0 
(9.1) Da = Tea Sa” = Chap 


then the equations £T%, = 0 are equivalent to 
0 
(9.2) Liv, = 90, £553" = 0. 


Thus the integrability conditions of £1¥, = 0 are 


0 


Lax" = 0, LR == Q, 
0 0 O 
“4% V “oe — 0 
(9.3) oe ee em 
0 0 0 
LVvv wr == 9, EV eos Ryn” = O, 


0 


0 
where V, denotes the covariant differentiation with respect to I, and 
0 0 
R\j3" the curvature tensor belonging to 1%). 


As we know, the space admits a complete G, of affine motions, if 
and only if there exists an integer N such that the first N sets of equa- 


0 
tions (9.3) are compatible in v* and V,v% = v,* and are equivalent to a 
set of 2? + » -- 7 linearly independent equations and that all v* and 
v,* satisfying the first N sets satisfy also the (N + 1)st set of equations. 
In this case, the rank of the matrix formed by the coefficients of v* 
and v,* in the first N sets is equal to m7? + » —r. 
We now consider the equations 


0 
LS 33% = VP Ve Syn” — Spi? 0” + Satay? + Syo*0,7 = 0. 


7] 
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0 
In these equations, the coefficients of v° are V,S);* and those of v,° are 


(9.4) De = ACS PACS SAS’. 


We consider the §-rank of 7),*3°. 
First we shall prove 


Lemma |. If the °-rank of T is less than n, then the components of the 
torsion tensor of the form Syy.' (#; AG,tf7 #7t;1,7,k,... = 1,2,...,n) 
ave all zero. 


In fact, if we consider the n-rowed determinant formed by the com- 
ponentsof 7 (upper diagram), then 
its value is (— S, 4.01)". The §-rank 
of T is less than » and conse- 


: a, quently we have 
x 
wr - (9.5) Sagat = 0. 
& ya Lemma 2. If the &-rank of T 
Age — 3; Saafty 1s less than n, then the components 
of the torsion tensor of the form 
(i,7 = 1,2,...,n) Sagas) are all zero. 
In fact, taking account of 
Lemma I, we consider an #-rowed 
determinant formed by the com- 
% 0 ponents of J (lower diagram): 
a a: | as Since the ®-rank of T is less 
mm X%& a: a than 2, we have 
Xs 
. et (9.6 Si.% = 0. 
Xo S: Ae ry ; ) 241 
1 %p = From the lemmas 1 and 2, we 
have 
Oy ae 
ae 0 eas 


LemMA 3. If the &-rank of T 
(7,5 = 2, ..., %) as less than n, then the torsion 
tensor vanishes tdentically. 


We now suppose that the torsion 
tensor does not vanish identically and we denote by 7 the order of the 
complete group of affine motions admitted by the space. Then the &-rank 
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of T is mn? + ”"—~r. Thus from Lemma 3, we have 


n*>+n—r>n 
that is 


(9.7) rs me 


2 


On the other hand, we can easily verify that a space with an asym- 
metric linear connexion IY, for which 


roa TR =...) Md ad 


n-in 
(9.8) LS a eae ea 
| ees F 
with @ and 6 non zero constants, the other [’s being zero, admits a 
group of affine motions whose x#? infinitesimal operators are 


(9.9) Of, &0,f. (a-= 1,2, ...,H-- 1) 
For the curvature tensor Ryo ,* holds in this case 
(9.10) Nin = ag, Sta = Kai OS, 


and the other components of R,,3% not related to these are zero. 
Thus the curvature tensor of the space is zero or not zero according 
as a= 06 ora ¢ 0b. This proves a theorem of Egorov. ! 


THEOREM 9.1. The maximum order of a complete group of affine 
mottons in an L, (4 A,) ts equal to n*. 


When the space is an 4,, that is, when the torsion tensor vanishes, 
we cannot apply the above arguments. 
If an A, admits an infinitesimal affine motion &— & + v*dt, we 
have £1, = 0 and the integrability conditions are given by 
9 


(9.11) LR" = 9, LV. Riya” = 9, .--- 


In order that the space admit a complete G, of affine motions, it 1s 
necessary and sufficient that there cxist a positive integer N such that 
the first N sets of the equations (9.11) are algebraically compatible in v* 
and V,v and equivalent to a set of n* +» —r linearly independent 
equations and that all v* and V,v" satisfying the first N sets satisfy 








1 Ecorov [3]. 
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es Se 


P OL 
x ie) : 
a; 
VLA 
a; ;R; - Qa 
Xg%_Xq 
A~Xgho 
(4,7 = 1, 2, , n) 
P OL 4 
- o 1 r 
Ay Ky 
VILA 
Xo 
2R: °° % 0 
1% ay 
Hy Hoy . 
Ko of 8° R: a 
XXX, ease 


(7,s = 2,3, ..., 7) 











the (N + 1)st set. We shall 
consider the equations 


Beak” = 0° VR” 
— Ry3° V, oe Ri V 


+ Rx” V,v° 
+ Ryo v,v® = 0. 


yU 


In these equations, the 
coefficients of v® are V, Ry,” 
and those of V,v’ are 


(9.12) Puts? = Ap Ran™ 
Aya, A ae 
— ASR? 
First we prove 
Lemma |. If the °-vank 
of T 1s less than n, then 
(9.13) Risse? == 9, 


(a, f Uy, hy, a4) 


In fact, we consider the 


n-rowed determinant formed by the components of T (upper diagram). 
Since the °-rank of T is less than , we have (9.13). It should be noticed 
that the indices a, a , «, different from «, may be equal. 


LEMMA 2. If the $-rank of T is less than n, then 


(9. l 4) a 


In fact, taking account of Lemma 1, we consider the n-rowed deter- 
minant formed by the components of 7 (lower diagram). 
Since the ®-rank of T is less than 2, we have (9.14). 


LEMMA 3. .If the ®-rvank of T ts less than n, then 


(9.15) R..73(R. 13 — 


AgtyXo AgloXy 


tga t) 


== Q, 


In fact, taking account of the lemmas | and 2, we consider the n- 
rowed determinant formed with the following components of T: 
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(FS == 4, Oy aah) se 


P 
0 4 
x \ Oo 1 hs Ay a, 
: Xs Os Xs Xs 
ae 
As oo R e 8 6 Oy 6) 0 e) 
AghnMy Resuens AgXory 
oo 
3 * R: - = Ag 6) 0 
AgXoX3 XgX%_Xg 
Xs * %k R: e Xs @) 
Az As A_KyKy 
| 
As oc * * §" R: - & 
Ne 8 "Agka%Xy 
g%.%g 


Since the rank of T is less than 1, we have (9.15) 
LemMMA 4. If the °-vank of T 1s less than n, then 


(9.16) Rigigatt (Rigigrtt + Rogagit® — Rigaaitt) = 


LyX ype Agko%, 


In fact, taking account of the lemmas | and 2, we consider the 1- 
rowed determinant formed by the following components of 1: 


S hs Xe Qe Xs 
VILA 
A) Ri itt-+ Riser — Rist? (0 0 0 
ig is LnkoX% 
AKxXo Xs Ryans yy’ i. 3%2%3y 
“4 * Ro: #1 0 0 
Ky%y 3 
ApH As 
Xe * x —_ Ro: 0 
Aight Xs 
A AoXy 
hy x * * r + Oy 
85 Te ies 
hy X XH, 
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pec A A Spt PP A SD 


Since the °-rank of T is less than 1, we have (9.16). 
We now assume that the °-rank of T is less than n. Then multiplying 
(9.16) by Riga? and using (9. 15), we get 


(R;..:)2 R; 33 = 0, 


OLotty tty peas 


that is 
| ee R020, = = 0. 
Substituting this in (9.16) we find 
Royacyay (et eae =f 1 ao t) = 0, 
from which, interchanging a, and ag, 
oa ae os | Sar ) a 0. 
Adding these two equations and using Rj,.4,,1 = 0, we find 
eee cae) \aewias)  aenay = 


from which it follows that 


(9.17) Ry yayag! = Ragneg® == Regegy = O- 
Consequently, from (9.15) we find 
(9.18) Koa == 0. 

Hence 


LEMMA 5. If} the rank of T ts less than n, all the components of the 
curvature tensor vanish. 


We now assume that the curvature tensor does not vanish identically 
and we denote by 7 the order of the complete group of affine motions 
admitted by the space. Then the ®-rank of T 1s n? + » — 7. Thus from 
Lemma 5, we have 

netn—raen 
that is 


(9.19) ran’. 


V 


On the other hand, we can easily verify that a space with asymmetric 
linear connexion Ij, for which 


(9.20) Tj, ==... = Peri, = 4%, =a; a=constant <0, 
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the other I's not related to these being zero, admits an n?-parameter 
group of affine motions generated by 


(9.21) p,, &b, («= 1,2,...,"— 1). 
lor the curvature tensor holds in this case 
(9.22) Rinn = Raa =... = Rylan” = @, 


and the other components of R,,j* not related to these are zero. 
Thus we have a theorem of Egorov. } 


THEOREM 9.2. The maximum order of a complete group of affine 
motions in an A,, n &: 4, with non zero curvature is n?. 


§ 10. L,’s admitting an n*-parameter complete group of motions. 
We consider in this paragraph an L, (with non-vanishing torsion) 
which admits the group G,,. of affine motions. In this case 7))3%;° defined 
by (9.4) should have the &-rank 2. We shall prove two lemmas: 
LEMMA 1. Under the above-mentioned assumptions, we have 
(10.1) Soap) = 0. 
In fact, we consider the (# + 1)-rowed determinant formed by the 
following components of T: 





° 
LA 
zi | 
: — Su 0 0 0 
2 
Ashe 
ie * sa oF 0 0 
XRXQ 
XK 
ae ' * ao 0 
AXgky 
Ky Mss 
a FOES 
xe * ae oy 
‘ , 85 San 
Axo 


(r,s = 3,4, ...,%) 


Since the rank of T is ”, we have (10.1). 
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— 


Lemma 2. Under the same assumptions as in Lemma |, we have 


(10.2) Soa eae 
In fact, taking account of Lemma 1, we consider the ( + 1)-rowed 
determinant formed with the following components of T: 


\ 6 
Ng Xe Oy es, X» 
% 
\L 


6 
: S220 0 0 0 
Kay 241 
i * Si. — Si2% 0 0 
Hy Oy X_Xq Kok, 
Ay 
ok * S: + Oy moat: S: -Ag O 
oO *“ dot 
Kyhs 21 243 
ay x * Ps 5° S: Oy 
7 Re 6 S*" gh} 
s*1 


(r,s = 3,4, ..., ”). 


Since the rank of J is », we have 


+. .@ . td © © ts 
ee eae . Sie 3) aa 0, 
from which, interchanging a, and az, 
+ +4 - 3M 1 3h = 
Dasa ace _ Daa 1) = 0. 
Adding these two equations, we obtain 
- -a © + Oq\Q __ 
(Sae. < ae) == 0, 
oT 
es ee ra 
5 Getty os hiae 


which proves Lemma 2. Lemmas | and 2 show that the torsion tensor 
has the form 

(10.3) Sia” = Sy, Ad) 

and this means that the linear connexion is semi-symmctric.! Thus 
we have a theorem of Egorov. ? 


1 FRIEDMANN and SCHOUTEN [1]; SCHOUTEN [8], p. 126. 
2 Ecorov [5]. 


§ 11 A,,,S WHICH ADMIT A GROUP OF AFFINE MOTIONS 113 


THEOREM 10.1. Jf an L,, n = 4, with non-vanishing torsion admits 
a complete Gs of affine motions, the connexion ts semi-symmetric. (n = 4) 


REMARK. The theorem does not hold for 2 = 3. As an example 
take L, with 
(10.3) V 32 mae 7739 T'33 = |, 
the other Is being zero. This £, admits the 3?-parameter group of 
affine motions generated by 
(10.4) py, Das Ds, D1 + S7ba, OD, + Edy, Sp, ba, Spy, SDs, 
but its connexion is not semi-symmetric. 

The theorem does not hold for ” = 2 either. This has been examined 
by J. Levine.1 As an example we take ZL, with 
(10.5) n=—-r,=1, 
the other I’s being zero. This L, admits the 2?-parameter group of affine 
motions generated by 
(10.6) Pi, Pr, E',, 4, 


but its connexion is not semi-symmetric. 


§ 11. A,’s which admit a group of affine motions leaving in- 
variant a symmetric covariant tensor of valence 2. 


We prove the following theorem of Egorov. ? 

THEOREM 11.1. Let an A, admit a group of affine motions which 
leaves invariant a symmetric covariant tensor H,, of valence 2 and of rank 
m. Then we have: 

1°. The order r of the group satisfies the inequality 
(11.1) r<ntn—nm-+ 4m(m — 1). 

2°. If the equality in (11.1) holds, the group is transitive. 

Proof of 1°. If &— & + v*dt is an affine motion, we have 


(1 1.2) LA — vVi A) + Ay Vv" + H,,V,v° — 0. 


The coefficients of V,v° in (11.2) are 
(11.3) Tne’ = AL Ag + AL Aye. 


Since H,,, is symmetric and of rank m, we can choose, at an arbitrary 


1 LEVINE [4]. 
* EGorov [7}. 
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a eee ce rm ec en rete ne ee 
A ee ee ee 


point of the space, a coordinate system with respect to which, at this 
point, 
(11.4) H,, *8,,4, (not summed for 4) 
H, # O fora=17,2,...,m; H,=0 fory»=m+1,...,mN. 

Then we have at this point 
(11.5) Tig? © (8685, + 888.) 4, (not summed, for o). 

Thus to find the °-rank of 7 we have only to consider the matrix ‘T 
for which yA indicates rows and © columns and for which 

T3769) BA om AS mM, 
Now the only non zero elements of ‘T in the columns ® are those in 


the rows eo or oo. Thus the rank of ‘T and consequently the °-rank 
of T is equal to the number of the rows 


(11.6) eo; PzO,oam 
and 
(11.7) op;6270,05mM., 


The number of (11.6) is (7 — m)m and that of (11.7) is 4m(m + 1). 
Consequently, the rank of T is 
(n — m)m + 4m(m + 1) = nm — km(m — 1), 
and we have 
ran +n — [nm — 4m(m — 1)] = 2+ 2 — mn + fm(m — 1). 
Proof of 2°. If the equality in (11.1) holds, then the integrability con- 
ditions of £1, are equivalent to 


(11.8) Tag’ V.v°= O. 


Thus the initial values of v* can be chosen arbitrarily and consequently 
the group is transitive. 


§ 12. A,’s which admit a group of affine motions leaving inva- 
riant an alternating, covariant tensor of valence 2. 


We prove the following theorem of Egorov. 3 


THEOREM 12.1. Let an A, admit a group of affine motions which 
leaves invariant an alternating covartant tensor S,, of valence 2 and of 
vank 2k. Then we have: 


1 Ecorov [7]. 
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1°. The order r of the group satisfres the inequality 
(12.1) y< n* — (n — k)(2k — 1) + 2k. 
2°. If the space 1s projectively Euclidean and S,, = Ryy, then 
rx n* — (n — k)(2k — 1). 
3°. If the equality holds in 1° or 1n 2°, the group 1s transitive. 
Proor oF 1°. If &*—> & + v“dt is an affine motion, we have 
(12.2) LS ya = 0° VeSu, + Sa V0" + S,5V, 0° = 0. 


The coefficients of V,v° in these equations are 
(12.3) Ung? = Ab Sa + ALS. 


rv) 


Since the S,, is alternating and of rank 2k, we can choose, at an 
arbitrary point of the space, a coordinate system with respect to which, 
at that point, 


(12.4) Seaga-1 = — Sea-12a (@= 1,2, ..., 4) 


the other S’s being zero. 
We now consider the following matrix formed by components of U: 








al k p Y u % 
2 l 4 3 2k 2k—1 
i SEE ER Ee eae 
j1 SS 0 0 0 0 0 
12 0 S7Si0 0 0 0 0 
q3 0 0 8543 0 0 0 
s4 0 0 0 O34 0 0 
v, 2k—1 0 0 0 Speyer 0 
y, 2k 0 0 0) 0 Oy ek-1.2k 


2<t1jen;3ckh lan; 450,95 n;5 87,850; 


2s4u,vsn; 2k+15%,y Sn. 
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The rank of this matrix is 
(1 — 1) + (m — 2) +...+ (m — 2k) = 2kn — R(2k + 1) 
=n + (nm — k)(2k — 1) — 2k, 
and consequently 
r<n?+n— (n+ (n — k)(2k — 1) — 2k] = n? — (n — k)(2k — 1) + 2k. 


PROOF OF 2°. Since the space is projectively Euclidean, we can 
choose a coordinate system with respect to which 


(12.5) Tin = PAX + PA; 


We then fix a point (&) in the space and effect a linear transformation 
0 


in such a way that the tensor S,, 2% R,,,, takes the form (12.4) at the 


point (é). Since a linear transformation of coordinates does not change 
0 


the form (12.5), we have, in this special coordinate system, at (é), (12.5) 
and : 


(12.6) Riea,2a—1) —_ Rrea-1,2a] x= 0; a= l, 2, er ey k, 


the other R,,,,, being all zero. 
Since (12.6) holds at (&), it holds also in a neighbourhood containing 
0 


the point (é). From this fact we shall prove that at least one of the 
0 


expressions Ry, 94, Rioe.ca—1) ANd Roa1.24-1 18 different from zero. 
From (12.5), we have 


(12.7) Ruy ara nO, Py ae np, 2 (1 aoe 1) Dy Pr» 
from which it follows 

(12.8) Rua) = — (n — 1)[O4, Pry = P,P! 
(12.9) Ruay = — (4 + 16,2) 


Now if all expressions Ry, 0.) Riea2e-1) ANd Rog 104-1 Were zero, 
we should have 


(12.10) , OxaPou = PaaPow 

(12.11) Rea2a-1 = Riaa2e—1) = — (% + 1)O2aboa—1p 
(12.12) OeePra—1) = PaaPoa—v 

(12.13) Ozq-1P2a—1 = Pea-1P2a-1: 
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From (12.11) and (12.12), we find 


l 
(12. 14) ea Poa = Pra Pea-1 ac or a Reoa,2a—1 


+ 
] 
(12.15) Ooq—1 Pea on PoaPoa-1 + n+l 2a,2a—1° 
Substituting(12.13) and (12.14) in 
O20 Gna -1)Pea—1 = 0 


and taking account of the other equations, we find 


(12.16) Poa—1 = F0eq—1(10g |Rea,2a—1l)- 
Similarly 
(12.17) Pra ca 40,,(log |Roa—1,2al)- 


From (12.16) and (12.17), we have 


ea Pea—1] = 0. 
Substituting this in (12.11), we obtain 
Rrea,2a—1} = 0, 


which is in contradiction to (12.6). Hence it is proved that at least 
one of the expressions R,,..4> Riaa.2a-1) 20d Reg—1,24-1 iS different from 
zero. 

Now if &—>» & + v%dé is an affine motion of the space, we have 
£R, = 0, from which 


Vv v 


We have seen that if the rank of R,,), is m #0, then R,,) and R,,; 
are both not identically zero. We put 


(12.19) LR = 0 Vi Rag + Tie’ Vou 
(12.20) £Riuay = 0° Vi Ria + Oye’ Vou: 
where 

(12.21) Tyne = AL Rea + Ai Rie» 
(12.22) Uae? = Ab Rian + Ap Riu} 
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Putting Rj.) = 5,,, we consider a matrix constructed in the following 
way. If Roa iea-1 4 0, we add, to the matrix considered in the proof of 1°, 
other rows and columns containing the components T9,_ 1.941.241" 
and Ty, eq-tea-1 Of T. If Rieg.ea-1) #0, we add rows and columns 
containing the components T 94" 1.90-1,2°" 2nd 19%, 241,201" > Finally, 
if Rog 20 /-0, we add rows and columns containing the components 
Lea, 2a, 2a * and V9, 2a--1, 20 aa 
The rank of the matrix thus formed is ” + (n — k)(2k — 1) and 


consequently we have 
ri. n?*+n— [n+ (n — k)(2k — 1)] = n? — (n — k)(2k — 1), 


which proves the second part of the theorem. 
The third part can be proved by the same argument as was used in 
the proof of the second part of Theorem 11.1. 


§ 13. Groups of affine motions in an A, of order greater than 
n2—n + 5, 
Let H,, be the lincar homogeneous group in » variables x*: 


(13.1) ‘x* = akx*, Det (aX) 40. 


Then cach element of H,, can be regarded as a non-singular real matrix 
(ax). To denote various subgroups of H,, we shall use the following 
notations throughout: 


Hi (ax): Det (aX) > 0, 
P, — (@):_‘Det (as) = 1, 
K (ax): ax = adx, a: positive number, 
L (aX): a; = 1, at = 0, Det (a5) = 1, 
L' (ax): = 1, a, =0, Det (a§) = 
(13.2) M (aX): ay > 0, aj = 0, Det (a5) = 
M’ (aX): a, > 0, a} = 0, Det (a8) = 
ett QO 0 a 0 
0 gr 0 Pease 0 
1(d) 0 oO e .., 0 
0 0 0 ae err 
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where 0 is a real constant and? runs over all real numbers. The groups L 
and M leave the direction x” = 8{ invariant and the groups L’ and M’ leave 
invariant the hyperplane x1 = O. The orders of these groups are given by 


M M’ I(b) 
(13.3) 2 Foe aa cate Sy ee 


1 nw2—n—1 n?—n—1 n?—n n?—n 1 





H. C. Wang and the present author! proved 


THEOREM 13.1. Each closed and connected subgroup of H,, of order 
greater than or equal to n* —2n-+ 5 1s, but for a coordinate transfor- 
mation, one of the groups: Ht, P,, KxL, KXxL’, KxM, KxXM,, 
I(b)x L,I(b) x L’, L, L'. 


If an A, admits a group of affine motions G of order 7 and if we take 
a point in A, and consider all the transformations of the group which 
leave this point invariant, then such transformations form a subgroup 
G(P), called the isotropic subgroup at P. This subgroup consists of the 
transformations 


(13.4) T,: (& = h(E, §) 
such that 
(13.5) & = h(E, 0), 

0 0 


where & are coordinates of the point P and ¢ denotes the parameters. 
0 
To each transformation 7, in G(P), there corresponds a linear trans- 


formation 


(13.6) (Ty): d'& = ah*(é, Cd 
0 


of the tangent space at the point P. By a method analogous to that 
used in § 8 of Ch. Iv, we can prove that this linear representation + of 
G(P) is an isomorphism in the sense of topological groups. 

Now consider the matrix e (a, b,c = 1,2, ...,n) of the components 


a 
of a basis of the infinitesimal group of G and denote by g the maximum 
rank of this matrix. 


1'WanG and YANno [1] 
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A point is called an ordinary point if, at this point, the matrix assumes 
the maximum rank gq, and is called a singular point if otherwise. 

Let an A, admit a group G of affine motions of order greater than or 
equal to n? — n + 5. We confine ourselves to an open domain containing 
only ordinary points. Let G(P) denote the isotropic subgroup at P. 
Then evidently the order of G(P) = the order of +(G(P)) = n? — 2n + 5. 
Thus by Theorem 13.1, the connected component of the identity G(P) 
of +(G(P)) must, but for a coordinate transformation, be one of the 
groups: H{, P,, KXL, KXL’, KXM, KxM’',1(b)xL, 1(6)xL', L, L’. 

1°. The case 1n which G(P) is conjugate} to H; or P,,. 

In these two cases, the group G is transitive. Because, if G is not 
transitive, there would be an invariant subspace passing through P, 


and consequently G(P) would leave invariant a proper linear subspace 
of the tangent space at the point P, which is impossible. 

1) Case G(P) = H;. In this case, G is of order n? + 2. Thus by Theo- 
rem 5.3, in order that G(P) = Hy, it is necessary and sufficient that the 
space be locally an E,. 

2) Case G(P) = P,. In this case, since the group G(P) is of order 
n* — 1 and the group G 1s transitive, we know that the order of G is 
n?+m— 1. Since G(P) = P,, V,v* must satisfy 


(13.7) Vv = 0 


andl the integrability conditions of AQ, , = 0: 
(13.8) BRA" = 0, £Vok a te oe 0, 


must be satisfied identically by any v% and V,v" satisfying (13.7). Thus 
comparing £R)),* = 0 with (13.7), we see that there must exist functions 
Fy," such that 

vVi Ri * — RK: 


oA” PV + Rot V0 + Rig* Vv" + Rus" V, 0° 


ouA 
— — fr-' *V iv" 


sid 


VILA 


become identities in v* and V,v*. Thus we must have 
(13.9) | V,Ry;% = 0, 
(13.10) Ry° Al ~ Ry3* AS — Ry" Al — Ry* At = Fy” Ab. 


v 


OWA VaA 





1 This means ‘“‘equal to but for a coordinate transformation”’. 
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By contraction with respect to e and oa, we find from (13.10) 


v 


2 
ee oo od 
pA = oe Ry ’ 


and by contraction with respect to x and a, we get 


2 
Ag = — = Rag? 


(13.11) mRi3° — RA? + Ry, Ae + (R,, — RK, | 


where R,, = R,,,*. Contracting again in (13.11) with respect to e and v, 
we find R,, = 0 for > 2. Thus we have, from (13.11), Ryix* = 0. 


2°. Thecaseinwhich G(P) is conjugatetoKXL,KXL’,KxMorKxM’. 
In these cases, the group G is transitive. We shall prove this by the 
method of contradiction. 


We first suppose that G(P) is conjugate to K x Lor K x M and that the 
group G is intransitive. Then the invariant subspace passing through P 
should be one-dimensional, because the linear space tangent to this 
subspace at P is left invariant by Kx Z or KxM which fixes one and 
only one direction. Thus the rank of V,v* is equal to | at P, and conse- 
quently, is equal to | at every point of the domain under consideration. 
It follows that, through every point of this domain, there passes one 
and only one invariant curve. 

Now take an invariant curve passing through a point Q which is not 
on the invariant curve passing through P and which is in the domain 
under consideration, and consider all the geodesics joining P to the 
points on the invariant curve passing through Q. These geodesics con- 
stitute a two-dimensional surface. 

This surface is left invariant by the isotropic subgroup G(P). Con- 
sequently, the corresponding linear group G(P) must leave invariant the 
two-dimensional plane tangent to this surface at P which contradicts 
our assumption. = 

We next suppose that G(P) = KxL’' or Kx M' and that the group G 
is intransitive. The invariant subspace passing through P should be 
(x — 1)-dimensional, because the linear space tangent to this subspace 
at P is Jeft invariant by Kx L’ or Kx M' which fixes one and only one 
hyperplane. 

Thus the rank of the matrix V,v* is equal to m — 1 at P, and conse- 
quently, is equal to » — 1 at every point under consideration. It follows 
that, through every point of the domain, there passes one and only one 
invariant hypersurface. 
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Now consider a geodesic through P which intersects these invariant 
hypersurfaces, then the points of the intersection can be transformed 
by an affine motion corresponding to an element of K into one another 
(except, of course, the point P), which is a contradiction. 

Thus, in these cases, the group G is transitive, and consequently, 
two isotropic groups at any two ordinary points in the domain under 
consideration are conjugate to each other. 

The groups KX L, Kx Ll’, Kx M, Kx M’arerespectively of order n? — n, 
n?—n, n®*—n-+ 1, n* —n-+ 1 and the group G 1s transitive. Hence 
the group G is respectively of order ?, n?, n? + 1, n? + 1. 

Now, at the point P of the domain, we choose the normal coordinates } 


ow 


&* whose origin is P, then, since the linear isotropy group G(/’) contains 
the A as a subgroup, the space admits a one-parameter group of affine 
motions 


(13.12) EM a gt 


In this coordinate system, the vector v* defining an infinitesimal 
transformation of this one-parameter group is given by v* = &. Thus 
the integrability condition £Rj);* = 0 becomes 
v 


(13.13) £99, Ri3* + 2Ri3* = 0, 


which shows that the Rjjj;* are homogeneous functions of degree — 2 
of the &, 

But we know that the components of the curvature tensor are well 
defined at the origin of the normal coordinate system. Thus the compo- 
nents of the curvature tensor must vanish at P and consequently at anv 
point of the domain. 

Thus, in these cases, the space is locally affinely Euclidean. 


3°. The case in which G(P) is conjugate to I(b)xL or L. 

In these cases, the group G is transitive. This can be proved by the 
same argument as the one used at the beginning of 2°. 

Since the group is transitive, the isotropic groups at any two points 
of the domain under consideration are conjugate to each other. On 
the other hand, the isotropic group G(Q) at an arbitrary point Q leaves 
invariant one and only one direction, which we denote by #(Q). Thus, 
at every point Q of the domain under consideration, there is associated 
a direction «(Q). 


1 SCHOUTEN [8], p. 155. 
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Consider a geodesic which passes through a point Q and is tangent 
to U(Q), then since the isotropic group G(Q) is an affine motion, it leaves 
this geodesic invariant. We take a point R different from Q on this 
geodesic and consider the transformations of G(Q) which leaves invariant 
this point R. The linear representations of these transformations form 
the group L. 

Now, we consider an affine frame at Q whose first axis is in the di- 
rection #(Q) and we transport it parallelly along the geodesic to the 
point R. Then we have at K an affine frame whose first axis is tangent 
to the geodesic. The parallelism of vectors along a curve Is preserved by 
an affine motion and hence the transformation of G(Q) fixing the point 
R gives the same effect on the affine frame at RK as on that at Q. This 
shows that the subgroup of G(Q) leaving invariant R coincides with 
the subgroup of G(R) leaving Q invariant. The subgroup of G(R) fixing Q 
fixes the tangent to the geodesic and w#(R), and consequently, the 
tangent must coincide with u(R), which shows that the geodesic is a 
streamline of the field of directions w. 

Now, since the isotropic groups /(b)xZ and JL are respectively of 
order n? — m and n? — n — | and the group is transitive, the group G 
is respectively of order m? and n? — 1. 

Now since the group G of affine motions is transitive, we denote by 
T a transformation of G which carries a point Q into a point R. Then 
by the same method as in § 10 of Ch. Iv, we can prove 


Tu(Q) = u(R) 


and that 2(Q) is a parallel field of directions. 
If we denote this field of directions by 4*(é), then we have 


(13.14) Lu = auv* 
and 
(13.15) Vu = pu*, 


where a is a certain scalar and #, a certain covariant vector field. From 
(13.15), we find 


(13.16) Rit = pu, 
where 


(13.17) Pu — 26, P,,)- 
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We first suppose that G( (P) = I(b) x L. Then the equations Bun” = 
must be satisfied by any v* and V,v" satisfying 


(13.18) (1 + mb) fu" = (1 + b)u*V, 0°, 
We see that the conditions 

(13.19) Lue = vb V a — ubV wv = 0 

and 

(13.20) V,v° = 0 


taken together are stronger than (13.18). Hence any v* and V,u™ satis- 
fying (13.19) and (13.20) must satisfy (13.18) and hence satisfy Ran” = 0. 


Since the group is that of affine motions, the covariant differentiation 
and the Lie derivation are commutative and consequently, from (13.15) 
and (13.19), we find £4, = 0. But the group G(P) does not leave invariant 

v 


a hyperplane and consequently we must have #, = 0. Consequently 
we have 


(13.21) V,u* = 0 and Rjij*u* = 0. 


Thus the integrability condition AR, uv = O must be satisfied by any 
v* and V,v” satisfying 


(13.22) wV,v* = 0 and Vv? = 0, 
and consequently there must exist functions Fy)," and G,);*, such that 


(13.23) V, Ris = 


co wa. = 


and 


(13.24) RyjP AY — Ro3* Ae — Ris Ae — Re AP 


ih 
wr Ag + Gyre M. 
After some calculation, we can deduce from (13.24) Ryjj* = 0. 


The case G(P) == I is characterized by (13.19) and (13.20) and conse- 
quently the above discussion shows that when G(P) = I, the space is 
also locally affinely Euclidean. 

4°. The case 1n which G(P) 1s conjugate to I(b)xL’ or L' and the G ts 
transitive. 
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Since the group G is transitive, two isotropic groups at any two 
ordinary points in the domain under consideration are conjugate to 
one another. 

On the other hand, the isotropic group G(Q) at an ordinary point Q 
fixes one and only one hyperplane which we denote by w(Q). Thus with 
every point Q of the: domain, there is associated a hyperplane w(Q). 

The isotropic groups J(b) x L’ and L’ are respectively of order n? — n 
and n* — ~ — | and the group G is transitive, hence the group G is 
respectively of order n? and n? — 1. 

By exactly the same method as in § 10 of Ch. Iv, we can prove that 


Tw(Q) = w(k), 


where T is an arbitrary affine motion carrying a point Q into a point R. 
Furthermore, if we represent this hyperplane by a covariant vector 
w,(é), then we can prove that 


(13.25) £w, = aw,, 

(13.26) V2, = pw, 
where a and # are scalars. From (13.26) we find 
(13.27) — Rua", = Py Wy 
where 

(13.28) Pry = 20y Py} 


We first suppose that G(P) = I(b) x L’. Then the equations AR, 
= 0 must be satisfied by any v* and V,v satisfying 


(13.29) (1 + 1b) Lw, = (1 + 5) w, V,2° 


oe 


We see that the conditions 
(13.30) Lw, = v’ pw, — w,V,v" = 0 and V,v° = 0 
taken together are stronger than (13.29). Hence any v* and ye satis- 
fying (13.30) must satisfy also (13.29) and hence satisfy £R,, wp = 0. 


Since the group is that of affine motions, the covariant differentiation 
and the Lie derivation are commutative and consequently, from (13.26) 
and the first equation of (13.30), we find £ = 0, which shows, since 


the group G is transitive, that the # is a constant. 
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Thus the integrability condition £Rjj;* =0O must be satisfied by 
any v% and V,v" satisfying (11.30) and consequently there must exist 
functions Fy7;* and G,j;°° such that 


(13.31) Ve Rin” = — Py Gin?) 
(13.32) Ra” A* = R:- oO — Ryn" Ab = Ry, AS a | Rae Ag 
+ Gyijrw 
lfrom (13.32) we can conclude, after some calculation, that 
(13.33) Rin” = kw, Al — w, At)w, 


where & is a constant. 
eee 
Thus £Rj;* = 0 becomes 
Uv 


(13.34) LR" = 2aR, 3% = 0 


where a is given by £w, = aw,. 

When | + 6 #0 there exists an operator £ such that a #0, and 
thus we have Rjjj* = 0. When |+6=0 then £w,=0 and thus 
BR” = 0 is satisfied by all the infinitesimal transformations £ of 


the group G. 

5°. The case in which G(P) is conjugate to I(b)xL’ or L’ and G ts 1n- 
transitive. 

Let us consider the invariant subspace through P. All the points 
in this invariant subspace are equivalent under the group and conse- 
quently isotropic groups at points of this invariant subspace are conjugate 
to each other. Thus the invariant subgroup must be (” — 1)-dimensional, 
because the plane tangent to this invariant subspace at a point must 
be left invariant by the linear isotropic group J(b) x L’ or L’ at this point 
which fixes one and only once hyperplane. 

Take a point Q not in this invariant subspace. If the isotropic group 
at Y is one of the groups hitherto examined except [(b)xL’ and L’, 
then the group G must be transitive. Thus the isotropic group at Q 
must be also J(b) x L’ or L’. 

Consequently, passing through every ordinary point on the domain 
under considcration, there exists an (mw — 1)-dimensional invariant 
subspace whose tangent hyperplane is left invariant by the isotropic 
group at the point of contact. We denote this hyperplane at Q by w(Q). 
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The isotropic groups /(b) x L’ and L’ are respectively of order 1? — n 
and 2% — n — 1, and the invariant subspaces are (7 — 1)-dimensional. 
Hence the group G is of order ? — 1 and n? — 2 respectively. 

Thus, if we denote by /(x) = constant the family of invariant sub- 
spaces and if we put 


(13.35) sw, = a,f, 
then, using the so-called adapted frames, we can prove that 
(13.36) V,, (sw) = 2p, (sw), 


where #, is a certain covariant vector. 
On the other hand, we know that 


Lt=0, L(sw) = 0, £V,(sw,) = 0 


and consequently, from (13.36), we find £, = 0. But the hyperplane 


represented by w, is the only one left invariant by the isotropic group 
and consequently we must have ~, = $hw,, where h is a certain function 
of f. 

Thus substituting this in (13.36), we get 


(13.37) V,, (sw) = h(sw,,)(sw,), 
from which 


(13.38) R;:3*w, == 0. 


We first suppose that G(P P) = 1(b) x L’. Then the equations AR ai" = 0 
must be satisfied by any v* and V,v satisfying 


(13.39) (1 + nb) £w, = (1 + b)w, V,v°. 


We see that the conditions 
(13.40) Lf = v° sw, = 0, fey = v¥V ww, + w,V 0% = 0, Viv® = 
taken together are stronger than (13.39). Hence any v*% and V,v% satis- 
fying (13.40) must satisfy (13.39) and consequently also satisfy Rai” == Q. 
The equations 4 (sw) = 0 and fy = == 0 show that £s = 0 and conse- 


quently that s is a function of f. Thus, from (13.35), we see that we can 
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suppose s = 1. Thus the equation £w, = 0 can be written as 
(13.41) £w, = w,V,v" = 0 
v 


by virtue of (13.37) and the first equation of (13.40). 
Thus the integrability condition BR" = 0 must be satisfied by any 
vw and V,v* satisfying 


(13.42) ff = vw, = 0, Ly = 0, V0" = 0, V,v =0, 
and consequently there must exist functions E;,;*, Fyj,% and G,,”° 
such that 
(13.43) Va Run” = BEY”, 
(13.44) Ryix° Ae — Rajy* A$ — Rygy* 48 — Rye” AB 
= Py" A$ + Gy? w,. 


From (13.44) we can conclude that the curvature tensor Rj,“ must 
be of the form 


(13.45) Ryn" = k(w, Af — w, Ay). 
But since we have LR, wo = Oand Ar, = 0, we find from this LR = 0, 


which shows that & is a certain fanchut of /. Thus the equations AR" 
= 0, become 


LRyi3” = 2aR,,3* = 0, 


where @ is given by £w, = aw,. When 1 + b 40, there exists an £ 
such that @ 40 and thus Ryn" = 0. When 1 + 6 = 0, then Le) 0 
and thus BR, wa = 0 is satisfied by all the infinitesimal transformations 
£ of the Soup G. 


The case G(P) = L’ is characterized by (13.40) and consequently 


the above discussion shows that if G(P) = L’, the group has also the 
curvature tensor of the form (13.45). 
Gathering all results, we obtain 


THEOREM 13.2. If an A,, admits a group G of affine motions of order 
greater than n* — n +- 5, then we have for the linear isotropic group G(P) 
at a point P, the order of G(P), the group of affine motions, the order of G, 


§ 13 AFFINE MOTIONS IN AN A, OF ORDER GREATER THAN #2? —n-+5 129 


and the structure of A,, only the following: 


isotropic dimension group of affine order of 


group G(P) of G(P) 


fi, 

Hy 

Ee 
KXxL 
KxL’ 
KxM 
KxM' 
I(b)xL 
L 


1(b) x L’ 


n* 
n*— | 
n2=—n 
n2—n 

n*—n-+-1 

n*—n--1 
n2=—N 

n2—n— | 


n*=—n 


n*—n— 1 


motions G 


transitive 


transitive 


intransitive 


transitive 


intransitive 


G 


n*-+9H 


a3 


n?+-n— |] 


n2 
> 

n*-+ | 
» 
n> 


n*— 1} 


n> 


n*?— 1 


n*—2 


structure of 4, 


(i) 14640, Ry *=0, 
(ii) 1+6=0, 
VW, = pw, Wy, 
Ry)" =k(w Aj —wv,Ay)w, 
), k: constants 
(i) 14640, Rjjj*=0, 
(ii) 1+5=0, 
V 0, = pW, Wy (w, =0,f ) 
Ry" =k(w Ai —w,As)we, 
p, k: functions of 7. 


V2, = pw, B®), 

Ry *=k(w, Ap —w,Ay)e%, 
, k: constants. 
V0 = PW, W, (w, =2,/) 
Ryan = k(w, Ap —w, Aye, 


p, k: functions of f. 


CHAPTER VI 
GROUPS OF PROJECTIVE MOTIONS 


§ 1. Groups of projective motions. 
An infinitesimal projective motion &*— &* + v“dt in an A,, is cha- 
racterized by 


(1.1) LV ia = 2h, Ag) 
or 
p Pp ane 2 
(1.2) A Vin = 05 ya = a qo A he 


D 
Since the projective connexion I, is a linear differential geometric 
object, according to Theorems 2.1 and 2.2 of Ch. 111, we have 


THEOREM 1.1. If an A,, admits an infinitesimal projective motion, 
it admits also a one-parameter group of projective motions generated by 
this infinitesimal one 


THEOREM 1.2. In order that an A, admit a one-parameter group of 
projective motions, it 1s necessary and sufficient that there exist a coordinate 


PD 
system with respect to which the components I, of the projective connexion 
are independent of one of the coordinates. 


p 
When the components I, are independent of &’, the components I, 
have the form 


(1.3) * = fi (E*, . 2,6") + 240 Dd, 


where the #, are functions of &’, ..., &". 
Conversely, if the components I‘, of the linear connexion have the 
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form (1.3), then the components r yx, Of the projective connexion are 
independent of the variable £’. Thus 


THEOREM 1.3.1 In order that an A, admit a one-parameter group of 
projective motions, tt 1s necessary and sufficient that there exist a coordinate 
system with respect to which the components Vf, of the linear connexion 
have the form (1.3). 


When we choose a coordinate system with respect to which v% = &, 
Dp 


then the equations £I%,, = 0 give 


p Pp 
£m, = a,T% + 1% =0, 


from which we have 


THEOREM 1.4.2 In order that an A, admit a one-parameter group of 
projective motions, tt 1s necessary and sufficient that there exist a coordinate 
system with respect to which the components of the projective connexion 
are homogeneous functions of degree — 1 of the coordinates. 


Furthermore, since the projective connexion r a 1s a linear differential 
geometric object, Theorems 2.3, 2.4, 2.5 and 2.6 of Ch. 111 hold for pro- 
jective motions. 


§ 2. Transformations carrying projective conics into projective 
conics. 

We now ask for the condition that an infinitesimal transformation 
&* >» & +1 v*dt transforms any projective conic ? into a projective conic 
and projective paramcters on them into projective parameters. 

A projective conic and a projective parameter t on it are defined by the 
differential equations 


S2gu d&* 
dt Cee wr ds? ae 
(2.1) ve 
+ 23} +.) =o, 





1 Yano and TomonaGa [1]; G. T., p. 64. 
2G. T., p. 65. 
3 YANO and TAKANO [1]. 
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where 
dé" dt 
def p Pai 
eo) eds ds 
1 
(2.3) Py — y? 1 (WR + Ry) 


and where {#, s} denotes the Schwarzian derivative of ¢ with respect to s. 
We calculate first of all the Lie derivative of the left-hand members 


of (2.1). After some calculation, we get 





isa a 
24) £9424 Page | 
Sze dt Ld d Ld 
=— 3 | f {t j+4 ~ + igre £™ — (24,5) + 3a] 2 
a3 oe a) dé ae seer th 
4s ds (LP ua) | + (LP) Gar Gs 
d& d& dé& 


TAP o is ds ds 





as) £[ay + Ob9 +a) a 











ds 
3ag Las ee de 
-— 3) 25+ (24,3 +0) S- | AE 4 ayers SS 
dé dé aes BEX d fds d&* d* fds 
Wo oe Eten es, ee as 
+ Wh as ds ds ds? ds ds ds ds? ds 
dé” d&* = d& 


sua Fe (41 wi) aS ds ° 


Hence, in order that the infinitesimal transformation & — & + v%dt 
transform every projective conic into a projective conic and a projective 
parameter on it into a projective paramcter on the deformed conic, it 


is necessary that the equations 





| d fds @ fds dge de 
28) — (26s) ala A — ta Mie te LP ae 
seer dB de? die de 





+ (6Pa) ser So + (LTS )Pea S- G G 


1 We dropped v in £. 
v 
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—omee te ree i tr RE Fe 














and 
see EA ey dk dt 
2. 3(£T.,)—— --— Vis ie eee eS 
cal (41a) ae eae Ala) “5, ds ds 
se d fds a* a fads dé dé’ de 
a es oP = 
ds? ds ds ds ds? ds T ds (LP a) ds ds 


2£Ex ad x 
be identically satisfied for any vector Fa and = Thus, from (2.7), 
we must have = 


(2.8) LV ian = PAK + Pr At, 


that is, &* -> &* + v"di is an infinitesimal projective motion. 
Since the converse is evident, we have 


THEOREM 2.1. In order that an infinitesimal transformation carry 
every projective conic into a projective conic and a projective parameter 
on it into a projective parameter on tts deform, it is necessary and suffictent 
that the transformation be a projective motion. 


§ 3. Integrability conditions of {IY = 2, 4)j,. 


We consider the integrability conditions of £1, = 26,,Aj,. Substi- 
tuting this in 


(3.1) LR” = 2 £1 ip 
we find 
(3.2) LR” = — 2A Vii by + 2Viy 2.) Ad, 


v 


from which, by contraction, 
(3.3) Lua — V.. Pa: 


Thus we are led to consider a system of partial differential equations 


(3.4) Se Se ee take 


ViPy = V°Ve Puy + Ponte? + Pye? 


with 2? + 2n unknown functions v*, v,* and 4). 
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First, substituting (3.3) in (3.2), we find 


(3.5) La ore = Q, 
where 
(3.6) Pua” SE Rya” + 2AR Pun — 2P iy Ad 


is Weyl’s projective curvature tensor.! 
Next we substitute Ala = 2p, A}, in the equation 


EV Pian — WwhPa = — (LT) Por — (LE a) Pu 


which is obtained by applying the formula (4.9) of Ch. 1 to P,,. Then 
we obtain 


£VyP ar = VV Pa = 2p, Pua = bP 7s PrP 


from which 


(3.7) £P wi Pan Pes 
whcre 
(3.8) Pix def 2V y Py: 


We substitute £1, = 2p,,A}, and (3.5) in the equation 


£VeoP wa Cae wo hPa” 


= (£0 ay ; — (40% es i — ATGA)P ate — (£0) | 


which is obtained by applying the formula (4.9) of Ch. 1 to P;j;%. Then 
we get 


(3.9) £V.Pys* = — 2p, Pai” 
+ A‘ pe cs P, = aia P= Pea Pi = Pia Pr: 
We next substitute £1%, = 2),,4%, and (3.7) in the equations 


LV o Pwr oe Von LP Poe (2 Ey) Prova ~ (Lu) ver —_ (LP) Puc 


1 WEYL [1], EISENHART [3], T. ¥Y. THomAS [3], SCHOUTEN [8], p. 289. 
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which are also obtained by applying the formula (4.9) of Ch. 1 to the 
tensor P,,,. Then we obtain 


(3.10) £Vo Pa aaa (LP op) Pan” a: (Vo Puan) Po 
3p Pra — Puy —. vor Pu - Prue Pr 
This procedure can be continued as far as we wish. Thus we have 


THEOREM 3.1. In order that A,, admit a group of projective motions, 
tt is necessary and sufficient that the equations (3.5), (3.7), (3.9), (3.10) 
and all equations of this kind obtained by further differentiations be alge- 
braically compatible with respect to v*, V,v* and p,. If there are exactly 
n> + 2n — yr linearly independent equations among them, then the space 
admits an r-parameter complete group of projective motions. 


In order that the equations (3.4) be completely integrable, it is necessary 
and sufficient that the equations 


(3.11) LP iit = v Vo Pui — Pune V,o% + Pa" Vy0? + Pran*V a0 
+ Py*V,0" = 0 
and 
(3.12) £Pyy = VVeP wa + Pour Vy? + Pra Vuv® + Pre Va0" 
= — Pi" 
be identically satisfied by any v*, V,v* and #,. Hence we have 
(3.13) Py” =9, Pya = 9, 
which shows that the space is a D,. Thus we have 


THEOREM 3.2. In order that an A,, admit a group of projective motions 
of the maximum order n® +- 2n, it is necessary and sufficient that the A,, 
be a D,,. 


§ 4. A group as group of projective motions. 

We apply now Theorems 3.1, 3.2 and 3.3 of Ch. m1 to the case of 
groups of projective motions. 

We consider an G, in a X, and we first suppose that the rank of v* 


b 
in a neighbourhood is 7 < ”. We choose a coordinate system with respect 
to which we have (3.2) of Ch. 111. Then the equations, which determine 
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Dp 
a projective connexion I‘), are 


Dp Dp 
(4.1) LM = = G0" + 0°, [%, — 12,0,0% + Tpe,0* + Tipe" 
a 


2 
Jj SA 00.07 0 
n+ I 


(4.2) r,, = —> = 0, re, — 0, 
Pp 
and consequently, defining the functions 0,',(1, €) b 


p p p Pp 
(4.3) v°@,% ([, 4) &f — a neo” + 1% a,u%% — 1%, 0, 0° = r%, 2, 0° 
a a a a 


2 
+ > Abn) 204" 


n+ 
we obtain 
(4.4) fas = ue [. %, — 0,4,(P, é)] = 0 
from which 
D D Dp 
(4.5) a Ts, = = OAT, &), ay = 0, Ph = 0. 
By the same method as in § 3 of Ch. 111, we can prove 
nt 10 
(4.6) Opie — mf 8,9 aur = Vato + 64 Opn 
ar”, ar’, 


Dp 
Moreover, we can easily sec that the 0,3, (I, &) satisfy the equations 


" Ooiual = Pid oo 
(4.7) ° 
ve 0 — — TP 9 o 


CUP ap ze 
The equations (4.6) said (4.7) show that the mixed system of partial 
differential equations (4.5) is completely integrable. Hence we have 
THEOREM 5.1. AG,inan X,, such that the rank of v* in a neighbourhood 
b 
1s ry <n can be regarded as a group of projective motions in an A,, whose 


components of projective connexion can contain 4n*(n + 1) — n arbitrary 
functions or constants. 


We next consider a G, in an X,, such that the rank of v* in a neigh- 
b : 
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re ee eS oR —— me 





bourhood is q <7,. We choose a coordinate system with respect to 


which (3.9) of Ch. 11 holds. 
Then the equations, which determine a projective connexion I, are 


Dp 


Dp Dp p 
AU — Oy, 0" +t Uv *0 I paar Pin," +- Pee —- ra ae 


a” pr 


2 
eee ney Ma" 


P ° 
Lip a Pu £M% = (0, On Pu) =e 2G Pi} ui) (A) v") 


(4.8) 
p 
— Th 291)" oF P53 (2,98)0" a I" a( 0,91) 
2 A* t\,,0 t % i o 

= nti 1 AGUA) On Pr)? ar (24) Pu) (2,2 ) (Qiu Pj) (2) v )} = 0 
p p 
May = 0, Va, = 0. 

If we put 


Dp Dp Dp Pp 
v* Oana (I, 6) SS — 8,8,0% + TY, 0,0% — Ta, 0% — Mv 
2 t 2 ri 


2 x ac 
+ er re a Ain Pad ° 


Dp 


waits) = (8,2 po —- 2 (2 Pj uj) (Oxy v") 


(t] 


Dp p y 
— Tha@,pu)e™ + P(@,9n)e + Mia( Pu)e 


7 <7 p Atl GP uo + (8) Pu) (8, ek (2a Pu) (2)2”)» 


we can write (4.8) in the form 


Dp D Dp 

£% = v18.T% — Os(T, A) = 0, 
D F D ee P 

£V% ea Publ in sh Sal, é) rr 


Pp 


Dp 
Pia) = 0, Pie = 0, 
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or 


r r 
aT*, = 0,*,(L, é), 
(4.9) a> pA aunt é) 


Pp Pp Pp 
BAC SO; Tig =O. TSO. 


By the same method as that used in § 3 of Ch. 11, we can prove that, 
taking account of the last three equations of (4.9), we have 


20, a0,*, 
Opts -—p + Ocha = Gabo y+ Fa Opti 
ale. are, 





0,° Fwd 4 9 x, = 0, O74 =9, 0,2, = 0 


ata aULe 


al’, 


which shows that the mixed system (4.9) is completely integrable. Thus 
we have 


THEOREM 4.2. Consider a G, in an X,, such that the rank of v ina 

b 
neighbourhood 1s q <yr,n. If, i the ECD OHTADO pai that (3.9) of 
Ch. 111 holds, the equations 34,(0, E) = 0, I, = 0, re, = 0 are com- 


D 
patible in I%,, then the group can be regarded as a group of projective 
motions 1n an A,,. 


A similar theorem holds for a multiply transitive group. 


§ 5. The maximum order of a group of projevtice motions in 
an A, with non vanishing projective curvature. 


I. P. Egorov 1 and G. Vranceanu 2 have proved the following important 


THEOREM 5.1. If an A,, admits a group of projective motions of order 
greater than n® — 2n +- 5, then the A, isa P,. An A, admitting a group 
of projective motions of order n? — 2n + 5 exists for any n and the group 
ts transitive in this case. 


We shall prove this theorem. We know that the integrability conditions 


eo 


1 Ecorov [6]. 
2 VRANCEANU (3, 4]. 
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of the equations £1, = 2p,,Aj, are 
u 


AP" = 0, Pun = — Pua" Py 
(5.1) LV. Posa® = — 2a Pas + ASP as? P, 
— Pa" by — Pra" dy — Pro Pas 
We consider the first equations of (5.1): 
(5.2) LP = VIP — Pe Vp + Poa Vu 
eh way 0 ak oe = 0. 


In these equations the coefficients of v° are given by V,P\;" = 0 
and those of V,v° by 


(5.3) Syzure def ae p-- 


OUA 


tt. APPS, 


VOA 


* + AP es _— A* a ee 


It should be noticed that the equations (5.2) do not contain 4,. 
We next consider the third equation of (5.1): 


(5.4) LV, Pais" + 2a Pasi” — ASP ai?P, + Pasi", 
haan Pao a wie PRO 
In this equation the coefficients of #, are given by 


(5.5) O oa = 2A%,P Pwun ia See o° 


avitk 


Thus denoting by T the matrix formed by the coefficients of V,v° 
and #, 1n the equations (5.2) and (5.4), we have 


(5.6) T -{( : ) 


where S consists of * columns and U of » columns. 

In order to prove the first part of Theorem 5.1, we have only to prove 
that if the rank of the matrix T is less than 4n — 5 [= (n* + 2n) — 
(n®? — 2n + 5)], all the components of the projective curvature tensor 
P 333" vanish. 

We make a frequent use of the relations 


Pour = 9 Pray = 9, Pyaar” = 0. 
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ne renee 


We shall prove a series of lemmas. 


Lemma 1. If the rank of T ts less than 4n — 5, then 
(5.7) Fea =O. 


We pick up the following (8% — 5)-rowed square submatrix from S: 


as e 
oe ) hy Ay hy " Qs Oy 
VLA 
Neeser feet ene ca ese ee, See eee ease gue il eee aes, ae. 
os =e) Sa ok * oe ns 
ae os, 
AgXoXyo 
Oy p * * * 
0 5 HD aa 
K Mo Qo 
Oy D a 2 
0 0) — 9§ aaa. 
OH g%gXo 
Oy 
0 0 O Po * 
Ago Ag&ag 
Oo 
; 0 0 0 O —P 3% 
AghoXo 34242 


and the following ”-rowed square submatrix from U: 


~< 


Xs by Oy 
oa 
APs ene! 0 0 0 
Agkok 
one Se 
Oy 
. 5) pe 0 0 
Agkoe 
AgksXoo are 
ie * * 23° P; 0 
a 0 a 
A gXghg%y m8 
Oy a ae P:::% 
KakoX 
AX A_gXoXo as 


2stjsgn; 35k, len; 456,985 2n. 
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Since the rank of T is less than 42% — 5, we conclude (5.7). 
LemMMA 2. I} the rank of T ts less than 4n — 5, then 
(5.8) Paes = O. 


Suppose that the P;,.4,% were not zero. Since Prawa = 0, there exists 
a subindex k’ 23 such that Py? 7 Pi,aa,”. We denote the sub- 
indices satisfying this inequality by Rk’ and /’ and the other subindices 
satisfying the equality P,...4,” = Pages wy by @ and 6 = 2. The number 
of the subindices such as a and 0 is denoted by A. Then we have 


(5.9) l<saAsgn— 2. 


Now, taking account of Lemma 1, we form the following squarc 
submatrix of S: 


? 
~~ 7 Ve i Ape 


‘a * ‘ ~ me Xq 
ae a > Poor : is = 
ees 0 oy Paty ; as * 
nae 0 O 89 3b(Pe yaa” — ena) : 
ee 0 0 0 9238 (Ps 2 i*— Ps, ic) 


The number of rows of this square matrix is 
A+(n — 1 —A)+ A(m — 1 — A)+ A(m — 1 — A)==(2A + 1)(m — 1)— 22”. 
Since 
(2A + 1)(m — 1) — 2d? =: Sn — 5, 


the number of rows of this square matrix is greater than or equal to 
on — 5. 
Taking account of Lemma 1, we form the following -rowed square 
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submatrix of U: \ 


e 
4 o oO 
3 k 2 1 
QVLA 
he k 2 2 
25 for i 
K Ho Ky Hy 
Xe ; 
O 2P: e "Ao * 
aoe ay 
oho, Oy 1 
Xe 
0 0 4P. 
og oe 
Ly XX Hy 7 : 
3sk, lan 


Since the rank of the submatrix of T containing the last two matrices is 
greater than 3” — 5 + 2 = 4n — 5, this is a contradiction. Hence we must 
have (5.8). 

LemMA 3. If} the rank of T zs less than 4n — 5, then 
(5.9) Peas =O: 

Taking account of Lemmas 1 and 2, we form the following (4n — 9)- 
rowed square submatrix of S: 


P 
Co a; Xe Le Le a, hey Ke Oy 
x om Xs Ly Ao Lo Xs hy a, 
VELA 
Md ise 
eae’ ag% ae 0 0 0 0 0 0 0 
Ay~NgXo 4a*3%2 
Ky dec 
oe tegen a iat af FO 0 0 0 0 0 
| ae * Pp: ee 
re P; poe “11. J pees 0 0 0 6) 0 
Oy 
* * *P:: 141 Pp: : 10 0 0 0 
ee Be bee Za iki 
Oo 
1 x * * 2k r 
+) Hy 0 0 0) 
Hq, 
Ky 
oie x * x *x sr 
; 8 oP gaan 0 0 
yh Xo 
| 
+ * * J ae * r 
pe gee wea 0 
K Ago 
X, 
* * x x * 2 * Sfp: 
a red g%o F) ae 


251,75 nN; 5arnsanN. 
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et a A A A Tt RS TNC: SEAN ENTE NERA SRN rn -_— 


and also the following n-rowed square submatrix of U: 





e 
(4 Oo a Oo 4 
a 2 3 4 r 1 
GVA 
Ay 
ee oe 0 0) 0 0 
Os Oy Oe Xs cea. 2 aeecac 
Ay 
* cy LP 0 0 0 
ol 9 40 303 ee psa 
Ky 
* * a oe a 0 0 
Ay, Piatisia catia 
Ky 
* * x r 
. SPiscgatt 0 
gh4XgX, 
Oy ate a * i P: °° 
1X40 o “a%a%e 


S97, SSN. 


Since the number of rows of the smallest square submatrix of T 
containing the last two submatrices is 


(4n — 9) + = (4n — 5) + (n — 4) 2 4n — I, 
we must have 


Pigs nS, + Lae 1)(P nae sa | 1) aoe 0, 


from which 


Pz cept 2(Pingaitt)® + Payigit® Pincget!] = 0, 
2(P:-.%)8 = — Pr. 1 P : -a~P: 


KgX_g%o )8 Oattgtte auicae eiee , 
The last equation shows 


P: e “oy P: e °% —. Pp: ° eg a 
Age gXo Agtgrg AgxqXs 
But the sum of these three is zero, from which we get (5.9). 
Lemma 4. If the rank of T ts less than 4n — 5, then 


(5.10) P3302 = 0. 


144 GROUPS OF PROJECTIVE MOTIONS CH. VI 


lS LS 





Pe: 


Suppose that P;,;,,°8 were not zero. We denote by k and / the sub- 
indices satisfying 


oe "ag ae . 8 ae ey 
| ane =P Op ghy 


and 3 < k,l <n, and by # and q the subindices satisfying 


P: "0g _. Dp: + Oy 


Ag_gkloXy ie 4 prghy, 


and 4<%,ga%. 
We consider the following submatrices of S and U respectively: 


Ne Hy Oye Ly Ky 
Oy Ky a x 
VULA oN 8 2 2 


oo P: xe oe * 
a gay” 
Sy: Xs 0 A P: . Og * * 
Aghoh AgXoq 
‘6 4 
: 0 0 Se cea * 
Ag Oy 3*2 
a 
‘ 0 0 O dsp; .% 
Ky KoX, k42%1 
’ , 
Rd eS. 
p 
\ o ay hy Ay 
VF] 0 oA 
VLA Xe @ 1 
ve) k 
B78 (Pyiseat® — Paofas®?) * * 
. pot oe AX noc 
9: MH gM yOy nag” pt_cy 
a 
p 4 . . “An eae 0 Xp ok 
0 
3 O O P: * me 5 


Aghto%y 
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S.: Sa aero See ETT 
3° 
Xs 
P ee ame co ene, 0 
AgHoMy Kgk Xo Agkok, 
6 
3 ar 
Aah Hy ? P atta ner Poatsay 
a 
3 
x oO 
Ay 
Sa VELA 
ay oa P: - Og 
Ae QXy Ao Ag iXg 
? 
M& : ‘ = 
x 
Xo ay 
VILA 
Sp SS SS SS 
og P:: :% * 
AgXoy AyAoky 
Xr k yo s +a 
0 o1(P, kit p-* — Poo”) 
14 HM 1 pel Si 1%2% 
e 
wd Xe as , 
x 1 
QVLA 
g 
+ | Ps 0 0 0 
uy Ay AgXo Oy 
1° os A 0 
Ag Aan SP eacaet y 
24321 
Xo * Ke aie. P: - Ag 0 
Agkohy 
AeXghoNKy 
As r 
4 = 1 me 
AX, Agko, 
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Now if we denote the number of indices & such that Pyig.a'3 = Payson,» 
by A, then it is clear that 1 <A < » — 2. We first assume 4 < n and 
consider 

I. The case | SA <n” — 2. 


Then the order of the square matrix 


S 


jms 


* 
S 
0 
0 


% * 
* a 
S * 
0 U, 


i] 


0 
0 
0 
1S 
[2(n — 2) — 1] + [2A(n —2—Aa) 4+ 174+ 2+2"> 4n—51} 
Since the rank of T is less than 4n — 5, we should have 
Dea eae =O 
from which 
P stag sees P gotta, °# 0. 


Then the determinant 


”n 


oe 


U; 


oo°o 
oO NM « 
oM «* * 


is of order 
a(n — 2) —1+ [(2An—2—aA +1] +1+n24n—5 


and does not vanish, which is a contradiction. We next consider 
II. The case A =n — 2. 
The order of the matrix 


is 
[2in — 2) —1] + 24+[14+(~—2)] += 4n—4> 4n—5. 


1 Note that 2a(n — 2 — 2) — (nm — 3) = (n — 3 — a)(2a— 1) + A> O. 
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on a Re RS 





Consequently, we should have either 


(5.11) PP = 0 
or 
(5.12) Baca Piges  Pager =: 


If (5.11) were valid, then we should have 
P eao1de eaten Piataar * #0 
but then the determinant 


Si * * x | 
0 S4 * x 
oo0osS, * 
0 0 0 U, 


is of order 
(2m —2)—1] + 14+ [14+ (n—2)]) +”=4n—5 


and does not vanish, which is a contradiction. 
Thus we should have (5.12), from which 


LE=3 | a =f Liens “ susaes (n ie ON axa = Q, 
sae a pasar seo ot aa aa vasa — (n ~— 2) P oye peesaie a= 0, 
(5.13) WE aa) eee 


On the other hand, we have from (5.12) 


aa 5 ag as | at an = 0, 
(5.14) 2P, fae BSE enigs oes Fee = 0. 
Substituting 
(5.15) Pea = et 2e eee 


n (5.14), we find 
yP°::°4— P° - 7-43 — CO 


Aaoay 3064 le 
which shows that P:.; :**+0. Thus repeating the whole argument, 


seeds 
we get 


(5.16) nP.--%2— P---% = 0, 


Ao he ALypAgny 
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es erento 


From (5.13) and (5.16) we find 





| nr vie 0. 
Thus, from (5.15) we obtain 
Pisa = 9 


which is a contradiction. Thus Lemma 4 is proved for 4 < n. 
When 2 =- 3, we have 4n — 5 = 7. We consider the following sub- 
matrix of S: 


p 
5 o 3 a3 Oe | 
Ay Ko Xp Xs 
VLA 
Xe a 
8 9 Og ID. + Ag ke * ok 
OL gt ot 3 | Seer a I AgXoky 
S e 
.'y 6° 
Lo e) P 2 + +g * * 
AgAocy 
Aghohy 
Ae a 
+ +g * 
0 0 ee 
Asko hy 
a . 
s 8 8g + 8 hy 
A Ao, 0 0 0 | nine a | apes 


Since the rank of 7 is less than 7, the determinant 
* U 





should vanish, and consequently 
Paes aay Te aig, ) oO 
similarly we have 
Figen Cosas I ea, 
Adding these two, we find 
Patt Cae Po 0 
from which 


Re SO. 


e @ is ag 
&1%qQAXg 


Thus Lemma 4 is proved for = 3. 
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LEMMA 5. I} the rank of T 1s less than 4n — 5, then 


(5.17) P;,, 3! == 0. 


3 


This follows from Lemma 4 and 


3 Ag%y ee 
From Lemmas 1, 2, 3, 4 and 5, we have 


LemMA 6. If the rank of T 1s less than 4n — 5, then 
(5.18) Py” = 0. 


This last Lemma proves the first part of Theorem 5.1. 
To prove the other part of Theorem 5.1, we give the following example. 
An A, with 


T32 ae Tbs = &, 
the other ['y, being zero, or with 


sy AL 
aes: PF. a PS 
ge = og = € 


p 
the other I, being zero, admits an (#2? — 2n + 5)-parameter group of 
projective motions generated by 


Pr, Pr Ep, Ep, Pe ~ E2E5p,, Ed, zi 26", 
Shs — 3(E")*by, bs + Sidp Shp Sho MPa Fda 
Calculating the projective curvature tensor of this A,, we find 
P3ig' FO, 


which shows that the A, is not a P,,. 

If the order of a group of projective motions is n? — 2n + 5, then, 
as the above proof shows, the rank of the matrix T is equal to 4 — 5, 
and consequently we can give the initial values of v* arbitrarily. Thus 
the group is transitive. 

Thus the theorem is completely proved. 


§ 6. An A, admitting a complete group of affine motions of order 
greater than n? — 7 + 1. 


We prove the following 
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THEOREM 6.1.1 Let an A,, n= 4, admit a group of affine motions of 
order 1. 
1°. Ifr>nt—n+1 
(a) the A, ts a P,, 
(b) the Ricct tensor R,, has the form R,, = cw,w,, where «= +1 
and w, == 0,w, 
(c) the vector w, satisfies 


(6. 1) V = GW, WwW); 


where o 1s a function of w. 
2°. If (a), (b) and (c) an 1° hold, the curvature tensor of the space has 
the form 


(6.2) f'R, 3% = c(w,A*% — w,A*)w,; — ¢ = constant. 


If w, = 0, the space ts affinely Euclidean and vy = n? + n. 
If w, #0 and o = constant, then r = n? and the group is transitive. 
If w, 40 and o ¢ constant, then r = n®? — 1 and the group is in- 
transitive. 

3°. The conditions (a), (b), (c) in 1° are equivalent to the following which 
constitute a completely integrable system of partial differential equa- 


tions. 
(x) in a suttable coordinate system, we have 
(6.3) Dia = 26,443 by = AP. 
& 
(8) O,Pr _ PuPr -* m1 W,W), 
(y) 0, Wy = o(w)w,, we, oF Wy Pr + W, Py 
PROOF. 


1°. (a) Since a group of affine motions is a group of projective motions, 
by Theorem 5.1, we have (a). 
(b) If we denote by £/ = v*0,/ an infinitesimal affine motion, then 


we have £R,, = 0, from which £R,,,) = 0, thus, denoting by 2k the 
rank of Rens we have, by 2° of Theorem 12.1 of Ch. v, 
w—n+l<rs n® — (n — k)(2k — 1), 
from which 
(k — 1)[2(n — k) 4- 2k — 1] <0. 


1 Ecorov [7]. 
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ee 


Since ” 2 2k, this inequality holds if and only if k = 0. This proves 
that the R,, is symmetric. 
We have £R,, = 0 for a symmetric R,,. Consequently, denoting by 


m the rank of the matrix K,, and applying Theorem 11.1 of Ch. v, we 
find 
n—n+l<rsnv+n—nm-+ im(m — 1), 
from which 
[(m — mt) + (n — 1)](m — 2) < 0. 
Since ” 2 m, this inequality holds if and only if m=O or 1. Thus 
Ry = Ww; e= +1. 

From this equation and AR = = 0, we find £0) = 0 and consequently 

V1 w, = 0. Applying again 2° of Theorem 12, | of Ch. v to V,,,@,), we 


get Vy) = 0, that is, w, = dw, which proves (b). 
(c) Substituting R,, = ew,w, in the identity V,,R,,, = 0 which holds 
for a projectively Euclidean space, we find w,,V,,w, = 0, from which 


V,,W, = GW, W, 
Since £V,w, = 0, £w, = 0, we find from the above equation £o = 0, 
from which £V,> = 0 and consequently {w,,V,,o = 0. Thus applying 


2° of Theorem 12.1 of Ch. v to w,,V,,0, we find w,,V,,;¢ = 0, from which 
o = o(w). This proves (c). 

2°. The space is projectively Euclidean and the Ricci tensor is 
symmetric, and consequently the curvature tensor has the form 


2 
Ry” = —— AR Ry. 


i 
VEL. n 


Substituting R,, = ew,w, in this equation, we find 
Ryan” = cw Al — w,Ay)w, c = constant. 


Thus, if w, = 0, then Rjj;* = 0 and, as is well-known, 7 = n?+tn. 
If w, 40, then by (a), the integrability conditions of £1, =O are 


given by £R,, = 0, £V\R,, = 0, .... But by (b) and (c), these are 
equivalent to £w, = 0, fo =0, £V,w, = 0, LV o = 0, 
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Now suppose that o = constant, then these conditions are equivalent 
to £w, = 0. Consequently we have 7 = n?. 


0 
On the other hand, the rank of R,, is 1. Consequently, by Theorem 11.1 
of Ch. v, we have vy < n?, from which 7 = n?, Moreover by 3° of Theorem 
12.1 of Ch. v, the group is transitive. 
Suppose next that o ~ constant, then we have {o = 0, and conse- 
quently the group is intransitive. % 
Since we have 


dw da dc 
£Vi0 == &£ (= ) = ry (Lw)w, + ae. £w, 


the integrability conditions of £1, = 0 are given by £w, =O and 
fo = 0. 7 ss 
If {w, = 0 and {£o = 0 are not independent, then by 3° of Theorem 


12.1 of Ch. v, the group becomes transitive, which is a contradiction. 
Thus {w, = 0 and {oc = 0 are independent and we have r = n? — 1. 


3°. We assume (a), (b) and (c) of 1°. Since the space is projectively 
Euclidean and the Ricci tensor is symmetric, we have (a). From (a), 
we obtain 


Ry = — (n— 1)(6,2, — bp). 
Substituting R,,, = ew,w, in this equation, we find 
€ 
OP 7 PuPlr aes a W,, Wy 


which proves (f). 
Moreover, from 


VW, = o(w)w, ®, 
we find 
0,,W, = o(w)w,,w, + w, Pp, + Wp, 


which proves (y). 
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ee ee aes eer ~ oe 


It is easily to be seen that («), (8), (y) are equivalent to (a), (b), (c). 
The fact that (6) and (y) form a completely integrable system of 

partial differential equations is verified by a straightforward calculation. 
I. P. Egorov! proved also 


THEOREM 6.2, 

(1) An A,, not equi-affine, with maximal mobility, admits a transitive 
complete group of affine motions exactly of order n* — n+ 1. Such a 
space is necessarily projectively Euchdean. 

(2) A projectively Euclidean A,, for which the rank of the skew-symmetric 
part of the Ricci tensor ts 2k, admits a transitive group of affine motions 
exactly of order r = n® — (n — k)(2k — 1). 

(3) There ave no A,,’s, admitting a complete transitive group of affine 
motions of order 7, with m®—n+1l<r<n’. 

(4) The maximum order for an intransitive group of affine motions of 
an A, ts exactly n® — 1. 

(5) There are no A,,’s admitting an intransitive group of affine motions 
of order 7, with n2?—n+1l<r<nv—l. 

Y. Mut6é? proved, by a method quite different from that of Egorov, 
the following theorems. 


THEOREM 6.3. An A, with non-vanishing curvature tensor admits a 
complete group of affine motions of the maximum order tf and only 1f the 
equations 


(6.4) Ryj* = e(w, At — w,A*)u,, Vw, = aw,W,, ¢= +1, a = const. 


are satisfied. Then the order is n?, and we can find a coordinate system 
with respect to which the components of the linear connexion are 


re, = — c&%, [", = — a, the other I, = 0; «= 1,2,...,"— 1, 


and the finite equations of the group are given by 


r£x _. pu eb a CE" R% e°2" 
EP = EMH S 

or 
(£% __ pa zB o R«En)\e°8" 
CS eS 


—— 


1 EGorov [7, 9]. 
* MuT6 [3, 4]. 
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according as the roots c, and Cc, of the quadratic equation (&)? + a&é —- = 0 
satisfy c, #4 Cy OY Cy = Cg = C. 


THEOREM 6.4.1 In order that a projectively Euclidean? A,, with non- 
vanishing curvature tensor admit a complete group of affine motions G, 
of order y < n* — n, 1t 1s necessary and sufficient that the curvature tensor 
belong to one of the following three types T,, T, and Ts, and the vectors 
appearing in the expressions of the curvature tensors satisfy the associated 
equations. Such linear connextons and groups actually exist. 

The curvature tensors, 


(6.7) Ty: Ry" = e(w, At — 0, AX)w, «= +1, wm 40. 
(6.8) T,: Ri" = e(w, At — w, AX), 
+ A¥(w,,%, — W,%,) — Al(wy%, — ©, %,) 
— 2(w,x, — w,%,) AX, 
¢e = +1; w, and x, are linearly independent. 
(6.9) Ts: Ryin* = (wy, Al — w,A¥)w, + €,(%,A% — x, AX)%,, 
&, &g = +1; w, and x, are linearly independent. 


The associated equations 


i: 
(6.10) VW, = “ew, w,; a= a(w), Ww, = Aw. 
is: 
(6.11) iy = O(2ew, w, — w,%, + W,%,) 
Vi.%, = Vy %, + O(ew, %, — %,,%) 


(6.12) Viva eas, VR pg ae c0(y,, w, == Vy, Wy) 


— 20(%,,¥, — %¥,) — e(W,%, — W,%,); 28? = — 1. 
f 
(6.13) Vi.W, = — &1£2¥,%, Vir. = Vy%- 
(6.14) Viva Vary = £(%,%, — %B,). 
1 Muto 3, 4). | 


2 For ~ => 5, we have 
y¥>ni—ne n* — 2n-+ 5. 


Consequently, according to Theorem 5.1, we do not need this assumption. 
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The groups 
p ae: 
(6.15) £Lw, =0, «= 0. 


If « is a constant, then 7 = m? and the group is transitive. 
If « is not a constant, then 7 = mn? — 1 and the group is intransitive. 


1s: 

(6.16) £w, = 0, £%, = bw,; 8: a scalar. 
y=n* —n-+ 1 and the group is transitive. 
be 

(6.17) £w, = — &6,8%,, £x, = Bw,; 8: a scalar. 


y= n* —n-+ 1 and the group is transitive. 
Using his own method, Y. Mut6! studied also the A, which admits 
a group G, of affine motions of order 7 < n? — 2n. 


§ 7. An L., admitting an n?-parameter of affine motions. 


In § 10 of Ch. v, we have found that if an L, admits an n?-parameter 
group of affine motions, the connexion is semi-symmetric: 


(7.1) Pity = At Sy = AX S,,. 
We denote by A,, the space with symmetric linear connexion Pj), 
and prove 


THEOREM 7.1.2 If an L,, with a semi-symmetric linear connexion 
admits an n?-parameter group of affine motions, then 
1°. (a) the A, ts a P,, 
(b) the Ricct tensor R,, of A, has the form 


(7.2) Ruy = Sy) c = constant, 
(c) the vector S, satisfres 
Vi, = OSS) ‘c = constant 


2°. The above three conditions (a), (b), (c) are equivalent to the following 


1 Muto [5]. 
2? Ecorov [8]. 
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equations: 

(«) Pua) = Aub, + AXA, 

(8) O Pr = PiPs i 65,5 Sy, 

(y) 0,5) — CS, S) -+- Si Py +. S)P,- 


The last two constitute a completely integrable system of parttal differential 
equations, and consequently, there exists actually a‘space satisfying all 
the conditions stated in 1°. 


PROOF. 
1°. Denoting by £f = v%e,f an infinitcsimal operator of the group, 
v 


we have £1¥, = 0, from which 
JL, “(pd) — 0, £9), — O. 
v v 


Thus the group is an ”?-parameter group of affine motions in the space 
A, and consequently we have (a). 
On the other hand, we know that 


Ry = &W,%, LW, = 0, Vw, = ew, B). 
Thus, applying Theorem 12.1 of Ch. v to the tensor S,,w,,, we find 
Siy@; = 0, from which w, = aS, and £« = 0. But the group is transitive 


and consequently « = constant. Thus we have (b) and (c). 
2°. The («) follows from the (a). The (8) follows from (b) and 


Ruy = (n “= 1)(6, Py ~~ Dy P)- 


The (y) follows from (c) and (a). 
The last statement can be proved by a straightforward calculation. 


CHAPTER VII 
GROUPS OF CONFORMAL MOTIONS 


§ 1. Groups of conformal motions. 
An infinitesimal conformal motion £¢ —- & +- u“dt is characterized by 


(1.1) Lbur = 2h8yr 
or by 
1 
(1.2) LG. = 0, Gia ee Q "8,93 g = [Det(g,,)]- 


If two vectors v™ and pv give conformal motions, we have 


Vina) re PE yr: V ul PP)) oF Pour 


from which 


(Vin 0)Ya; == (% — 06) B ya 
and consequently we find V,9 = 0, hence p = constant. Thus we have 


THEOREM 1.1.1 Two different infinitesimal conformal motions cannot 
have the same streamlines. 


The conformal fundamental tensor density ,, is a linear differential 
geometric object. Thus, according to Theorems 2.1 and 2.2 of Ch. M1, 
we have 


THEOREM 1.2.2 If a V,, admits an infinitesimal conformal motion, 1t 
admits also a one-parameter groiwp of conformal motions generated by this 
infinitesimal conformal motion. 


THEOREM 1.3.3 In order that a V,, admit a one-parameter group of 
conformal motions, tt is necessary and sufficient that there exist a coordinate 
system with respect to which the components ,,, of the conformal funda- 
mental tensor density are independent of one of the coordinates. 


123G. T., p. 51. 
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If the &,, is independent of &!, then g,, has the form 
(1.3) Bin = #E fn (S?, «++» 8"). 


Conversely, if g,, has the form (1.3), we can easily see that @,, is 
independent of £1. Thus 


THEOREM 1.4.1 In order that a V, admit a one-parameter group of 
conformal motions, tt 1s necessary and sufficient that there exist a coordinate 
system with respect to which the fundamental tensor g,,, has the form (1.3). 


If we choose a coordinate system with respect to which &* = v*, then 
£G,, ae oO, G3, aa 0, 
from which we get 


THEOREM 1.5.2 In order that a V, admit a one-parameter growp of 
conformal motions, it 1s necessary and sufficient that there exist a coordinate 
system with respect to which the components of the conformal fundamental 
tensor density are homogeneous functions of degree zero of the coordinates. 


Since the conformal tensor density G,,, is a linear differential geometric 
object, Theorems 2.3, 2.4, 2.5 and 2.6 of Ch. 111 also hold for conformal 
motions. 


§ 2. Transformations carrying conformal circles into conformal 
circles. 
A conformal circle 3 is defined as a curve which satisfies the differential 
equations 


ore* dé" ( S2E4 2g ] dé’ ) 
2.1 MON a Ces Ge eh BM eet bce tas Pyke ee 
Np ae ds* ds Bun ds* ds? n—2 “ds ds 
] dé* 
— —--[,.*-—_ = 0, 
T n—2 ° ds 
where 
l 
2.2 | Oat 66 pate ena ge 


It is evident that a conformal motion carries every conformal circle 
into a conformal circle. 


f-8G. Ty peol: 
3 ‘YANO [1], SCHOUTEN [8], p. 331. 
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Conversely we assume that an infinitesimal transformation £*—>é*-+-v"dt 
carries every conformal circle into a conformal circle. Calculating Au", 
we find ! 











: kis see deh 
Lit = — 3* ~— 4+ 3(Li5}) re 
ayy 48" de a se od Lds 
TSA) ae gg dat = as 
a S2e4 82 a dee qk 
Tg LObea) “goa ar 
a Veni < Be Bet? | 
4 g AP ur ds ds” Sur ds? ds? ds? ds 
dé 1 dP Las 
+5 Sa ok ge as 


from which, taking account of u* = 0, 


S2E" S2eT  déH EA 
gunl(Lu ) ds 78 —= = 3£,4( Lit) 3 ds? ee “ds. 


ser de’ gh dé 
sa Exo ( (V jh)” “ds? ds J. Ina 





‘ds ds 
aged F de deh dP 52 =| 
7 Bro 762 ds? (Vy £8.) | ds ds ds + (£8) | dst ds 
l yes see dey de db 


+ — 


+ ay Buhl Ga Ge tpg (be hbu) Gam as ds ds 


If an infinitesimal transformation & —> &* + v“dt carries every con- 





a 

formal circle into a conformal circle, g,,(£u*) — 2 ae must vanish 

: ; ag* 6g" re 7gh 
for an arbitrary unit vector - and a vector —.- satisfying g,, — > 
dé ds as” ds* 
ees 0. Consequently, considering the coefficients of the term of the 

S 
b2g* 
highest degree with respect to Fea we can conclude 
L8ux = 208, 


1'Yano and Tomonaca [1]. 


aN 
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Thus we have 


THEOREM 2.1.1 In order that an infinitesimal transformation in a V,, 
carry every conformal circle into a conformal circle, it 1s necessary and 
sufficient that the transformation be a conformal motion. 


§ 3. Integrability conditions of £¢,, = 2¢2,,. 


We now consider the integrability conditions of 
(3.1) Lew = 2V i. Y>) = 2h£,,3: 


Substituting (3.1) in (cf. p. 52) 
dius = 28° (V, Ler + Val tuo — VoLQual, 
we find 
(3.2) Ktiat = Apr + Atdy — Pb 


where ¢, = 0¢. 
Substituting (3.2) into 


Ai aa 2V Aint 


we obtain 


(3.3) LEG" = — 245 Vid, — 2(Vivo")8un- 


v 


By contraction with respect to x and vy, it follows from (3.3) that 


(3.4) £K iy ees (n = 2)ViuPa _ Eur V9. 


v 


Transvecting (3.4) with g", we find 
gh CK = — 2(n — 1)V,¢°, 


from which 
(3.5) LK = — 26K — 2(n — 1)V, ¢°. 


v 


From (3.5), we get 


a ! 
Vide = — ae [LK + 26K}, 


— 


1'Yano and Tomocana [1]; G. T., p. 50. 
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cc ae rere a ee 
- 





Substituting this in (3.4), we find 


I 
(3.6) i ae gh iu = VP 
from which 
3.7) LL : L,* == V,d* 
oe n -~ Sra Gs aig Chk ne 
Substituting (3.6) and (3.7) in (3.3), we find 
(3.8) L£Oyua" = 0 


where the C;);% is the conformal curvature tensor. 
From (3.6) and the formula 
QV iy Vins Po, a Kyi" by 
it follows 
2 


(3.9) ee Vile un) toe Kyi" Py 


On the other hand, we have 
LV, Ly a Vy Loew oe (Livat) don as (Lbah eue 


-_=-— 2¢, Lap. — 2h Pr) =f 28 uy Ly py 
from which 


(3.10) Viv feun = £(Viy Lun) si (4 . | r Li gu Py 
The equations (3.9) and (3.10) give 
(3.1 \) LC a, aes Chun Py 
where 
def 2 V I 
(3.12) C wun —s wh _ 2 ive lAe 


To find further integrability conditions, we substitute (3.2) and (3.8) 
in the identity (cf. p. 16) 


= (LLC oun? — (L083) (Comr™ — (Loud) C ven“ = (ZL) Ce 


OZ Mee eee Ol CONFURKRMAL MOLIONDSD UH. Vil 





hen we obtain 
3.13) LV cua ks 26.0, i, si a C oe °d, 
vx Cth ic Bee 7, Cio Py at Coa e* 
iO as Ga aan eue Callas) 
We next substitute (3.2) and (3.11) in the ecime 
LV. Coa = Vo LC wa ra = (Litavt)© eux — (Ltoui Cy A SF to) Cane 


hen we find 
x I eae e Bl 
3,14) LV VA ; ) (LE ap) ra a Po Vis CSio = 36,56 vu? 


= Cy p, =; or py — ann Py 
a P* (Ley Cag =? en ee ae Laur © yuo) 


We can continue this process as for as we wish. All equations contain 
nly ¢, ¢,, v* and V,v™. 

The above discussion shows the following. In order that a V, admit 
n infinitesimal conformal motion &* ~ & + v%dt, it is necessary and 
ifficient that the mixed system of partial differential cquations 


Viuny = PBuw 
Via 


3.15) V0," nee Kyun"? Pet 2: At, dy) — P* Lux 
V,¢ — P;s 
l 
| Vubr = a= 2 [uP V Lua air Ly dye i Peet 


ith (z + 1)? unknowns ¢, ¢,, v%, v,* admit solutions. 
The integrability conditions of (3.15) are given by (3.8), (3.11), (3.13), 


3.14) and the equations obtained in the same way. Thus we have 


THEOREM 3.1.1 In order thata V,, admit a group of conformal motions, 
ts necessary and sufficient that the equations v,,) = £4, and (3. ¥ 

11), (3.13), ... be algebratcally consistent with respect to b, ¢,, v* and v,” 

‘ there ave, among the equations (3.8), (3.11), (3.13), ..., exactly s equa- 


1G. T., p. 55. 
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—_——-— i a a ne el =. a ‘asd 





tions which are linearly wndependenl among themselves and of Vw) = PL 
then the space admits a x(n + 1)(% + 2) — s parameter group of conformal 
mot1ons. 


In order that a V, admit a group of conformal motions of the maximum 
order $(7 + 1)(% |- 2), it is necessary and sufficient that the equations 


a ae, + + 9 x 7. Xx a + 6x a 7. Xx a 
£¢ VLA v V6 WA ( VILA V6 v ag ( OLA Vy v = ( VOA Viv AR ( VLG V3, CS O, 
v 


and 


x 
vis db, 


LC wig = v°V, Cag ae Cay Vive 3 C vai, Vi, uw =r Os V;, v> -: -- CY 


be identically satisfied by any ¢, ¢, ,v* and V,7* such that 


Vialy) = b& 
From the arbitrariness of the ¢, and v”, we find 


VeCwn =O and Cy3% = 0. 


v 


Eas x ee i eee a 
wa = — Cy 3*6, = 0 can be written as 


In this case, the equation £C 


(3.14) (AS Cou, ai 7a bt Ge 7 Gr) ae = 0. 
The equation (3.14) is of the form 
(3.15) Eig Vet, = 9, 
where 
(3.16) | Os = (Ay Cone — a Ge + a Cue 
since the equation (3.15) can also be written as 
(3.17) Bog Nets Vet =, 
in order that (3.15) be satisfied for any Vv, satisfying V.,v., = ¢g, 


we must have 


; CT ; pt 9 oa 
bE eo. bE Vic 0 


“VILA ze 
for any V,,v,,, from which it follows that 


(3.18) Eye hoe = 0, Ey; i! =- 0. 


VILA 


Writing out these equations, we get 


AC awa + ALEC + ROL, = 0 


164 GROUPS OF CONFORMAL MOTIONS CH. VII 


ano eee ee i ee 
ee a — -— — + ae eee — See ee eee 


(AP Coun + AP Crean + AP Cy) 8" = 0, 


OA 
and consequently Cy, = 0. Thus we have 


THEOREM 3.2.1 In order thata V,, n 2: 3, admit a group of conformal 
motions of the maximum order \(n + 1)(m + 2), it 1s necessary and suffi- 
cient that the V, be aC,. 


§ 4. A group as group of conformal motions. 


We apply now Theorems 3.1, 3.2 and 3.3 of Ch. m1 to the case of 
conformal motions. We consider a G, in an X,, and denote the vectors 
generating the group by v*. We first consider the case in which the rank 

b 


of - in a neighbourhood is 7 ~: ». We choose a coordinate system with 


reanese to which we have (3.2) of Ch. 11. Then the equations & &,, = 0, 
Gp,4q = 0, and Det(@,,) = 1 become 


2 
(4.1) £6, oe v6, Bry ae Sy OV" a G0, 0" = gO 2a0" = = 0, 


(4.2) Sirs a QO, Det(,,,) = l 
and consequently, defining the functions ©,,,(@%, &) by 
2 
(4.3) UO ine == — G,,,0,0% — G,, 0,07 + 7 (,.4,0%, 


we obtain 


(4.4) La. v"[e, Ory >= Ona(G, &)] ree. 


from which 
(4.5) On Oe = Oar &, é); Grad es 0, Det(G,,,) = | 


By the same method as was used in §3 of Ch. lI, we can prove 


0®) 
An a Ay Ova 


2Onr. 
(4.6) Ovo =o + Ogre = pee - 56s, 


“ oS, 


om —— — 


1 SasAkI [1]; Tats [1]; G. T., P. 56. 
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and also 


2 
vu" Oar) Seo Save) Cy v aes Oe + a Bras 0,U", 
a a Ti a 
(4.7) oi 
vu" (65 tae O rx = O, 
The equations (4.6) and (4.7) show that the mixed system (4.5) is 
completely integrable. Thus we have 
THEOREM 4.1. A G,in an X,, for which the rank of v% in a neighbour- 
b 


hood is r <n can be regarded as a group of conformal motions in a V,, 
whose fundamental tensor density can contain kn(n -4- 1) — 1 arbitrary 
constants. 


We next consider a G, in an X,, for which the rank of v* in a neighbour- 
b 


hood is gq < 7,”. We choose a coordinate system with respect to which 
(3.9) of Ch. 11 holds. Then we get 


2 
£3, =v" On G3 + See vu = (Sy. 0, U" = n S,,0,0" = 0, 
LG aa Pu £G,,. ze G,.(0, $,)U" = (2, 9,0" 
(4.8) u t t t 
2 i 
hy oe G,,. (8, Pu)?” = 0, 
n 2 


Gre] <= 0, Det(G,,,) — l. 


If we put 
2 
(4.9) u* Own = oe Sex au" cs Gyo 0,0" = a Gy, on0 
; 2 a x 
(4.10) Bunn aot Go (A Pu)v* cs Bra(2 Pu)?” = iy. Bra Pu)? , 


we can write (4.8) in the form 
£G,,, = v0, G,,. a Ovax(G, é)] = 0, 
£ Gx, = Pu £Gn, a Baal, é) = 0, 


Gos =a 0, Det(G,,,) =! 
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SS 
Ee a a el 








or ; 
0, Gr. = Onx(G, é), 
Eax(G, €) = 0, Gay = 9, Det(G,,) = 1. 


By the same method as was used in § 3 of Ch. III, we can prove 


(4.11) 








a0) a0 

BAx Ax 

Ovop 260 = 8, Or. oo Opae ab oo a Op Ovax> 
Oe 
QO — Oe = Q, 
aap 0G, am UAX 
2 
v" Oars eae Sax) An 0 — Gra; du" ar - Siaxy On?” 

i i t i 


—l1 

A MEAK (S _— 
v° GO, = 0 
a 


which shows that the mixed system (4.11) is completely integrable. 
Thus we have 


THEOREM 4.2. Consider a G, in an X,, for which the rank of v* in a 


b 
neighbourhood 1s q <r, n. If, in a neighbourhood such that (3.9) of Ch. 11 
holds, the equations Ey,(G,&) =0, Gp, =O and Det(G,,) = 1 are 
compatible at a point of the space, then the group can be regarded as a group 
of conformal motions in a V,,. 


A similar theorem holds for a multiply transitive group. 


§ 5. Homothetic motions. } 

Consider an infinitesimal transformation ‘& = &* + v*di in a V,,. 
If the square of the distance ds? = g,(&)dé*ae between &* and & + dé 
and the square of the distance d's? = g,,(’&)d’é#d’é* between ‘& and 
‘&* + a’& have always the same constant ratio, that is, if 


(5.1) Loy = 2K»; c = constant, 


then the infinitesimal transformation is called a homothettc motion. 
From (5.1) and the formula 


(5.2) EXias aT 3e"°[V., £810 + Vikbus — Vo AG, 


1 SHANKS [1]; Yano [15]. 


§ 5 HOMOTHETIC MOTIONS 167 





we find £{%,} =0. Thus a homothetic motion is an affine motion. 
v 


Conversely, if a conformal motion is an affine motion, then we have 
£8 ur = 2¢g,, and Etias = 0Q, from which we conclude ¢ = constant. 


Thus we have 


THEOREM 5.1. Jn order that a transformation in a V,, be homothetic, 
it is necessary and sufficient that the transformation be conformal and 
affine at the same time. 


More gencrally, if a conformal motion is a projective motion, we have 
Abu. = 7. 208 and At at =A Arp, = Axp,. 


From these sauaeone and (5.2), it follows that ¢ = constant and 
p, = 0. Thus we have 


THEOREM 5.2. In order that a transformation 1n a V,, be homothettc, 
it is necessary and sufficient that the transformation be conformal and 
projective at the same time. 


Applying the formula (4.9) of Ch. 1 to the fundamental tensor g,), 
we obtain 


LV, 8 ua pak Vv, Leu, a (Liit)Ben —. (Lit) Bue 
from which, for an affine motion, 


(5.3) V, £Eur = 0, 


If the metric of V, is not decomposable, we obtain?, from (5.3), 
Ler = 28, c = constant. 
Thus we have 


THEOREM 5.3. In a V, whose metric 1s not decomposable, an affine 
motion 1s homothetic. 


When the constant c is zero, a homothetic motion reduces to a motion. 
We call a proper homothetic motion a homothetic motion for which 
c +0 and c the homothetic constant. 

Now if we consider an infinitesimal proper homothetic motion 
é* _» &* + y*dt whose streamlines are geodesics, we have £g,, = 2Viyp%, 

9 


17. Y. THomas [1, 2]; SCHOUTEN [8], p. 286. 
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= 2cy,, and v"V,v, = av,, where « is a scalar. Transvecting the latter 
equation with v’*, we obtain c = @ by virtue of the former. Transvecting 
next the former equation with v’, we find cv, = V,,(4,v"), which shows 
that v, is a gradient vector. Thus V,v, is symmetric in p and a, and 
consequently 


(5.4) Vi, CaN == C8 un 


that is, the v* is a concurrent vector field.1 Since the converse is evident, 
we have 


THEOREM 5.4. In order that a V, admit an infinitesimal proper 
homothetic motion whose streamlines are geodesics, tt 1s necessary and 
sufficient that the V,, admit a concurrent vector field. 


In order that a V,, admit a concurrent vector field, it is necessary and 
sufficient that there exist a coordinate system with respect to which 
the linear element takes the form 


(5.5) ds? = (d&')? + (€7)?f..(E", wae EMGE EM 
(HG S25 Fy wines 1) 


Thus we have 


THEOREM 5.5. In order that a V, adnut an infinitesimal proper 
homothetic motion whose streamlines are geodesics, tt 1s necessary and 
sufficient that there exist a coordinate system with respect to which the 
linear element of V,, takes the form (5.5). 


In order that an infinitesimal transformation be a projective (con- 
formal) motion in a V,, it is necessary and sufficient that the transfor- 
mation carry every geodesic (conformal circle) into a geodesic (conformal 
circle). Thus from Theorem 5.2 we have 


THEOREM 5.6. In order that an infinitesimal transformation be homo- 
thetic, it 1s necessary and sufficient that the transformation carry every 
geodesic into a geodesic and every conformal circle into a conformal circle. 


If we take a coordinate system with respect to which v% = e*, then 
the equation £g,, = 2cg,, gives Og,,/0€7 = 2cg,,, from which ’ 


(5.6) 2a = e*cst je ere i P 


a eee 


1 Yano [6]. 
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Conversely, if there exists a coordinate system with respect to which 
the fundamental tensor takes the form (5.6), then the space admits a 
one-parameter group of homothetic motions generated by ‘& =: & 
+ e*dit. Thus we have 

I 


THEOREM 5.7. If a V,, admits an infinitesimal homothetic motion, 
then the V,, adnuts also a one-parameter group of homothetic motions 
generated by the infinitesimal homothetic motion. 


THEOREM 5.8. In order that a V, admit a one-parameter group of 
homothetic motions with the homothetic constant c, it ts necessary and 
sufficient that there exist a coordinate system with respect to which the 
fundamental tensor takes the form (5.6). 


If we take a coordinate system with respect to which v* = &, then 
the equation £g,, = 2cg,, becomes &d,g,, = 2(c — 1)g,,, from which 
we see that the g,, are homogeneous functions of degree 2(c — 1!) with 
respect to &*. Thus we have 


THEOREM 5.8. In order that a V, admit a one-parameter group of 
homothetic motions with homothetic constant c, it 1s necessary and sufficient 
that there exist a coordinate system with respect to which the components 
of the fundamental tensor are homogeneous functions of degree 2(c — 1) 
of the coordinates. 


Using (5.1), we can easily verify that Theorems 2.3 and 2.4 of Ch. IlI 
are also valid for a group of homothetic motions. 
If £f are generators of 7 one-parameter groups of transformations, 
b 


then we have 
(LE)8 oa Lb un: 
If £f are generators of y one-parameter groups of homothetic motions, 
6 


then we have (££)g,, = 0 and consequently £g,, = 0. Thus we have 
ec b cb 


THEOREM 5.9. If £f are generators of r one-parameter groups of 
b 


homothetic motions, then {£f are those of a one-parameter group of motions. 
cb 


If £f are ry generators of an 7-parameter group of transformations, 
b 
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then we have 
(LL)8un = Coy Leu» 


where c%, are the structural constants of the group. For an v-parameter 
group of homothetic motions, we have (££)g,, = 0 and £8 = = 2642 
and consequently c%,c, = 0. Thus we have° ” 


THEOREM 5.10. Jf £f are r generators of an r-parameter group of 
b 


homothetic motions with homothetic constants c,, then there exist the relations 
ch.c, = 0 between the structural constants ct, and the homothetic constants c,. 


Since cé,c, = O means that the first derived group is of order < 7 — 1, 
combining Theorems 5.9 and 5.10, we get 


THEOREM 5.11. The first derived group of a group of homothetic 
motions ina V, ts a group of motions of order <r — 1. 


Moreover we have 
THEOREM 5.12. Jf £f are generators of the complete set of r one-para- 
b 


meter groups of honwthettc motions, they are generators of an r-parameter 
group G, of homothetic motions. Moreover G, must contain a complete set 
of one-parameter groups of motions, consequently, G, contains a complete 
group of motions. 


§ 6. Homothetic motions in conformally related spaces. 


Let a V, admit an 7-parameter group G, of homothetic motions whose 
generators are {f = v"0,f > £2. = 2C,£,,- In order that a ’V,, conformal 
a a a 


to V,, admit G, as a group of homothetic motions with the same homo- 
thetic constants c,, 1t is necessary and sufficient that there exist a function 
e such that £ (p 2g.) = 2c,07¢,,, from which Le" = 0. Now if we assume 


that the rank of 4 is y <n, then the equations & o? = 0 are cornpletely 


integrable and admit n —y functionally independent solutions. Thus 
we have 


THEOREM 6.1. If a V, admits an r-parameter group G, of homothetic 
motions such that the rank of the generators v* is x <n, then there extst 
b 


spaces which are (not trivially) conformal to V,, and which admit G, as a 
group of homothetic mottons with the same homothetic constants. 


————. 
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Let again a V,, admit an 7-parameter group G, of homothetic motions: 
£8 = 2C,8,,- In order that a ‘V, conformal to V, admit G, as a group 


of motions, it is necessary and sufficient that there exist a function p 


such that £(p?g,,) = 0, from which £ log ge = — c,. If we assume that 
the rank of v* isv < n, then the equations £ log p = — c, are completely 
b a 


integrable by virtue of (££) logp = ct, £ loge and ci,c,=0. Thus 
we have . 


THEOREM 6.2. If aV,, admits an r-parameter group G, of homothetic 
motions such that the rank of the generators v* is y <n, then there exists 
D 


a’V,, which is conformal to V ,, and which admits G, as a group of motions. 


§ 7. Subgroups of homothetic motions contained in a group of 
conformal motions or in a group of affine motions. 

Let a V, admit an r-parameter group G, of conformal motions: 

Leu, = 268, %, being y scalars. In order that the group G, contain 


a subgroup of homothetic motions, it 1s necessary and sufficient that 
there exist constants c* not all zero such that c*p, = constant. By 
successive covariant differentiations of this equation, we get c,V,¢, = 0, 
CV, Pe = 0, -.-. Tf we denote by «1, %,... the a-ranks of the sets 
Vida: Vida Vagus +--+ Tespectively, then we have a Sa,<.... 
Since the equations ¢°V,¢, = 0, c°V,,,,¢,=0, .... admit a set of solu- 
tions which are not all zero, we must have a, S a, <<... <7. On the 
other hand, we can easily prove that, if «, = ~,,,, then «,,) = Opi. 
Thus the ranks of the matrices must satisfy 


(7.1) i Sy Oe SS ea Eh, Oe a SS ST. 


Conversely, if the ranks a, a, ... satisfy the relation (7.1), then we 
can find scts of linearly independent solutions /4(é) (A,B,C, ... = 
1,2, ..., 8) which are not all zero and such that 


(7.2) IA Vi. Ga = 0, fn Via Pa = 0,..., iv Vaya Pa = 0. 


Differentiating these equations covariantly and taking account of 
the fact that the ranks satisfy (7.1), we find that V,/%, are also solutions 
of (7.2). Thus there must exist a set of functions P%4,(&) such that 


Vile re Poel a 
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The integrability conditions of this equation are 
(7.3) VP — VP ily + Poe Pia — Pin Pie = 0. 

These equations show that there exists a set of functions 44(&) such 
that h4/% = constants. In fact, the equations V,(h“/%,) =0 give 
V,At + PAA” == 0, which are completely integrable because of (7.3). 
Thus putting c* = A“f",, we obtain c*V,¢, == 0 and consequently c*¢, = 
constant. Thus we have : 


THEOREM 7.1. In order that an 1-parameter group of conformal motions 
in a V, contain a subgroup of homothetic motions, it 1s necessary and 
sufficient thal the a-ranks a, %,... of the sels Vidas Vibur VagayPad +> 
satisfy the relation (7.1). 


Let a V, admit an y-parameter group G, of affine motions: £{4} = 0. 
a 


In order that the group G, contain a subgroup of homothetic motions, 

it is necessary and sufficient that there exist constants c* not all zero 

and c such that c*£g,, = 2cg,,. Thus the ya-rank of the set £2), 2, 
a a 


must be less than 7 + 1. 
Conversely, if the wa-rank s of the set £2,,, 2,, is less thany + 1, then we 


can find ry + 1 —s linearly independent solutions /7,(&), /,(&) of c*£e,. 
= 2cg,, such that : 


(7.4) fe) £80, — 2 (é)8 ur» 
(L,M,N=1,2,...,7+1—sS). 


Differentiating (7.4) covariantly, we obtain 
(Vf £bu + fe Vv £8 ua = Vir) 8 ur» 
from which 


(Viz) £8.a = 2(Vifr) ua 


because of V\£e,, = 0. Thus V,/,, V,/;, are also solutions of (7.4) and 
consequently there exist functions P44, such that 


Via = Pru Whar = Pritt: 
The integrability conditions of these equations are 


(7,5) V oP — VP + Poy Pu — Ply Pay = 0. 
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This equation shows that there exists a set of functions 44(£) such that 
h'{f, = constants, 4“f, == constant. Thus we have 


THEOREM 7.2. In order that an r-parameter group of affine motions 
in a V, contain a subgroup of homothetic motions, 1t is necessary and 
sufficient that the ud-rank of the set Ley. Sy, be less than r + |. 

a 


§ 8. Integrability conditions of £¢,, = 2cg,,. 
From the equation : 


£eur —_ 2V Vr) => 2B ars 
we obtain 


] 
a axe) def 
(8. I) Your) aes n g Ve6 Bur Vur - Nis V4. 


The fact that the c is a constant can be expressed by Ve... = 9, 
or by 


Stat = VV 0% + Aye” = 0, 
x >] 

from which 

(8.2) Viv OX", Viyoy* == — Ay *o". 


Thus we have a mixed system of the partial differential equations 
(8.1) and (8.2). Since the integrability conditions of this mixed system are 


(8.3) LK SO, [Vi KS 0: etic 


we have 


THEOREM 8.1. In order that a V, admit a group of homothetic motions, 
tt is necessary and sufficient that there exist a positive integer N sitch that 
the first N sets of equations in (8.1) and (8.3) are algebraically consistent 
in uv and v,* and all v" and v,* satisfying these equations satisfy the 
(N + 1)st set of equations. 


The complete integrability condition of the mixed system is that 
£K, 3x" = 0 be identically satisfied by any v* and v,* satisfying (8.1), 


the number of v* and v,* which can be given arbitrarily being n? + n 


— [gn(m + 1) — 1] = gn +1) +I. 
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Krom this we have 


K 
Gh Me Saas ae A* Pes A” 
Kya n(n ee 1) v bur mY) 


and consequently, from £Kyj* = 0 and £¢,, = 2cg,,, we find 


A” = = 20K. 5 = 0: 


ao 


Thus we have 


THEOREM 8.2. In order that a V,, admit a group of homothetic motions 
of the maxiniuim order kn(n + 1) + 1, tt ts necessary and sufficient that 
the V, be Enuclidean. 


If Al = vd f is a generator of a one-parameter group of homothetic 


sotions then we have Abun = == 2eg,, and AK, wo = 0 and consequently 
£K 


I 
Thus, if the V, is an Einstein space (or an S,), 1.e., if K,, = — Kg,y, 
kK being a constant, then we have 


a 2 ! 
BB — a KLE. = me Keg, — 0. 


Thus if K 40, then c =O and consequently we have 


THEOREM 8.3. lf an Einstein space (or an S,) with non-vanishing 
curvature scalar admits a homothetic motion, 1t is a motion. Consequently 
an Einstein space (or an S,) with non-vanishing curvature scalar cannot 
admit a proper homothetic motion. 


§ 9. A group as group of homothetic motions. 


We apply now Theorems 3.1, 3.2 and 3.3 of Ch. m1 to the case of 
homothetic motions. We consider a G, in an X, and we suppose that there 
exist 7 constants c, not all zero such that ci,c, = 0, c¢, being structural 
constants of the G,. Denoting by v* 7 vectors generating the group, 

bv 


we first consider the case in which the rank of v% in a neighbourhood 


b 
is y <= 2. We choose a coordinate system with respect to which we have 
(3.2) of Ch. 11, Then the equations, which determine the g,,, are 


(9.1) Lor — U0, ur +. £429, U~ -|- ee = 26 Bur 
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a 


and 
(9.2) iui = 0. 
We define the functions 0,,,(g, €) by 
(9.3) A Owuale, §) SF — Ban," as Bua aU" + 26.8 ua 


then we obtain 


(9.4) L8ux — 2WaByrx = V*[8, 8. — Ooualg, §)] = 0, 
from which 
(9.5) On8un = Oayual8, §), Btuay = 0. 


By the same method as was used in § 3 of Ch. II, we can prove 





ae) ot) 
(9.6) Or 5 me + 8, Ogu = Ogee a + 8, Oya 
op ae 
and 
oO 1 Oxia = — Gan} — Sipe AaU™ + 2CaBiuay: 


The equations (9.6) and (9.7) show that the mixed system (9.5) is 
completely integrable. Thus we have 


THEOREM 9.1. A G,in an X,, such that the rank of 12 a neighbour- 
b 


hood is y <n and that there exist r constanis c, not all zero satisfying 
Coola == O, can be regarded as a group of homothetic motions with homothetic 
constants c, in a V,, whose fundamental tensor can contain 4n(n + 1) 
arbitrary functions of n — r variables. 


We next consider a G, in an X,, for which the rank of v* in a neighbour- 


v 
hood is g <_7,. We choose a coordinate system with respect to which 
(3.9) of Ch. 111 holds. Then the equations, which determine the g,,, are 


(9.8) LB = PO yBun + Ger AyU* + Bye V™ = 2C,8ya, 
(9.9) Leuar a Pu L8ur =F SarlOu ue =r Liro(r Pu)o" = 2C uByr> 
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Thus, 1f we put 


(9.1 l) v" Os = — Bai 0,u" > ee a 26 Bur) 


t 


(9. 12) oer = Parley Py)v” of Bunl®, py)v" T 2(, C; 7 Cu) Bur 


we can write (9.8), (9.9) and (9.10) in the form 
te — 26,84, = V0.8 > OayalB, §)] =,9, 
LBuar = 24k yr ae ul Leua a 2C, 84) + Fal? é) wt 0, 


| Bj = 9 


from which 


0 Lux = Gaurl, &), 


uual8 €) = 9, &iyay = 9. 
By the same method as was used in §3 of Ch. 111, we can prove 


20 a0) 
Oreo + Oa, = Ope + 2 Oya’ 
Yoe Ov 5, Y "Bu Bao Oxo B"YuA 


OF od _ 
(-) pena —- Oy our — 0, 


- Oaruay = — Bary %.2* — Bua + 2C; 81 ya) 
2 z 


which shows that the mixed system (9.13) is completely integrable. 
Thus we have 


THEOREM 9.2. Consider a G, in an X,, such that the rank of v% in a 


b 
neighbourhood is q <r, and that there exist r constants c, satisfying 
Cocg = 0. If, in a neighbourhood such that (3.9) of Ch. ut holds, the equa- 
tions Bi (g, €) = 0, Sy, = 0, Det(g,,) 0 are compatible at a point of 
the space, then the group can be regarded as a group of homothetic motions 
naV,,. 


A similar theorem holds for a multiply transitive group. 


CHAPTER VIII 
GROUPS OF TRANSFORMATIONS IN GENERALIZED SPACES 


§ 1. Finsler spaces. 


Let us consider an v-dimensional space of class C* (7 2 3) in which 
is given a function L(é, &) of 2n independent variables &* and &, 
positively homogeneous of degree one with respect to the variables &*: 


(1.1) L(&, &) = 0; LE, 0&) = lol LEE &), 
and in which the length of an arc &* = &(¢), 4, S ¢ Sy, 1S defined as 
(1.2) ge in Let), EX(t))dt; & = deat. 


Such a space is called a Finsler space} and the function L(é, &) its 
fundamental function. 
A coordinate transformation in a Finsler space is of the form 


(1.3) ge a EK (gr), Oe a Ae OH, 


The fundamental function L(é, é) is assumed to be invariant under 
coordinate transformations. 


Putting 
(1.4) F(Eé, &) Sf 417(é, &), 
(1.5) Bing Wt 8, 8,F(E, 6); 8, tet a/ak, 


we see that g,, is a symmetric covariant tensor and that 
(1.6) L*(E, £) = 84, (E, &)o* &. 


We assume that ¢g,, has the rank » and we use g,, and its inverse g™ 
for the lowering and the raising of indices. The g,, and g™ are called 
the fundamental tensors of the Finsler space. 


1 BINSLER [1]; E. CARTAN [10]. 
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Now we put! 


(1.7) {Ky tet 1G, Br + Buy — Fo8yr)s 
(1.8) Pee ee 

(1.9) Jydef a 1% 

(1.10) Cyan tO Gin = $04, OF (6, 8) 

and 

(1.11) Ve ay us a ae ae GC elee 


The following relations can casily be verified: 


(1.12) ™, = 0, Cay = Corny 
(1.13) C0 Ca 0 Ca 0, 
(1.14) Mm = = TH 

(1.15) 1, HB a: XP = 2. 


Under a coordinate transformation (1.3), the I, TX, C,,, and 


have respectively the following transformation laws: 


(1.16) == AMI + LAR (a, AR) SHR, 
eh) Dy) = ASRS 4 AX (Gp ARE, 
(1.18) Cane = ABE Ca 

and 

ae Mia = AD (Aga My + Oy AB). 


Hence the C,,, is a covariant tensor and the I%, is a linear connexion. 
The covariant differential of a contravariant vector field v*(E, €) is 
defined by 


(1.20) Sux EF du + (IM dé + Cy, *ds4)v* 
where 
(1.21) gme del de 4. Tx de 


oe ee ae eee 





*In E, Cartan [10], the I’, PX and If, introduced here are denoted by G*, G¥ 
and I'X respectively. Cf. Bee [1], SyNGE [1], TAyLor [1]. 
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and the covariant derivatives are given by 
(1.22) V,,v% def ao — Pea + DQ vi, 
(1.23) Vv at a + C3, 

For the covariant derivatives of the direction element &, we find 
(1.24) V2 = 0, Ve = AX. 

We can easily verify that the linear connexion introduced here is 
metric: 
(1.25) ViSin = 9, VL = 0. 


§ 2. The Lie derivative of the fundamental tensor. 
Consider a point transformation 


(2.1) P= PE) 


in a Finsler space. By this point transformation, the direction element 
s* undergoes the transformation 


(2.2) P= (Pe. 


Combining (2.1) and (2.2), we call it an extended point transformation. 
We introduce now a coordinate transformation 


(2.3) Bo = PE), O = (POP 

and define a new tensor ficld which has the components 

(2.4) Bava) Bate, =) 

with respect to the coordinate system (x’) and the components 
(2.5) BarelEs &) = (xf) (Ouf?)Bap'§ ‘S) 


with respect to the coordinate system (x). We call this tensor the deformed 
tensor of the original tensor g,, under the extended point transformation 
('E, ‘&) > (&, &) and 'g,,(é, £) — g,,,(& &) the Lie difference of the tensor 
under the extended point transformation (2.1). 

In the case in which (2.1) is an infinitesimal extended point trans- 
formation: 


(2.6) (Ee M+ (bt, (FH = + (Ave dd, 
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et 


we find 

(2.7) Bru = Bru + (48x) 4 

where 

(2.8) LB = OB + Ge 8, 0)8, Bas + 86, AU" + 8508," 


is called the Lie derivative of the fundamental tensor with respect to 
the infinitesimal extended point transformation (2.6). Since (£g,,)d¢ 


is the difference of two tensors, £g,, is also a tensor. In fact, we can 
put £g,, in the following tensorial form 
(2.9) £2. et QV 02, F Gy V, UC ase: 
The Lie derivative of a general tensor, say 7),,* is constructed in the 
same way: 
(2.10) £T,3% = 0° VT 3% + (v°V,0°V, Ty" 
v 
SD DONO Sek a Ve Sead aa Vine 
From (2.9) we can easily derive the formula 
(2.11) (£4) 8x = Lb a,b,c =1,2,. 


where £ denotes Lie derivative with respect to the vector and £ 
cb 


the Lie derivative with respect to the vector 


(2.12) Le = fu". 
cb be 
If the v* generate an v-parameter group of transformations, we have 
6 
(2.13) LO = CU" 
cb a 


and consequently the equation (2.11) becomes 


(2.14) (LE) Bix = Cop A 8a 


§ 3. Motions in a Finsler space. 
When the extended point transformation (2.3) does not change the 
fundamental function L(é, £) of a Finsler space, that is, when we have 


(3.1) L(‘é, 'é) = L&, é), 
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we call this extended point transformation a motion in a Finsler space. 
Differentiating 


(3.2) F('é,’§) = F€, &) 
twice with respect to &, we find 
(3.3) (,.F°)(A,1°)Ba("Es “S) = BalE, §). 


Because of the homogeneity property of the function I(€, £), the 
equations (3.2) and (3.3) are equivalent. Comparing (2.5) with (3.3), 
we obtain 


THEOREM 3.1. IJ order that (2.1) be a motion in a Frinsler space, 
wt is necessary and sufficient that the point transformation do not deform 
the fundamental tensor. 


Consequently, from (2.7) we get 


THEOREM 3.2. Jn order that an infinitesimal extended point trans- 
formation (2.6) be a motion in a Finsler space, tt 1s necessary and sufficient 
that the Lie derivative of the fundamental tensor with respect to the trans- 
formation vanish. 


The equation 
(3.4) LBrx == 9 


is calied the equation of Killing in a Finsler space. 

Making use of (2.8), (2.11) and (2.14), we can prove theoremis corre- 
sponding to Theorems 2.1, 2.2, 2.3, 2.4, 2.5, 2.6 of Ch. 11 and Theorem 
1.5 of Ch. Iv. 

The motions in a I‘insler space have been studied by Davies,! Knebel- 
man”, B. Laptev, ? Nakac, #4 Sods, > Su® and Wang’ and the groups 
of homothetic transformations in a I*insler space by Hiramatu. 8 

Davies ® and Su?” have studied the motions in a so-called Cartan space. !! 


! DAvIES [5]. 

2 KNEBELMANN [2]. 
313. LApTeEv [1, 2]. 
4 NAKAE [1]. 

5 Sods [1]. 

¢Su [4]. 

7 WANG [1]. 

8 HIRAMATU [3, 4]. 
® Daviss [8, 11, 12). 
10 Su [8]. 

11K, CARTAN [9]. 
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§ 4. Finsler spaces with completely integrable equations of 
Killing. 

We may try to discuss the motions in a Finsler space following the 
arguments used in Ch. Iv, but because of the fact that all the compo- 
nents of geometric objects appearing in a Finsler space are not only 
functions of the coordinates &* but also of the direction element &*, the 
equations which express the integrability conditions of the equations 
of Killing are so complicated that it is almost impossible to discuss them 
in a way analogous to that followed in Ch. Iv. 

Now by quite another method H. C. Wang! succeeded in determining 
the Finsler space with completely integrable equations of Killing. Wang 
proved 


THEOREM 4.1. If an n-dimensional Finsler space, n 44, admits a 
group G, of motions depending on r > \n(n — 1) -++ 1 essential parameters, 
the space 1s a Riemannian space of constant curvature. 


Here follows the proof. Let a I‘-insler space admit a group G, of motions 


(4.1) Eas P(E, 4) = PEN, EB ah, oO") 
depending on 7 essential parameters 7}, ..., 4". With (4.1), we associate 
(4.2) = (Ape! 


The equations (4.1) and (4.2) define again an 7-parameter group. We 
take an arbitrary point P(é*) in the space and we consider all the motions 
0 


leaving invariant the point P. These form the isotropy subgroup G(P) 
at P: 


(4.3) Te: '& = h*(é, 8) = ad (Sen sees Gren ik) 
with the property &* = 4*(é; ¢). The isotropy subgroup G(P) depends 
0 0 


On fy ct ry — n essential parameters if 7 =n. To each motion 7, of G(P), 
corresponds a linear transformation 


(4.4) Ty: ee [ares ©) a 


We know that all the T, form a linear group G(P) and that the two groups 
G(P) and G(P) are isomorphic in the sense of topological groups. Thus the 
group G(P) has the same order 7, = 7 — 7 as G(P). 


1 WANG [1]. 
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Now since the group G, is a group of motions in a Finsler space, 
we have 


EAE AS) Seda ee): 
Putting ‘&* = &* = * and substituting (4.4) in this equation, we find 
(4.5) L2(&, WEP) = Le, &, 
where 
Ax det a, h(E; ). 
If we put 
(4.6) E2(s*) 02 Lee 2"), 


0 
then the equation (4.5) becomes 

L2(nK 5) = L9(5") 
and this shows that the function 1?(&) is an absolute invariant of the 
linear group G(P). Thus we obtain 


Limma 1. Jf a Finsler space admits an r-parameter group G, of 
motions, the function L?(&*) -= L2(&, &) 1s left wmvariant by a linear 


2 0 
isotropy group G(P) at P(E) of order ry >> 7 — n. 
0 


~~ 


Now we shall show that, but for a change of basis, the group G(P) 
consists of orthogonal transformations only. To prove this we need the 
following lemmas: 


LEMMA 2. The set K of vectors & at & satisfying the equations 
0 


(4.6) L?(&*) == ¢?; c? = constant > 0, 
1s bounded. 


Let us denote by N(é) the “norm” V wr ae of the vector & and 
let us consider the values of 12(é) as & varies on the hypersphere S 
defined by N(é) = 1. Since L2(é) > 0 on S, we have 


(4.7) O< ec? < 12/8), eS, 


where « is a positive constant. 
Let now & be any vector satisfying (4.5), then we have, from the 
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a 


ne 





homogeneity property of L2(&), 


c 
2— p2é) = N2Z£)72(- —.—). 
Since the vector &/N(é) eS, (4.7) and (4.8) imply 
Ni s—- 
€ 


Hence K is bounded and Lemma 2 is proved. 


LEMMA 3. If a suitable basis is chosen, all linear transformations 
leaving L2(£) invariant are orthogonal. 


Let H be the sct of motions /* leaving L?(é) invariant, i.e. 
(4.9) L2(hy &) = L?(&). 


Since L2(é) =: 0 if and only if all &* vanish, no matrix of H can be singular. 
‘rom this we can easily verify that H forms a group. 

Now we shall prove that H is compact. For this purpose, we put i 
the equation (4.9), for each a, & == 1 whenever x = A and & = 0 other- 
wise. Then we obtain 


L(A, W, ..., h®) = 120, ...,0, 1,0, ..., 0). 


It follows from Lemma 2 that hj, hi, ..., hj} are bounded. As A is 
arbitrary, H is bounded as well. Moreover the set H is defined by (4.9) 
in which all functions involved are continuous, so that H is a closed 
set in the space of all m-rowed square matrices. Hence the boundedness 
implies the compactness. 

By a well-known theorem of Weyl?!, H leaves invariant a positive 
definite quadratic form #(£), and we can choose a suitable basis such that 


u(é) a >a Et EM, 


Hence the matrices 4} are orthogonal and Lemma 3 is proved. 

Now with the aid of the above lemmas, we can prove Theorem 4.1 
without difficulty. In fact, if a Finsler space admits a group G, of 
motions depending on 7 > 4n(m — 1) + 1 parameters, then by Lemma 
1 the function L?(é) is left invariant by a linear isotropy group G(P) of 
the order 


%yr—n> 4(n — 1)(n — 2). 


1WEYI [1]. 


§ 5 GENERAL AFFINE SPACES OF GEODESICS 185 

Lemma 3 tells us that G(P) is a subgroup of the orthogonal group 
O(n). As there 1s no proper subgroup of O(m) of an order greater than 
i(m — 1)(n — 2) for » + 4,! we conclude that G(P) coincides with O(z). 
Thus the function L?(é) is a scalar invariant of the orthogonal group and 
therefore the L2(£) takes the form 


L2() = h(i). 


From the homogeneity property of L?(é), we have h(a) = ah(u), 
which implies /(w) = cu, c being independent of &. Thus 
L2() == L*(E, £) = c(€) Dry Oe. 
0 0 


Since the &* are arbitrary and 
0 


A, BulE, €) = 40,48,L(E, 4) = 0, 
0 0 
the metric tensor g,, depends only on the position. Thus the space 1s 
Riemannian. Hence by Theorem 8.2 of Ch. Iv, we can conclude that the 
Space is of constant curvature. 


§ 5. General affine spaces of geodesics.’ 


Consider an n-dimensional space in which a system of curves called 
geodesics (or paths) is given by a system of ordinary differential equations 
a ne eee Oe 

(5.1) 7 + IE, 6) = 0; & = We 
where I™%(é, £) are functions of the 2” independent variables & and &, 
homogeneous of degree 2 with respect to &* and ¢ is a scalar parameter 
determined up to an affine transformation. Such a space is called a 
general affine space of geodesics (or paths) and its geometry the general 
affine geometry of geodesics (or paths). 

We assume that the left-hand side of (5.1) is a contravariant vector. 
Then under a coordinate transformation 


(5.2) Gt a ER (E*); OO = ARE 
the functions I*(é, &) are transformed into 
(5.3) T™ = Ax I — (0, AR) ERE, 


1 MONTGOMERY and SAMELSON [1]. 
2 DouGctas [1]. 
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From (5.2) we find BY partial differentiation with respect to &, 


(5.4) % over =A = A}.(8,, AXE", 
where 
(5.5) Pe tat, Tete toP. 


From (5.4), by partial differentiation with respect to £", we obtain 


(5.6) Ty SANs ™ — A wh Oy, Ax” 
or 

(5.7) Mn — AX (Aun, MM + 4, AX), 
whcre 

(5.8) oe tek Ow Es, Bern def 9 me 


Hence the I™,(é, ) are components of a symmetric linear connexion. 
By the homogeneity property of I(é, £), we get 


(5.9) ne ee he =, 
and 
(5.10) ee Se ar 
Thus the equation of the geodesics can be written as 
d2&* dé" dts 
5.11 ---- + [%,  -- ——-=0 
ee de de a 


We now define the covariant differential of & by 
oe teh de 4M dee & 
or by 
(5.12) Sem def dee 4. IM deh, 
and the covariant differential of a contravariant vector v* by 
(5.13) Su% det du + I, dee 


The covariant derivatives of the contravariant vector field v” are 
then given by 


(5.14) V7 ef oo — Peak + ye 
(5.15) V, gone a, v™, 
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For the covariant derivatives of the vector &, we obtain 
(5.16) Ve = 0, V,& = A*. 


Now as generalizations of Ricci identities, we find 


(5.17) (VV, — V,V,)o% = Rijtv — RF V,0%, 
(5.18) (VV, — v,.V,)o% =e Ohara 

(5.19) (VV, — V,V,)o* = 0, 

where 


(5.20) -Ry3* def (a, — Tea, T%) — (a, — Pee, 1%) 


a ry re nie ws 


Fee 


and 


(5.21) dB defo 1% == laa al 


pA - 2° vp 


are curvature tensors of the space. The Bianchi identities for the curva- 
ture tensors take the form 


(5.22) Riya = 9, 
(5.23) V Ryn” ar LC sie © S se ~= 0. 


[eo 


Furthermore, we have the following identities: 


(5.24) VRyj% = 2V,,T; 


Lv ian , 


(5.25) Vo ii* = Viol; 


aay ° 


I'rom (5.24), we get 


(5.26) Vio un” = 9, 

from which 

(5.27) Vig Vu) = 0, 

where 

(5.28) Viy 9S Riya" = — (Ry, — Ry) 


(5.29) Rog 
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§ 6. Lie derivatives in a general affine space of geodesics. 
Consider an extended point transformation 


(6.1) Ba P(E), (= (APE 


in a general affine space of geodesics. 
We introduce a coordinate transformation 





(6.2) ea P = Ks, & a' = EPye 
and define a new linear connexion which has the components 
(6.3) Trew (§, €) S&S Tia, '§) 


with respect to the coordinate system (x’). The components 'I™,(E, §) 
of the new linear connexion with respect to the coordinate system (x) 
are given by 


(6.4) (8,,'5*) (8 "E°)P20(E, ‘5) = (8,’6)'Tia(é, £) — 4,8,'E°. 


Now we call ‘I™,(é, £) the deformed linear connexion of the original 
linear connexion I%,(¢, £) under the transformation (’&, ’&*) — (&, &) 
and 


Tralé, 6) — Tia, §) 


the Lie difference. The Lie difference of a linear connexion is a mixed 
tensor of the valence three. 
When (6.1) is an infinitesimal transformation 


(6.5) (Fae A OM(E)dt, (HM = & + (Av*) Edt, 
we find 

(6.6) mH = M+ AV inde, 

whcre 


(6.7) LV = 80% + val + (,v")0, 
— Tn8v% + 4,08 + Ma 0° 
is the Lie derivative of the linear connexion I, with respect to the 


infinitesimal transformation (6.5). We can put £1, in the following 
tensorial form 


(6.8) £V a = VV, + Rujtv’ + Tyg*V,v". 
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We mention here some important formulae which contain the Lie 
derivatives and which will be useful later on. 


(6.9) ia = vO, u% + (69, v)a, uw — u°O,v* 
= HV + (2°V, v)V,, uw — u°Viv%, 
(6.10) fw, = v*d,w, + (2° 8, v4)8,, wy + w,av° 
; = v' Vw, + (é°V, v*)V,, + w,V,v°, 
(6.11) £Ty% = va, Ty* + (8,048, T,* — 13°, 0% + Ta, 0° 
=v VT * + (PV, v4)V,, Ty" — T,°V,v% + T3*V, 0°, 


where 1, w, and T;* are respectively a contravariant vector, a covariant 
vector and a mixed tensor. 
If we apply the operator £ to &, we find 
v 


(6.12) &* — 0, 


v 


Moreover, applying the operators £V, — V uh and £Y, 25V wh to an 
arbitrary tensor 7,*, we find 7 


(6.13) (£0, — Vuk)" = (LV GTI? — (LETS — (LU Ga) VETS 
and 
(6.14) (LV, a VA)Ts™ = 0 
respectively. On the other hand, we have 
(6.15) WAP eo Vuk oe = Bun" + (LTS) S° Toai* = (£0 ie Poa 
(6.16) VL a = AF yi" 

If for 7 vectors v", a,6,c,... = 1,2,...,r, the Lie derivative with 


b 
respect to v* is denoted by £, we can easily verify 
b b 
(6.17) (LET in = £0 


where £ denotes the Lie derivative with respect to the vector 


cb 
Lu = — Lr". 
eb be 
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I{ y vectors generate an 7-parameter group, we have {v* = Cot 
6 
and (6.17) becomes ° 


(6.18) (LA) Pian = Cov kV ya. 


ce }b 


§ 7. Affine motions in a general affine space of geodesics. ! 
When the point transformation (6.1) transforms every geodesic into 
a geodesic and the affine parameter on it into an affine parameter on 
the deformed geodesic, we call the transformation an affine motion in 
a general affine space of geodesics. 
The condition for the extended point transformation (6.1) to be an 
affine motion is given by 


(7.1) 1°(’E, “) = (8, "IMS, €) — (0,0, "6°)0P 
which is equivalent to 
(7.2) (8,,'E) (0 E)VE("E, “E) = (EAE, 6) — 0,8 'E. 


Thus comparing (6.4) with (7.2), we can state 


THEOREM 7.1. In order that (6.1) be an affine motion in a general 
affine space of geodesics, it 1s necessary and sufficient that the point trans- 
formation do not deform the linear connexion. 


Consequently, from (6.6) we obtain 


THEOREM 7.2. In order that the infinitesimal extended point trans- 
formation (6.5) be an affine motion in a general affine space of geodesics, 
tt is necessary and sufficient that the Lie derivative of the linear connexion 
with respect to the extended point transformation vanish. 


Using the formula (6.13), we can state a theorem corresponding to 
Theorem 4.2 of Ch. 1. 
Making use of the expression (6.7) for the Lic derivative Alo of the 


linear connexion and of the formulae (6.17) and (6.18), we can prove 
theorems corresponding to Theorems 2.1, 2.2, 2.3, 2.4, 2.5, 2.6 of Ch. m1 
and to Theorem 1.3 of Ch. v. 


§ 8. Integrability conditions of the equations £I%, = 


We now consider the integrability conditions of the equations 
(8.1) £ MH = VV + Ryitv’ + Ty3%6 Vv" = 0. 


1 KNEBELMANN [2, 4]. 
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—— ae 


Since the v* are functions of the é* only, we get 
V, v= 0 
hence, taking account of (5.18), we find 
VV = Tyy*v". 
Irom these equations we gct 
(1) V,u% = 0%, (11) V, wu = OQ, 
(8.2) (iii) Vu" = — Ryjte’ — Tht n,”, 
(iv) V2" = Ti,i*2”, 

which constitute a system of partial differential equations with unknown 
functions v* and v,*. We shall study the integrability conditions of 
this system. 

First we can easily verify that the integrability conditions which are 
obtained by substituting (8.2, 1) and (8.2, 11) mn (5.17), (5.18) and (5.19) 
are automatically satisfied because of (8.2, 111), (8.2,1v), the Bianchi 
identity (5.22) and the symmetry of 7);;" in the three lower indices. 


Consequently we have only to consider the integrability conditions 
which are obtained by =e (8.2, 111) and (8.2, iv) into 


(8.3) Vove Vi Vi.) =o eres v,° ar Rein? Us” — kh; eg GAY UA” , 
(8.4) (V.,V,, — VLV,)u" = To"? — To3? 05", 
(8.5) (V,,V,, —- V.V,)0,% == 0. 


But the equation which is obtained from (8.3) is equivalent to the 
cquation obtained from (6.15) by putting AU = = 


(8.6) LR” = 0. 


Similarly the equation which is obtained from (8. zi is equivalent to 
the equation obtained from (6.16) by putting Alo “ye 0: 


(8.7) A yin" = 


Thus the integrability conditions of the system (8.21) are given by 
(8.6), (8.7) and the equations which are obtained from (8.6) and (8.7) 
by successive covariant differentiations with respect to &* and &, the 
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terms V,,v;* and V0; * being eliminated by the use of (8.2, 111) and (8.2, iv). 
We first consider the equations obtained from (8.6) by successive 
covariant differentiations. From (8.6) we obtain 


Vi(LRii*®) = 0, Vil GRii*) = 0. 
But from (5.24), we get 


ViALRY) = LVR”) = AL (Voy T isan®) = Wl LT ian”), 


which shows that V,(£Rj;*) = 0 is automatically satisfied, if the 


equations obtained from (8.7) by successive covariant differentiations 
are satisfied. 
We next consider 


Von Von Ria”) = 0 Vn Vel(E Rui") = 0. 
But from (5.18) applied to Sai" , we find 
Vo (Sui ") = Vo V rE") + Firae (ER ya') 
— Fav? (LR oui") — Pron” (ER vex") — Pan? (Lue), 
which shows that v.. Vi(£Ri") = 0 is automatically satisfied if the 


equations £R),,* = O and the equations obtained from (8.7) by successive 


covariant differentiations are satisfied. 

Kepeating this process, we sce that, as integrability conditions obtained 
from (8.6) by successive covariant differentiations, we have only to 
consider the equations 


(8.8) Voor oo ER”) ==.0, a ee eee 


which can also be written as 
(8.9) (Ver, ++ cogt, Hoya”) = 9, a ad rae 
We now consider the equations which are obtained from (8.7) by 


successive covariant differentiations. But the equation (5.18) applied 
to £T,,," shows that the conditions obtained from (8.7) by applying 


first the covariant differentiations with respect to E* and next the co- 
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variant differentiations with respect to &* are equivalent to the conditions 
obtained from (8.7) by applying the covariant differentiations in the 
reverse way. 

Thus we shall consider first the conditions obtained from (8.7) by 
applying only the covariant differentiations with respect to &: 


(8.10) Veg «++ cogeay (44 waa”) = 9, ea ae 
But by virtue of the homogeneity property of 7));* with respect 


to the &, the s-th equation of (8.10) contains the preceding cquations 
and consequently the equation (8.10) can be written as 


(8.11) Vor, --eogea (6 7 wa") = 0. 
or 
(8.12) L (Vers. cage, Taga”) = 0. 


v 
From (8.12), by successive covariant differentiation with respect to 
E* we obtain 


(8.13) PAV cio ssvietee Vasraivissiy wus be L 2itag x 


Gathering these results, we obtain 


THEOREM 8.1. In order that a general affine space of geodesics admit 
a group of affine motions, tt 1s necessary and sufficient that, for a certain 
value of s, there exist a positive integer N such that the first N sets of the 
equations 


A(V.., +++ @gWy Ryn”) = 0 


v 


(8.14) - 
L (Veg cccnary Voor cog, Pa") = 0; 1¢=0,1,2,... 


be algebraically consistent in v* and v,* and that all their solutions satisfy 
the (N + 1)st set of the equations. If there exist n* +n" — r linearly tn- 
dependent equations in the first N sets, then the space admits an r-parameter 
complete group of affine motions. 


If the system (8.2) of partial differential equations is completely 
integrable, then 


(8.15) £Ri3% = v Vo Ri3* — (V2 )V, Ria® — Run? Vov% 
+ Ri" Viv? + Ri" V0? + Ry Va0* = 0 
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and 
(8.16)  £T35% = v®°V, Tai* — (69, 0°. Ta* — Ta? Vou 

+ Tyii*Vov? + Tig *Vuv® + Tris" Wav? = 0 
must be satisfied identically for any v* and V,,v* and hence we must have 
(8.17) Ryn” = 0, Ty* = 0. 
The equation T,;;* = 0 shows that I, docs not depend on & and the 
equation /t)),;% = 0 shows that the space is locally an E,. Thus we have 


THEOREM 8.2. In order that a general affine space of geodesics admit 
a group of affine motions of the maximum order n* + n, it ts necessary 
and suffictent that the geodesics be given by the equations of the form 
qe dé dé 


ey ae tT RO a a = 


and the space be locally an E,,. 


§ 9. General projective spaces of geodesics. ! 
The equations of geodesics 
ade 


rea mé, €) = 0 





(9.1) 
can be written also in the form 
(9 2) te ( ae 4 r) be ( ge ‘ re) ; 

" \ at Nat —- 

The equation (9.2) is a tensorial equation and does not change its 


form under an arbitrary transformation of the parameter ¢. Next to 
(9.2) we consider another equation of geodesics 


Ex d ge 


Ew 2 px} éxf ‘Te |} _. 
(9-3) e (f+) (+r) a 


and we ask for the necessary and sufficient condition that the equations 
(9.2) and (9.3) define the same system of geodesics. 
Krom (9.2) and (9.3), we find 


coc ee T™) __ Te — re) =) 





1 BERWALD [3]; DouGras [1]; KNEBELMAN [2, 4]; YANO [5]. 
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or 

(9.4) (AP T* — AXT®)% = 0, 
where 

(9.5) fee hse 


are components of a contravariant vector, and are homogeneous functions 
of degree two with respect to &. 

Differentiating (9.4) with respect to é°, contracting with respect to w 
and taking account of the homogeneity property of 7“, we find 


(9.6) T* = pp, 
where 

1 : 
9.7 ly ene OS A 
(9.7) ata 


is a homogeneous scalar function of degree one with respect to &. 
Irom (9.5) and (9.6) we obtain 


(9.8) ‘T= 1% + p&, 


from which, by partial differentiation with respect to &, 


(9.9) Ta = he + Pu d oF pr Ay i Prd”, 
whcre 
(9. 10) Pr i V2, Pur os VVA2- 


Conversely, 1f two lincar connexions are related by an cquation of 
the form (9.8) or (9.9), the equations (9.2) and (9.3) define the same 
system of geodesics. Thus we obtain 


THEOREM 9.1. wo linear connextons ‘ly, and I", give the same 
system of geodesics 1f and only tf they are related by an equation of the 
form (9.9). 


The equation (9.9) gives the so-called projective change of the linear 
connexion I¥,. The study of the properties of geodesics which are in- 
variant under a projective change of I, is called the general projective 
geometry of geodesics. 

It is known that the projective geometry of geodesics can be studied 
as a theory of the space of elements (é, €) with normal projective con- 
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nexion, whose family of geodesics is given by (9.1). The components 
I],,, C,, and II%, of this normal projective connexion with respect to 
a semi-natural frame of reference are given by? 


l 
I, def I1é eC. aT car (nN 1». + Nyy) 


(9.11) a 
a ey | eee 
aes ee ee ae | ae 
rm, det I, — C,, &* 
where 
(9.12)  Nyj* ef (a, IPs — Te, é°8, 1%) — (a, 11%, — Te, é%a, 114) 
+ Ts 1e, — 1, 118, 
(9.13) Nyy = Naya? 


The II,, and II%, are homogeneous functions of degree zero and the 
C,, are homogeneous functions of degree — 1 with respect to &. It is 
easily verified that the C,, are components of a tensor and the II%, are 
components of a linear connexion. Hence the N\* and N,, are homo- 
geneous functions of degree zero with respect to é* and are components 
of tensors. 

If we define the covariant derivatives of a tensor, say 7;* by 


Vy = 9, 73%, 
then by straightforward calculation, we can prove the following formulae: 
(9.15) Ve = 0, V,& = A%, 
(9.16) (VV, — VV Ti" = Mogg" Th? — Nye T 3” — Noga? eV ,T5", 
(9. 17) (VV, 7 V,Vi)T3* = Usue 23 as — OyyPT,* 7 Ovua" ev, 73%, 
(9.18) Vi wo Miu” F IVa © S — = 0, 
(9.19) Vis Nir® = Wry ioyua® — 2 ego’ S° pian” 


1 YANO [5]. Since 
Ny = Ry — PV, Cy, 
ge VulBoa — Ry) = (n+ 1)¢° VoCur 
the equation (7.13) in YANo [5] coincides with the first equation of (9.11). 
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where 
(9.20) Cyan Sf a, I, 
are homogeneous functions of degree — 1 with respect to & and are 


components of a tensor. 
The curvature tensors of the projective connexion are given by 


(9.21) Pry MVM — VuMy + Nig? ee Cay, 

(9.22) Opt OM VC UC s, 

(9.23) P.3% def No * 4. AXM , — AXM, — (M,, — M,,)A%, 
(9.24) Oia" “S OA" — 


= VELA 


Cw Ax = CyA a 


where 


- ! 
(9.28) My, ST, — TE, é°C xy = — = (Wy + Nay) 


is a tensor. The P,,,,, P}j;* and M,, are homogeneous functions of degree 
zero and the Q,,, and Q);;* are homogeneous functions of degrce — 1 
with respect to &. 

Using the relations 


(9.26) Cun = Oe C ae = = Q, a, r° uA = 2C), Uy" e = 0, 


we can easily verify that the projective curvature tensors satisfy the 
relations 


Ons” = 0, Qr*s" = 0, Oni” = Qiu" 
(9.27) Poo’ = 9, Pyx? = 0, Poise? = 0, O3n° =9, Qin? =O, 
Owe’ = 0 


We remark here that the tensor Q;;;* can be written also in the form 
bby a4 1 Sena? 
9.28) ust = 46,8,8| *-——— @ re] 


which shows that the Q;),* is symmetric in the three lower indices. 
Under a projective change (9.9) of I%,, the functions [1,, C,, and I}, 
are transformed into ‘II, ’C,, and ‘II, respectively following the 
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formulae: 

TH =F IT) = O,Pr = Win P. te P,Pr 
(9.29) Co = Cat yuh 

Wi = Wa + bp, 4x + BAG 


and consequently the projective curvature tensors P,,, Qy,,, Pyj,* and 
Q\,3" are transformed as follows: 


Pug Pgh Ps 
(9.30) ‘Qa = Qua — Ona Py 
Pop = Py") “Quan” = Qua 
We derive here some formulae which are useful in the discussions 
which follow. From (9.23), we have 
(9.31) Vi Ps3* = V.Nia* + 4*V. My — AXV My, 
— (V,M,, — V,M,,) A%. 
substituting (9.19), (9.22) and (9.24), we find 
(9.32) 4V,, P wa = Vain + ApPrelun — Qeatvey AX: 


Contracting this equation with respect to x and v and taking account 
of (9.27), we obtain 
] 
(9.33) Va 7 VeQwui® 


from which we see that 

(9.34) yur a Pwr) 

and consequently from (9.32) 

(9.35) BV, Pai” = Viv Ora” + A% Qatar 
If we contract this equation with respect to x and w, then we find — 

(9.36) LV P53? = 0. 


We next substitute (9.23) and (9.24) in (9.18) and take account of 
Q,;*¢" = 0. Then we obtain 


(9.37) Vio? vATA te Af, P vuJA +P [cov] 4X eg [wvio 3 Coun = 0 
by virtue of (9.21). 
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Contracting this equation with respect to x and A and taking account 
of (9.27), we find 


(9.38) P omy = 0 
and consequently (9.37) becomes 
(9.39) V, Ae ee a At, Pun a Piece S 20... = = 0. 


If we contract this equatin wih respect to x and w, then we obtain 
(9.40) Vo Pw? + (m — 2)Pyuy + 2P ing?’ Qean® = 0. 


If, by a suitable projective change, we can transform the equations 
of geodesics into the equations of geodesics in an E,, we say that the 
general projective space of geodesics is prozectively Euclidean. 

A necessary condition for a general projective space to be projectively 
Euclidean is that 


(9.41) Pi” = 0, Qyij*= 0. 


Conversely, if (9.41) holds then, as we can see from (9.28), by a sul- 
table projective change the functions I, become independent of the 
direction element &, and 


My = ~~ 7 Ry + Ry). 


Hence P,;* coincides with the projective curvature tensor of Weyl. 
Thus, for > 2, Pjj;* = 0 implies that the space is projectively Eucli- 
dean. Hence 


THEOREM 9.1. In order that an n-dimensional general projective space 
of geodesics, n > 2, be projectively Euclidean, it ts necessary and sufficient 
that Piij* = 0 and Q));" = 0. 


§ 10. Projective motions in a general projective space of geo- 
desics. 


If a system of equations (9.1) is given, we can construct the functions 
ur == $0,210" and the normal projective connexion II,,, C,, and II}, 
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in such a way that the system of geodesics of the projective connexion 
coincides with the given system of curves given by (9.1). 
If we consider an extended point transformation 


(10.1) (Bm PE), (= (Afye, 


we get the deformed linear connexion ‘I, and from this we can construct 
the deformed normal projective connexion. 

If the original normal projective connexion and the deformed one 
are the same, that is, if there exist functions #, such that we have (9.29), 
we call the transformation a projective motion. Since, for a normal 
projective connexion, the first and the second equation of (9.29) follow 
from the third, we have 


THEOREM 10.1. In order that an extended point transformation (10.1) 
be a projective motion in a general projective space of geodesics, 1t 1s necessary 
and sufficeent that 


(10.2) TS, = I, + p,A¥ + p, 4%. 
Considering an infinitesimal extended point transformation 
(10.3) EX (Ed, a HM A (AvP dt, 
we get 
THEOREM 10.2. Jn order that (10.3) be a projective motion, it ts necessary 
and suffictent that the Lie derivative £11", of II%, have the form 
(10.4) fla = p, AX + Pp At. 


If we eliminate the #, from (10.4), we find 


p p ] 
(105) £1 = 0; 1 = Wa — 5: (Ag + 1, 49). 


Conversely, if we have (10.5), then II, must have the form (10.4). 
Hence ° 


THEOREM 10.3. In order that (10.3) be a projective motion, it 1s necessary 
D 
and sufficient that the Lie derivative of IT, vanish. 


The formulae on Lie derivatives (6.13), (6.14), (6.15) (6.16), (6.17) 
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and (6.18) become in the present case 


(10.6) (LV, — Vh)Ts* = (LM)Ti° — (LE)TS* — (LTP V_TH 


(10.7) (LY, a=W, £)Ts* = 

(10.8) V, £1, — VLU = LNs" + (LUGE Usui" — (LT) U5ir™ 
(10.9) V4 = £03" 

(10.10) (LE), = £0 

(10.11) (LS) = coh Mn 

respectively. - 


From (10.10) and (10.11), we find 


(10.12) LOM = £5, 


(10.13) (LL) Ih, = co LIT. 


Making use of these equations, we can prove Theorems corresponding 
to Theorems 2.1, 2.2, 2.3, 2.4, 2.5, 2.6 of Ch. 11 and to Theorem 1.3 
of Ch. v. 


§ 11. Integrability conditions of All = p, AX + pAt 


In this section, we examine the conditions that 
(11.1) fi, = V,V,0% + OF" eV i0" + Nyj*v’ = p, AX + pA 
v 


admits solutions v* and #,, the v* being functions of &* only and the 4, 
being homogeneous functions of degree zero with respect to &. 
Substituting (11.1) in (10.8), we find 


(11.2) LNW" + ALVA, — ALY, — (Wb. — Vib) Ax 
+ (Onin — Uysi)8?P, = 0, 
from which, by contraction with respect to x and y, 


(11.3) Vi Px = £M,y + Cb P,. 
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Substituting (11.1) mn (10.9), we get 
(11.4) LU 3" — Wd, Ak — Vib, = 0 
from which, by contraction with respect to x and A 
(11.5) Vues = £C a 
Thus we are led to consider the following system of partial differential 
equations 
(i) Viv = uy, (11) Vu = 0, 
(iii) Vo,% = — Uyy* 0,” — Nyitv’ + p, At + PAX, 
(iv) V,,05" = Uj33*v°*, 
(v) Via = fM yy + Cy S Po, (vi) Vib, = AC w 


(11.6) 


with the unknown functions v%, v;* and #,. If the system admits the 
solutions v%, v,;* and #,, the v* do not contain &*, and the #, are homo- 
geneous funtions of degree zero of &, because 


MVD, a MLC a £E* Cys — 


Morcover (11.6, vi) shows that there exists a homogeneous function 
p of degree one of & such that 


(11.7) bp, = Vy. 
Substituting (11.3) in (11.2) and (11.5) in (11.4), we find 
(11.8) BP i” = 
and 
(11.9) £2in" = 0 
respectively. 


Substituting (11.3) and (11.5) in the Ricci formula 
(V,V, — Vaile, = — Und, — Unis? Voby 
we find 
(11.10) Vw£Miy — (V,C)$o, — Cw — VubCu 


eats so Pe fone ax LC 
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On the other hand, applying the formula (10.6) to C,,, we get 
£V.Ca — YLCa = — (LEICA — (LMC — (EME V Co 
from which 


(1 1.1 1) Vi Lou ao L£V,Cw, at Pu On = Py Cy, = Civ Pr =f (V, Cae Pp. 


Taking account of VC wr = Vila and (11.4), we obtain from (11.10) 
and (11.11), 


(11.12) Lun + Ona" Px = 0. 
Applying the formula (10.6) to the tensor M,,, we obtain 
LVM — WhMn = — (LUS,)Ma — (LG) Muy — (61150)5° VMs 
from which 
£Vy My — WVubs + (VoCw)i Pe + Curl? My, 


aaa b,M 7 ’, My a b,M aa b,M,, —_ (V,M,)é°p,. 


Taking the alternating part of this equation with respect to v and pn, 
we find 


£ (V, M pA” Vi. M,) a N uae é V, Pr 
a Pir" Py =n (VM. — VM ag VCus ae ViCw)é?p, 
+ (£M,,)Cy6? — (£M,,)Cyaé? 

or 


L(V Mur — ViMa) + (LN 8 Coa + Nyaa’ 6? £C ea 


= — Py" P, — Vp Mun — Vino + Upinsa? Cade >, 
+ £(N vis? = 2A‘, M ig “i 2M wu ABET C 
or 


(11.13) LP + Pir" Py, = 9 
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by virtue of 
0 = Oran a U nan + AZ,C pjA = Q, 
éC, = 0 and £P,3;* = 0. 


Thus the integrability conditions of the system (11.6) are given by 
(11.8), (11.9), (11.12), (11.13) and the equations obtained from these by 


successive covariant differentiations and by eliminations of V,v, V,0%, 
V2", Viv", Vib, and VA, by the use of (11.6). 
I‘irst we show that the conditions (11.12) and (11.13) are consequences 
of (11.8), (11.9) and their successive covariant derivatives. 
Applying the oprator £ to (9.33), we get 
l ae °) 
LO vua cee ea LV .Q our : 
v n—1 4 
On the other hand, applying the formulae (10.6) to Q)),", we obtain 
LV, Omi? — VoLQwa® = (LUG)Qwa” — (S13) Qaux? 
— (Z1N5,)Qsc° — (LT )Qsno” — (LME)E Ve Our” 
by virtue of V5Qn35° = v, Oru° = 0. 


From the above two equations, we find 


l 
which shows that (11.12) is obtained from (11.9) and its covariant 


derivaties. 
Next, applying the operator £ to (9.40), we find 


LV. Pun? + (0 — DLP yn + ALP aS? own” + 2 pjorS" (LO er") = 0. 
On the other hand, applying the formula (10.6) to P}j;", we obtain 


£V,Prii? — VohPigi? = (@ — 2)\Paui*by — (Ve Pasi )é Ba 
= (n a 2)P vi "Px 
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by virtue of (9.36). from these two equations, we get 
Vi bP wai? + (0 — DLP war + ALPS? Opin’ 

+ Pie? (LQ pun) + (4 — 2)P ia", = 0 
or 


(11.15) (nm — 2)[£P ya + Pui*d,] 
= — Vi £P ii? — ALP 06° Osan” — 2Paia?’S"(LOsun’) = 0, 


which shows that the condition (11.13) 1s obtained from (11.8), (11.9) 
and their covariant derivatives. 

Thus, as integrability conditions of (11.6), we have only to consider 
(11.8), (11.9) and their successive covariant derivatives. 

We first consider the successive covariant derivatives of (11.8) and 
we show that the equation 


(1 1.16) Vio Loa =o O 


obtained from (11.8) by covariant differentiation with respect to & 
does not give a new condition. Indeed, applying the operator £ to (9.35), 
we find . 


(11.17) LV. Piss" = LV rain” + 248 LQ ean 
On the other hand, applying the formula (10.6) to Q),,%, we get 
LY, Qins* — VoLQeui® = (LU%)Quii® — (LUE) ni 
— (ZUG, )@ig* — (LUG) iua* — (LTn)S° Ve Qa 
= ALQ iui? Pe — PvQiun” — Pa Qa” — PuQan™ — Pr Qa” 
— (Vy Qui) SD, 
from which 
(11.18) LV v Qhatuir” = Vi AQ atwin” + Ap, Qian’ Po- 
From (11.17) and (11.18), we obtain 
(11.19) Vy LP aii" = Vy LOsaini” + 2AKLO win + Qpanui” be)» 
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which shows that (11.16) is obtained from (11.9), (11.12) and the co- 
variant derivative of (11.9). Thus (11.16) is obtained from (11.8), (11.9) 
and their covariant derivatives. 
Irom (11.8), we get 
Via (LPiui") = 0. 

We can show by a similar method that the covariant derivative of this 
equation with respect to é° does not give a new condition. Thus from 
the above equation, we get 


V esato, (Are opr ) met 0. 


We can show that the covariant derivative of this equation with 
respect to &® does not give a new condition. 
Repeating this process, we obtain 


(11.20) Vis... ego, Poa” = 0, r= 1,2,.... 


We next consider the successive covariant derivatives of (11.9). The 
equation (9.17) shows that the conditions obtained from (11.9) applying 
first the covariant differentiation with respect to é* and next the covariant 
differentiation with respect to &* and the conditions obtained from 
(11.9) applying the covariant differentiations in the reverse way are 
equivalent. 

Thus we consider first the conditions obtained from (11.9) applying 
successively only the covariant differentiation with respect to &: 


(11.21) Vasuapa Oar = 0: s=1,2,.... 


But by virtuc of the homogeneity property of Q);,* with respect to &*, 
any equation of (11.21) contains the preceding equations, and conse- 
quently, the equation (11.21) can be written as 


(11.22) Viscssinei Ok) 0: (for some s fixed) 


Thus the conditions obtained from (11.9) by successive covariant dif- 
ferentiations are 


(11.23) Vey-ne Vey ounbOni® =O f= 1,2, 00, 


Hence we obtain 
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THEOREM 11.1. In order that a general projective space of geodesics 
admit a group of projective motions, it 1s necessary and sufficient that, 
for a certain value of s, there exist a positive integer N such that the first 
N sets of the equations 


Va eee agar” an 0, 


(11.24) 
Vices mam Vog-+- cog SOwi” a0, Wb 06 152, 3.23 
in which the derivatives of v“, v,* and p, are eliminated by the use of (11.6), 
be algebratcally consistent in v", vi* and p, and that all their solutions 
satisfy the (N + 1)st set of equations. 

If there exist n* + 2n — r linearly independent equations 1n the first 
N sets, the space admits an r-parameter convplete group of projective motions. 

If (11.6) 1s completely integrable, then (11.8) and (11.9) must be 
identities in v“, v,* and #, and consequently we must have Pjjj* = 
and Q)),"% = 0. Hence we obtain 


THEOREM 11.2. In order that an n-dimenstonal general projective 
space of geodesics admit a group of projective motions of the maxinium 
order n® + 2n, 1t 1s necessary and sufficient that the space be projectively 
Euchdean. 


§ 12. Affine spaces of k-spreads. ! 
Consider an u-dimensional space in which a system of &-dimensional 


subspaces & =: &*(7"), h,7,7,... = 1,2, ...,k, is given by a completely 
integrable system of partial differential equations 
(12.1) 0, €% si ble: é) = 0, ee 0,€", 0, can 0/04", 


where the functions I%(&, €) are symmetric in j and 7 and form a so- 
called homogeneous function system? of & with respect to the lower 
indices. This means that they satisfy the generalized Euler relations: 


(12.2) EATS = 8G + 8PM, a = 2/8. 
We assume that the left-hand of (12.1) transforms like a contravariant 


vector with respect to the upper index x under the coordinate transfor- 


1 Douc tas [2]. 
? DouGLas [2]. 
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mation 

(12.3) et EY), A =m ARE 

and like a covariant tensor with respect to the lower indices j and 7 
under the affine parameter transformation 

(12.4) qh = Ayn + B, 


where A” and B” are constants and det(A;) 4 0. 
Now, under the coordinate transformation (12.3), the functions 


ei é) are transformed into 


(12.5) m = AKI — (0, AX) eee, 

from. which 

(12.6) & =: AMOI -- (kh + DARL ARS, 
(12.7) OLLI -- Aew2 a al — k(k + 1)AtX(A0,A¥). 


The last equation shows that the functions 


] ore 
(12.8) pai rae é? oh, 


have the transformation law 


(12.9) 1M, = AML I, — AMA AY) 
Or 
(12,10) Mas AR (ARIS 4+ a, 4%), 


Thus the I, defined by (12.8) are components of a lincar connexion. 
Because of the homogeneity property (12.2) of ™, we have 


(12.11) ae S 
and consequently, the equations of k-spreads are also written as 
(12.12) Oe +28 =0, &€= a 
We define the covariant differential of & by 
(12.13) b= as + deh 
and the covariant differential of a contravariant vector v% by 


(12.14) du* = du* + I, déto*. 


ae ee el 
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Then the covariant derivatives of v* are given by 


(12.18) Vor = ao" — Te, edtor + PA 
(12.16) V2 _— Ci 


For the covariant derivatives of &, we have 


(12.17) Vier S10 Nee Ae 


he 


Now, as generalizations of the Ricci identities, we find 


(12.18) (VV, — VV o* = Rite — Rye er Vie, 
(12.19) (VIV, — ViVi = THe, 
(12.20) (VEV? — VV ue == 0, 
where 
(12.21) Ryy* = (0,P%, — Pe,é72hI%) — (0, 1% — 12, é7a5 1%) 
a ee Poa “< ee er 
(12.22) TE 5* = OFM, 


are curvature tensors of the space of k-spreads. The Bianchi identities 
for the curvature tensors take the form 

(12.23) Raw = 9, 

(12.24) Vio Ruan + Ranges? Ten” = 0. 


VLA 


Moreover, we have the following identities 


(12.25) Vi Rua” = Wy Tiger” — 2 oe’ Tou” 
(12.26) Vite Pay 
From (12.25) we have 
(12.27) | VR =O, 
from which 
(12.28) Vib Viy) = 0. 


The Lie derivatives in an affine space of k-spreads with respect to 
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an infinitesimal extended point transformation 
(12.29) eA EA A yt(E)dt, (= & + (au) Edt 


are defined in exactly the same way as was used in § 6. 
The Lie derivatives of a contravariant vector 1, a covariant vector 
w, and a mixed tensor 7;* are respectively given by 


(12.30) Lit = Vt + (EV ot) Vit — 000%, 
(12.31) fiw, = Vw, + (22V, v4) Vie, + w, V,,v*, 
(12.32) £1,% - v8 V, 1% + (VW * — TeV ,0% + T5200". 


We verify easily that 


(12.33) Le = 0. 


As to the Lie derivative of the linear connexion we find 
iS wee wast vey PM By fe e\ ae x 
(12.34) AM, un Cyt -b vv eI al SO, v )ar Pn 
ae ‘oe 7) x NX 7 ?) ea ab’ A?) 
0, 0pU + orev f Pie. 
and 


(12.35) LV, -- V,Sae b Ree" bE Thee Ve". 


v 


We can also verify the following identities: 
(12.36) (£04 — Vuh) Ta* = (LUEITLS — (LUE)T* — (LPR) VS TH, 
(12.37) (LV, ~ Vu L)IR* = 0, 


(12.38) VLE) — Vul6Pa) = £Rua* + (£00) $7 Toya” 


v 


— (LE a) ss T pe “ ’ 


(12.39) VAP) = £0" 
(12.40) (£4) A = AU 


(12.41) (£4) Po = Cov hl a. 
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The last equation holds if v* generate an r-parameter group with 
structural constants c°%,. : 

Now, if the extended point transformation (12.29) changes every 
k-spread into a k-spread and every set of affine parameters on a k- 
spread into a set of affine parameters of the deformed ’-spread, then the 
transformation is called an affine motion in the affine space of k-spreads. 

As in § 6, we can state 


THEOREM 12.1. Jn order that (12.29) be an affine motion in an affine 
space of k-spreads, it is necessary and sufficient that the Lie derivative of 
the linear connexion with respect to (12.29) vanish. 


The remarks following Theorem 7.2 hold also for affine motions in an 
uffine space of k-spreads. ! 
Examining the integrability conditions of £1, = 0, we get a theorem 
v 


corresponding to Theorem 8.1, the cquation (8.14) being replaced by 


A(V., WoW, Ry”) = 0, 


Uv 


; = lo lp pre wy 
L(V x, > Mgt, ae oe gen ) == 0, 


v 


(12.42) 


A theorem corresponding to Theorem 8.2 1s also valid, if we replace 
(8.18) by 


czes = cee rah 

(12.43) . Eee) im 
¢ df 2 pA 44 J é 2 
Cf CN, Of’ =f 


§ 13. Projective spaces of k-spreads. 

Let us consider an n-dimensional space of A-spreads referred to a 
coordinate system (x), the A-spreads being given by a completely inte- 
grable system of partial differential equations 


(13.1) ag + 1% (6,8) =0, # = oe 


If the functions [™%(é, £) are such that (13.1) is completely integrable, 
then a system of k-spreads is uniquely determined. But, when a system 
of k-spreads is given, a system of the functions [%,(é, é) is not uniquely 
determined. J Douglas? has shown that if ‘T%4(é,é) and I™%(&, &) give 
the same system of k-spreads, then they should be related by the equa- 


1 Theorem 4.2 of Ch. 1 in an affine space of k-spreads was proved by Sv [3] 
2 DouGLas [2]. 
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tions of the form 


(13.2) TH = M+ Pe 
and consequently ‘Il, and Ty, by 
(13.3) Tha = a = i pyAx te PAL “- Pur brs 
where 
1 1 et 
13.4 Ss ed a? ioe h a ee —-— @ at . 
( ) aN k(k ae 1) Pin Pur R(R ate 1) [2 Pn 


The equations (13.2) and (13.3) give the so-called projective change 
of IY, and I, respectively. The study of the properties of the spaces of 
k-spreads which are invariant under a projective change of I, is called 
the projective geometry of k-spreads. 

It is known! that the projective geometry of k-spreads is equivalent 
to the theory of the space of elements (&, &) with a normal projective 
connexion whose family of k-dimensional geodesic subspaces is given 
by (13.1). The components II,,, Cj, and 1%, of this normal projective 
connexion referred to a semi-natural frame of reference are given bv 


_ ! ek 
I[ . I[° Co re pres 7 (V9 +. Nou) 


pA poe 
(13.5) Cc én ' ge pe 
; er ae 5 eee eee cae eae 
es gg fee a SE 
x x Pr \p a Xo ot Ne “y 
eae ere hae er ee A 
where 


(13.6) Ny * = (6, 1%, — 1g, é7at i) — (6,14, — Te, eee 1s 


re) 
+ TST, — Ug, 


y _. AT-: @ 
(13.7) Ny = Noa’. 

The II, and 1%, are homogeneous functions of degree zero and Ci, 
is a homogeneous function system with respect to £%. It is easily verified 
that the C,,, are components of a tensor and that the II7, are components 
of a linear connexion. 








1 'YANO and Hiramatv [2]. 
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We define the covariant derivatives of a tensor, say T,*, by 
V2," = 6,73* — Ie, se T; Paral. — WAT" 
vi j eae oe ee 


(13.8) ee 


The curvature tensors of the normal projective connexion are given by 


(13.9) Pyy SEV May — Vi Wa + Ny BCH, 
(13.10) Qvur def v! Mi ~ VLG vA ~- sia go ar 


(Sat Pee ee a I) gt OAT es (Me NT AS 
(13.12) = Ox def 08 — Ch de — CAS, 


— 


where 
l 
(13.13) A, “TL, — TE SCR, = — a naer (2N 1 + 3.) 
and 
(13.14) Uae cn 


are both tensors. 

Theorem 9.1 holds also in a projective space of A-spreads. 

The projective motions in a projective space of k-spreads are defined 
in exactly the same way as used in § 10, and all the theorems in § 10 
hold also in a projective space of k-spreads. The discussions on the 
integrability conditions of £1M, = p,AX + p,A% can also be carried 

v 


out as in § 11 and Theorems 11.1 and 11.2 hold also in a projective space 
of k-spreads provided that the equations (11.24) are replaced by! 


Vu, — af 20 si” FF pp) = > 0, 


(13.15) - 
ane T_T V2 . aye (KOwd =) = 0 ’, f= 0, I, 2, ae 


oe 





1Yano and Hrramatu [93]. 


CHAPTER IX 


LIE DERIVATIVES IN A COMPACT ORIENTABLE 
RIEMANNIAN SPACE 


§ 1. Theorem of Green. 

Let us consider an n-dimensional space of class C" (vy = 1) which is 
covered by a system of coordinate neighbourhoods (x). If, from any 
covering of the space by a set of coordinate neighbourhoods we can choose 
a covering by a set of finite numbers of coordinate neighbourhoods, the 
space is said to be compact. If we can find a covering of the space by 
a set of coordinate neighbourhoods such that, in the overlapping domain 
of any two coordinate neighbourhoods U' with (x) and U’ with (x’), we 
have always 
(1.1) A - = det(A*%) > 0, 
the space is said to be ortentable. 

In this chapter, we consider an #-dimensional compact orientable 
Riemannian space of class C3 with positive definite metric ds* = g,,.(é)dé*d&. 

We state first the following theorem of Green: 


THEOREM 1.1.! Ja @ compact orientable V,, we have 


(1.2) | Velde == 0, 
for an arbitrary vector field v*, where 
(1.3) dz tt Vy dtidt? ... dE" > 0 


is the volume element of the space. 
Take a scalar / and consider 
(1.4) Af def gv Vif. 
Since this is also written as 
(1.5) Af = V, ("Vi /), 


1 For the proof, see for instance BOCHNER [1]; YANo and BocHNER [1]. 
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applying Theorem 1.1, we get 


THEOREM 1.2. In a compact onentable V,,, we have 
1.6 A fdt = 0. 
0 jot 


Now consider the square of f and apply the operator A to it, then we 
obtain 


(1.7) Af? = 2fAf + 2g(VUA)(VaA), 
and consequently applying Theorem 1.2 to f?, we obtain 
(1.8) [UAT + BW, AIV,A]ds = 0. 


Hence, if we have Af = O everywhere in the V,, then as we see from 
Theorem 1.2, we must have Af = 0. Substituting this in (1.8), we find 


g’(VA)(Vat) = 0, 
from which 
Vif = O, 


that is, f must be a constant. Thus we have 


THEOREM 1.3. If, in a compact orientable V,, we have Af > 0 every- 
where, then Af = 0 and f ts a constant. 


§ 2. Harmonic tensors. 


For an arbitrary alternating tensor field w,.. ,,, the rotation and the 
divergence are respectively defined by! 


pes w: (P+ 1)Vyw,,. ag 


2.1 
Ga Div w: V,,wiro-ne 


If w is an alternating tensor of valence , Rot w is alternating and 
of valence + 1 and Div w is also alternating and of valence p — 1. 

For two alternating tensors 7 and v of the same valence #, we define 
the global inner product (u,v) by 


(2.2) (u,v) = [.. yg ver de. 


Since the metric is positive definite, we have always (w#, «#) =O, and 
the equality holds if and only if m4, = 0. 


1 SCHOUTEN [8], p. 83. 
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Now take two alternating tensors u,..,, of valence and U4... 
of valence # + 1 and consider the vector 


[LA oeehy 
My... 0 


Applying Theorem 1.1 to this vector, we obtain 


qth» eo dt 


0 == Vi(%>,, sath: 


Vn : 
y ees Ke en k 
- i 1 (outlay. agen Md + | 1 MageoengV or), 
n n 


that is 
(2.3) (Rot #, v) + (fp + 1)(u, Div v) = 0. 
An alternating tensor w,|_.,, 1s called a harmonic tensor if it satisfies 
(2.4) Rot w= 0, Divw = 0. 
It is evident that, for a harmonic tensor w, we have 
(2.5) Aw ** Div Rot w -+ Rot Div w = 0. 


Conversely, take an alternating tensor w,...,, which satisfies (2.5). 
Putting ==: w, v == Rot w in (2.3), we obtain 


(2.6) (Rot w, Rot w) + (p + 1)(w, Div Rot w) = 0. 
Putting next «= Div w, v = w in (2.3), we get 
(2.7) (Rot Div w, w) + A(Div w, Div w) = 0. 
From (2.6) and (2.7), we find 
0 == (w, Div Rot w + Rot Div w) 
l 
as 


= (Rot w, Rot w) — p(Div w, Div wv), 
from which 
Rot w = 0, Divw = 0. 


THEOREM 2.1.1 In order that an alternating tensor w,,..,, na V, 
be harmonic, 1t 1s necessary and sufficient that 


Aw = Div Rot w + Rot Div w = 0. 


1 DE RHAM and Kopairra [1]. 
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By a straightforward calculation, we find! 
(2.8) Ay ory can ae Vir. edy a Kix; Mois cee Ay] 
—_ 3(p ae Apa lepip-2---dal 


Now suppose that an alternating tensor w,,...,, is harmonic and is 


equal to a rotation of another alternating tensor i | ....,! 


w = Rot w. 
Then we have, by the definition of a harmonic tensor, 


Kot Rot «= 0, Div Rot u = 0. 


Putting v = Rot 4 in (2.3), we have 
(Rot aw, Rot mw) + (4, Div Rot w) = 0, 
from which 
Rot a = 0, 
Thus we have 
THEOREM 2.2. A harmonic tensor which ts the rotation of an alternating 


tensor 1s identically zero. 


§ 3. Lie derivative of a harmonic tensor. 


Suppose that the V,, admits a one-parameter group of motions gene- 
rated by an infinitesimal transformation 


(3.1) EX a= &* 4 (Edi, 
then we have £g,, = 0 and the operators V, and £ are commutative. 


Suppose furthermore that there exists in the V, a harmonic tensor 
Wye dp then we have 


Vi Pry.) = 0, BU Ve aed 


BA p_3 eee 


from which 


Vin erg. = 0, g”V, Ary yooh = 0, 


which show that the Lie derivative £w,_..., of a harmonic tensor w,_..., 
> p 1 D 1 


1 SCHOUTEN [6] p. 109. (1a) 
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is also harmonic. But on the other hand we have 

LW a4 = UEV Wy 24 + Wy ro yey VapU™ eerie ee Wh. don Vay 2” 

v 
sy UP (Va Murdo oy Sees eae Vn rp «++ Agut) 
a Wyn perdy Van” Ae tare: A Wy ...rgun Vay Um 


= PVp, (O° Mp, 1 ial , 


that is, 


eae ie 
AW ay...24 = Rot v Ene ee 


Thus according to Theorem 2.2, we have 
£4, 04 = 0. 
v 


THEOREM 3.1.1 If @ compact orientable V, admits an infinitesimal 
motion, the Lie derivative of a harmonic tensor with respect to this motion 
vanishes identically. 


Suppose that w, is a harmonic vector and v” is a Killing vector, then, 
by the above theorem, we have 


O= fw, = vV, wv, + w,V,v" 
=: UV, w, + w,V, 0" 
= V,(w, 2"), 
from which we get 


THEOREM 3.2.2 In a@ compact orientable V,, the inner product of a 
harmonic vector and a Killing vector 1s constant. 


§ 4. Motions in a compact orientable /,. 


Take an arbitrary vector field v* and calculate the divergence of 
A Ke 
uV,v": 


Vi (Vav") = (V,v")(V,v") + v*V, V, 04 
= (V,v")(V, 04) + (V, V0" + Kin o%) 
= (V*v’)(V,0,) + vV, V0" + Ky, 00%, 


{Yano [18]; YANo and Bocuner [1]. 
2 BOCHNER [4]; YANO and BocHNER [1]. 
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where V" = gV,. On the other hand, calculate the divergence of vV,v"; 
V,(v*V,, v4) = (V,v4)(V, v4) + oA V, Vo, 
From these two equations, we get 
V,.(v'V, 0") — V,(v*V, 04) = (V4v)(V,0,) — (V,0")(V,07) + Kyoto’. 
Since 
| 1, (ul Va2%) — Va(AV,24)]d2 = 0, 
we have 
(4.1) | 1, UV(V,.2,) — (Vr) (Vat?) + Ky orv]dr = 0. 
Now suppose that a vector ficld v* generates a one-parameter group 


of motions in a V,, then we have 


Leur — Viiv ++ Vay = 0, V,v* = 0. 


Substituting these equations in (4.1), we find 
Sv A(V* 0") (V2) a Kv" v"]dt =—=.0; 


Thus, if the Ricci tensor K,, is negative semi-definite everywhere 
in the V,, we must have 


V2 — 0, K,,v"v* = 0, 


that is, the vector v* must be a covariant constant field. 
If the Ricci tensor K,, is negative definite everywhere in the V,, we 
must have v* = 0. Thus we have 


THEOREM 4.1.! In a compact onientable V,, whose Ricct tensor 1s 
negative semi-definite, vector a generating a one-parameter group of motions 
is a covariant constant field. In a V,, whose Ricct tensor ts negative 
definite, there does not exist a continuous group of motions. 


Suppose that a V,, with K,, = 0 admits a transitive group of motions, 
then by Theorem 4.1 all the vectors generating the transitive group of 
motions are covariant constant. This means that the V, admits more 
than » linearly independent covariant constant vector fields. Thus the 
V,, 1s locally Euclidean. 


1 BOCHNER [2]; YANO and BocuHNeER [1]. 
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THEOREM 4.2.1 A compact orientable V, with K,, = 0 admutiing a 
transitive group of motions 1s locally Euclidean. 


Suppose next that a vector v* generates a one-parameter group of 
conformal motions, then we have 


Leu. = Via ze ViUy =: 2b8 ur) Vv" == ng. 


Substituting these equations in (4.1), we find 
Sy, {(V*v")(V,,v,) + n(n — 2)6? — K,,v"v*]dt = 0. 
Thus, if the Ricci tensor K,, is negative semi-definite, we must have 
V2 =0,¢=0, K,,v*v* = 0, 


that is the vector field v, must be covariant constant. 
If the Ricci tensor K,, is negative definite, we must have v* = 0. 
Thus we have 


THEOREM 4.3.2 In a compact ortentable V, whose Ricci tensor is 
negative semi-definite, a vector generating a one-parameter group of con- 
formal motions is a covariant constant field. In a compact orientable V,, 
whose Ricci tensor is negative definite, there does not exist a one-parameter 
group of conformal motions. 


Now consider an arbitrary vector field v* and form 


4A(v,v") = } gur V,, V,(u,,0") = 2, giv V,,V,u"% + (V* v*) (V,, v,). 


Since 
: A (v,,v")dt = 0, 
we get 
(4.2) | eV. Vie + (VAv)(V,.0,)lde = 0. 


Adding the equations (4.1) and (4.2), we obtain 
4.3) [ [ay(gV, Var + Kj" 
+ 2(V%v) (V0) — (V,0")(Va0")]dr = 0. 


Now suppose that a vector v* generates a one-parameter group of 








1 LICHNEROWICZ [1]. 
2 YANO [18]; YANO and BocHNER [1]. 
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motions in a V,, then from 

£8 un = Vv + Vv, = 0, 

Lbs} = VaVaot + Kigi0” = 0, 
we find 
(4.4) gh\V_V,u% + Kj*v" = 0, Vv" = 0. 


Conversely, suppose that a vector field v* in a V, satisfies (4.4). Then 
substituting (4.4) in (4.3), we find 


| (WH) (Vy ry))dt = 0, 


from which 
£Euar ran 2V Yr) = 0, 


that is, the vector v* generates a one-parameter group of motions. 
Thus we have 


THEOREM 4.4.1 In order that a vector v* generate a one-parameter 
group of motions 1n a compact orientable V ,, it is necessary and sufficient 
that v“ satisfy (4.4). 


§ 5. Affine motions in a compact orientable V,,. 


Suppose that a V, admits a one-parameter group of affine motions 
generated by a vector field v*: 


(5.1) Lio} = V,V.0% + Kyn%v” = 0, 
from which 

(5.2) g™\V_V,u% + K;*v = 0, 
and 

(5.3) V,.V,0" = 0, 


From (5.3), we see that V,v* is a constant. But we have on the other 
hand 


i V,v'dr = 0, 
Va 


1 Yano [18]; YANo and BocHner [1]. 
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which shows that 
(5.4) Vi, v = 0, 


Thus from the equations (5.2) and (5.4), we obtain, on account of 
Theorem 4.4, 


THEOREM 5.1.1 A one-parameter group of aE motions in a compact 
orientable V,, 1s a@ group of motions. 


§ 6. Symmetric /,. 

A V,, symmetric in the sense of Cartan? is characterized by the 
equation 
(6.1) V., Kyi” = 0. 


Irom this equation, we get 


2V,.Ve) Ki; 


| a 


a (), 
and consequently, for a symmetric space, we have 


(6.2) Tecan x def K fae ae = K.,° K; -.X 


PLLA 


TEL ver 


Ks 0 hoes aoe 0. 


TOA yuo 


On the other hand, we have from (6.1) 
(6.3) V.,Ky, = 0. 


Thus, for a symmetric V,, we have (6.2) and (6.3). We shall prove the 
converse of this: 

THEOREM 6.1.3 Al compact orientable V, satisfying (6.2) and (6.3) 
ws symmetric in the sense of FE. Cartan. 


Using the identities 


yas =K AxviL? 
Vie Kyun =a 0, 
2V x Veo} K:: *— Ff *+*-% 


wih TOVLA ? 





1 ‘Yano [18]; YANO and Bocuner [1]. 
2 CARTAN [1, 2, 6, 8, 11]. 
§ LICHNEROWICZ [1]. 
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we get a general formula 
(6.4) 4$A(Ky),k™™) 


= 4(V, V, K, Kem =a oH: Te Fe vithx at (V.., K (Vo Awe), 


aun VLAX 


Consequently, if we assume (6.2) and (6.3), we have 


3 A (A. VLA K ) pas (V., K ide) (ve Ken : 


which is positive definite. Thus by Theorem 1.3, we conclude 


V, Kuo, = 0, 


VELA 


which proves Theorem 6.1. 


§ 7. Isotropy groups and holonomy groups. 
We know that a symmetric V,, admits a transitive group G of motions 


and that the linear isotropy group G (P) at a point P contains the homo- 
geneous holonomy group o(P) at P of the space as a subgroup. 
Conversely, we assume that an irreducible V,,1 admits a transitive 
group G of motions and that the linear isotropy group G (P) at P contains 
the homogencous holonomy group o(P) at P of the space as a subgroup 
for every point of the space. 
Denoting by £ the infinitesimal operator corresponding to one of the 


generators of the group G(P), we obtain 
(7.1) LK” = — Kye Viu%+ Kot Vu? + Ky V,, 0° 
+ Kyi." V,v° = 0. 


But we assumed that G(P) contains o(P) and the %-domain of Kj);* 
is contained in the ¥-domain of V,v* formed from all generators v”* of 


the group G(P). Thus from (7.1) we get 
(7.2) Ae ovua” = 0. 


On the other hand, from (7.1), we find 
(7.3) fk = = 
But we have assumed that a(P) is irreducible and consequently G(P) 


1 When the holonomy group o of a V,, is irreducible, the space V, is said to be 
irreducible. 
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is also irreducible. Thus we get from (7.3) 


Ky, = * Sux 
from which 
(7.4) V, Kya = 0. 
The equations (6.4), (7.2) and (7.4) show that 
(7.5) BA (Ky KO) = (Vin Kyun.) (VOR), 


The group G of motions is transitive and consequently from 


L(Kyur, KY) = 0, 


a 
we can conclude that 


K..,, K** — constant 


VILA 
hence 


(7.6) A (Ky 5, K™™) = 0. 


VILAK 
Krom (7.5) and (7.6) we get 
(7.7) Vn Kyuay = 0 

which proves the following theorem. 


THEOREM 7.1.1 If an irreducible V,, (not necessarily compact and 
orientable) admuts a transitive group of motions whose linear isotropy group 
at any point contains the homogeneous holonomy group at that point, the V,, 
ts symmetric in the sense of E. Cartan. 








1 Nomizu [4, 6}. 


CHAPTER X 
LIE DERIVATIVES IN AN ALMOST COMPLEX SPACE 


§ 1. Almost complex spaces. 
Consider a 2n-dimensional real space X,,, covered by a set of neighbour- 


hoods with real coordinates (7%, G*); *,A,u,... == 1,2,...,”. The 
complex numbers 
(1.1) Ey 4 iC, B= — it 

Ky hy fy cee 2 Ty Sy ce ey ft, 


can be regarded as complex coordinates of a point in the .X,,, whose real 
coordinates are (7*, ¢*). If it is possible to chuose a set of coordinate 
neighbourhoods in such a way that, in the domain of intersection of 
two coordinate neighbourhoods U(n", C) and U(n", 0), we have 


(1.2) ee pe), BF = PRY, det (< -) +0 


where f* are complex conjugate functions of f, we say that the space 
admits a complex analytic structure or simply a complex structure and we 
call such a space an #-dimensional complex space. Since (1.2) can be 
written as 


(1.3) a = B(n, 0), OF = (xn, 2), 

and since the functions g* and h* are real analytic, a complex space is 
of class C®. If we write (1.2) as 

(1.4) g* = f* (5%), 


a, (,y,... =1,2,...,N,1,2,...,%, 


then the Jacobian A of the transformation is given by 


as = aet(%) aot (FE) > 0 
og" og” 


where the bar denotes the complex conjugate. Thus the Jacobian of 


225 
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(1.3) is also positive and consequently a complex space is orientable. 
A mixed tensor of valence 2, is defined as a geometric object which 


has (2n)? components T,* in every complex coordinate system (é*, EX) 
and whose transformation law under a coordinate transformation (1.4) is 


( l 6) Ty" — A ae Ty”. 


In a complex space, there exists a mixed tensor field Fy," which has the 
numerical components 


(1.7) Fy* = 4+ 18, Fe% = 0, Fy* =0, Fe" = — idf 
in all complex coordinate systems and which satisfies 
(1.8) PPPs = AS 
In such a space, the differential equations 
(1.9) (a) $(Aj — iFg2)dé* = 0, (b) 4(Ag + iF ,%)dé* = 0 


are both completely integrable. In fact, (a) admits the solutions & = 


const. and (b) admits the solution & = const. 
When, in a 2n-dimensional real space X,, of class C’(r = 2), there is 
given a mixed tensor field f;”; h,i,7,... = 1,2,...,2n, satisfying 


(1.10) F;'F;* = — Al, 


we say that the space admits an almost complex structure and we call 
such a space an almost complex space.1 In such a space, we can choose 
at each point 2” linearly independent vectors 

eh, F,*et, eb F tet, ..., et, Fret. 

1 1 2 2 n n 

Since the corresponding orientation of the space depends only on the 
tensor F;”, an almost complex structure determines a unique orientation 
of the space. 

If there exists a complex coordinate system with respect to which 
the tensor /*;* has the components (1.7), then, in a domain in which 
two such coordinate systems &* and &* are valid, we have 
ag® 


o&* ; 
E F:2 = — F,%, 


(1.11) see Fi® = Sp 


1 EHRESMANN ([2]. 
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from which it follows that £ are functions of &*’ only and £ are functions 


of é* only. Thus the space is a complex space. In this case, we say that 
the almost complex structure is induced by a complex structure. 

If an almost complex structure F;” is induced by a complex structure, 
then, in a complex coordinate system, we have 


Nyg* 2S Wy (Oye Fat — 8g Fe") = 0. 
Since N.,* is a tensor, we have! 
(1.12) N;,” = 2Fj'(0. Fj) — eq Fi*) = 0 


with respect to an arbitrary coordinate system (A). 
Conversely, suppose that an almost complex structure F;” of class C® 
satisfies (1.12). Then the differential equations 


(1.13) (a) Brag = 0, (b) Cid& = 0 

are both completely integrable, where 

(1.14) Bh et 4A — GF |»), ChE YAP + iF, 

and consequently 

(1.15) Ab— Bich, F,* = i(Bh—c). 
Indeed, the integrability conditions of (a) and (b) are identically 

y 

satisfied : 

(1.16) C, Cr 8B = a(Nj" — WN, Fi") = 0, 
(b) BBA, Ch =1(N,.* + iN, Fj") = 0. 


Denoting the solutions of (1.13a) and (1.13b) by &* = &(&') = const. 
and & = EX’ (Et) = const. respectively, we get 


o&* cé oe" okt 
(1.17) i A 7 de 
age cee’ OF oe 


which shows that F;” has the components (1.7) with respect to the 





— ee 


1 The tensor N>;* was found by NiJENHUIs [1] for a more general case. We call 
Nj; defined here the Nijenhuis tensor of F;*. Cf. Schouten [8], p. 248. It is also 
called the torsion tensor but we prefer to use this expression for the tensor 


5,;° == ria of the connexion te 
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coordinate system (é, &*). Thas we have ! 


Tueorem 1.1. If an almost complex structure F;" of class Ct (r = 2) 
is induced by a complex structure, we have N;,” == 0. Conversely, if an 
almost complex structure F;” of class C® satisfies N;j;*" =, then it is 
induced by a complex structure. 


The Nijenhuis tensor satisfies the following identities: 
(1.18) Ne = 0 N70 
(1.19) Nj, Fj! = — Ny! F," = — Nip F;'? 
a) Nii’ + Fy Fi" Ni” = 0, 
(1.20) 
b) Nj* — Fj FN * = 0. 


An almost complex structure which need not be of class C® is called 
a pseudo-complex structure if Nj;" = 0. A space with a pseudo-complex 
structure is called a psenudo-complex space. 


§ 2. Linear connexions in an almost complex space. 
It is always possible to introduce in an almost complex manifold a 


 f 
linear connexion I“, such that V,F;" = 0. If I. is an arbitrary symmetric 
connexion and 


2 
(2.1) Teer Vy 


jv) 


we have 
h . h h l h 
° bees _ ee x. ™m ° ee . 


from which 


* 
AVL )F i" = — 37" — aT FY = — 8 (APAT + OB MF; )T jn. 


The operators 


Or i d(ATA? — Fi ™F;"), 
(2.2) : 
OR ME MATAR + Fi" Fi" 


1 ECKMANN and FROLICHER [1]; CALABI and SPENCER [1]; YANo [22]. 
2 ECKMANN [1], 2]. 
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— 


are idempotent but not reversible and from this it follows that there are 
more solutions and that 


c 
(2.3) Tj," = — AVF; Fi" 


is one of them. A tensor is called pure (hybrid) in two indices if it is 


* 
annihilated by transvection of O(O) on these indices. So N;;" is pure 
in j, 2 and hybrid in ?. 

To this solution every term can be added that is made zero by the 
** * % 
operator O, for instance, + 4(V, Fj) F;" — (VF i )F;'. Then we get 
the solution 


*« 


* 
(2.4) T= — AVE — AV Fy Pe 


On the other hand, the Nijenhuis tensor N;;" can be written also in 
the form 


(2.5) N;," oS 2F (Vinay oo Vii") 
+ 2(S;% — FB Sy? + FF Si* — FFE Si;"), 


where V, denotes the covariant differentiation with respect to an arbi- 
trary linear connexion I"), and S;;" its torsion tensor. 
Thus, if the space is pseudo-complex and if we introduce a linear 


connexion such that V,/‘;* = 0, then the torsion tensor satisfies 
(26) SRP RY Sy aed PS) =F FS 0. 


Conversely, if we can introduce, in an almost complex space, a linear 
connexion such that V,F;” = 0 and (2.6) holds, then the space is pseudo- 
complex. Thus we have ? 


THEOREM 2.1. In order that an almost complex space be a pseudo- 
complex space, 1t 1s necessary and sufficient that we can introduce in tt a 
linear connexion such that V,F;" = 0 and that (2.6) holds. 


Furthermore, if the space is pseudo-complex, we can introduce a 


1 ECKMANN [1]; FROLICHER [1]. 
2Yano and Moai [2]. 
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symmetric linear connexion such that V,F;* =0, because the linear 


oe 
connexion P* = [%, + 7;;” given by (2.4) satisfies 
(2.7) Sj" = — 3N;," = 0. 


Conversely, if we can introduce, in an almost complex space, a sym- 
metric linear connexion such that V,F;* = 0, then N;;" = 0, and the 
Space is pseudo-complex. Thus we get! 


THEOREM 2.2. In order that an almost complex space be a pseudo- 
complex space, it 1s necessary and sufficient that we can introduce in tt 
a symmetric linear connexion such that V,F;" = 0. 


§ 3. Almost complex metric spaces. 


If an almost (pseudo-) complex space has a positive definite Rieman- 
nian metric ds? = g,d¢éid& which satisfis 


(3.1) | Sad Na a Sin 


then the space is called an almost (pseudo-) Hermitian space. In this 
case the tensor F,,, “! F;'g,, is antisymmetric in 7 and h. Note that F;" 


is pure but that F,, and g,, are hybrid. A. Lichnerowicz ? has proved 


THEOREM 3.1. In an almost complex space, it 1s always possible 
to define a Hermitian metric. 


In fact, let a,, be a tensor which defines a positive definite Riemannian 
metric in an almost complex space and let 


(3.2) Sit -_ $(4,, + F;'F;"a,,), 


(g;, 18 the hybrid part of a,,), then g,, defines another positive definite 
Riemannian metric and satisfies (3.1). 

The equation (3.1) and the antisymmetry of the tensor F,,, show that 
the transformation v* + F;"v' changes a vector v" into a vector ortho- 
gonal to it and does not change its length. 


1 EcCKMANN [1]; HopGE [1]; PATTERSON [1]. 
2 LICHNEROWICZ [2, 5). 
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Moreover we can easily see that 
(3.3) Fin 30,5 Fin) 


are components of an antisymmetric tensor. 

If an almost (pseudo-) Hermitian space satisfies F,,, = 0, the space 
is called an almost (pseudo-) Kahlerian space. It can be proved that 
the bivector F,, 1s harmonic in an almost Kéhlerian space. ! 

The relations between these spaces may be seen in the diagram: 


Almost complex = Almost Hermitian —_— Almost Kahlerian 
structure structure structure 
X,, of classC’\ g,,; with 05F in, = O | 
with FF yin 8 
FF =—A; 
Njj° =0 N;;" =0 N;;*=0 
y ° s Y . 
Pscudo-complex = ———_—_—«Pseudo-Hermitian __ Pseudo-Kahlerian 
structure structure structure 
Y= @ Y= W ¥ = 
Complex structure --—— Hermitian structure - —- Kahlerian structure 


0 
In an almost Hermitian space, we denote by V, the covariant differenti- 


0 
ation with respect to the Christoffel symbols {'}}. If V,F,, vanishes, then 
the tensors N;;" and F,,, vanish too, and consequently the space is 
pseudo-Kahlerian. 
Conversely, since the Nijenhuis tensor can be written also in the form 


0 
(3.4) Nyy = — 2(Fy'Paa — Fi'ViF uy), 


0 
V,F,, vanishes if the tensors N;;” and F,,, vanish. Thus we obtain 
THEOREM 3.2.% In order that an almost Hermitian space be pseudo- 


0 
Kahlerian, it is necessary and sufficient that V,F,, vanish. 


1 SCHOUTEN and YANO [3]. 
2 ECKMANN [2]; YANO [22]; YANO and Moar [1]. 
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—_—- err en 
eed — 


In an almost Hermitian space, the four following connexions occur 
in literature: 


1 0 
(3.5) (I)? Pye = Gd — UVF PF, 


2 0 0 0 
(3.6) (I)? Th=(Q— HV, Fat Vila + VE PY, 
0 


3 0 0 
(3.7) (iI1) a ry a {xt 7 a(V,L,, cae VF 7s VF, JF", 


4 0 0 
(3.8) (IV)# P= — VF + VE 
0 


+ $F, (VAP ge — IN; 
All these four connexions satisfy 
(3.9) Vit 40, 


A geometrical characterization for each of these connexions has been 
given by Schouten and Yano.‘ In the following, we put 


(3.10) Peds) aor 


With respect to the first connexion, we have 


1 


(3.11) Vi 2a =a 0, 


1 


(3.12) Dyan = iN == LP Faye 


In the Hermitian case, this connexion reduces to the connexion of 
Lichnerowicz. ® 
With respect to the second connexion, we have 


2 


(3.13) Dyin = 3N igi — BF 5! F iy 
2 
Thus in a pseudo-Hermitian space, we have T,,, = — $F;'F,,, and 


1 LICHENROWICZ [5]. 

2 YANO [23]. 

8 SCHOUTEN and YANO [1]. 
4 ScHOUTEN and YANo [1]. 
5 LICHNEROWICZ [5]. 





consequently 
(3.14) V2. == O. 


In a Hermitian space, this connexion reduces to the connexion found 
by Schouten and van Dantzig ! and used by Chern ? and Liebermann. 3 

With respect to the third connexion, we have 

3 
(3.15) Dyan = Nya + Bf, "F, F, oF mk 
3 

Thus in a pseudo-Hermitian space, we have 7,,, = 1F,"F,'F,'F wu 

and consequently 


3 
(3.16) V, fn = 0. 
With respect to the fourth connexion, we have 
4 4 
(3.17) Vea a 0, V, Fin = 0 
and 
(3.18) 5 0S 
(3.19) N,,) = 80™S, 


The equation (3.18) expresses that S,;”" is pure in j, 7. This means 
geometrically that there exist infinitesimal parliclosras in every EF, 
that is invariant for the linear transformation F,”. 4 


§ 4. The curvature in a pseudo-K&hlerian space. 


In a pseudo-Kahlerian space, we have 


(4.1) v, bis 0 VF a0. 
Applying the Ricci formula to F’,”, we get 

(4.2) ere ae ee ae 

(4.3) Koad ee Kail) 

(4.4) Ky Rie he Or 0, Kg 0. 


Hence K,,,, 1s hybrid in the first two and in the last two indices. 


—— -_—_ 


1 SCHOUTEN and vAN DANTziIG [1]. Cf. SCHOUTEN [8], p. 397. 
2 CHERN [1]. 

3 LIEBERMANN [1]. 

4 SCHOUTEN and YANo [1]. 
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Transvecting (4.2) with g”, we find 
Kj Fj” = Kimi" F™ = Kimi” — Kiin')F™, 
from which 
(4.5) K,'Fj"= — 3K nu F™. 
Thus 


KF, + Ki’ Fy, = 9, 
from. which 


(4.6) K;' = — K,! Fj"F;', 
(4.7) Ky SK PF or 07K 4 =O, 
Hence K,, is hybrid. 


Using these relations, we can prove 


THEOREM 4.1.1 If a pseudo-Kdhlenian space is of constant curvature, 
then 1t ts of zero curvature. 


THEOREM 4.2.2 If a pseudo-Kahlerian space is conformally Euchdeun, 
it is of zero curvature. 


THEOREM 4.3.2 A projective correspondence between two psetudo- 
Kahlertan spaces 1s necessarily affine. 


THEOREM 4.4.4 A conformal correspondence between two pseudo- 
Kahlerian spaces is necessarily a trivial one. 


THEOREM 4.5.5 A necessary and sufficient condition that a 2n-dimen- 
sional pseudo-Hermitian space be conformal to a pseudo-Kéahlerian space 
1s that, for 2n > 4, 


(4.8) Coan Fan Bq yy | nly t+ Fak; + Pak) = 0 


and for 2n = 4 
where F, = F,,, F*. 
1 BOCHNER [3]. 
2 Yano and Moa! [2]. 
8 BOCHNER [3]; WESTLAKE [1]; YANo [20]. 


4 WESTLAKE [2]. 
5 WESTLAKE [2]; YANO [21]. 
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Now we put 


(4.10) Hy; Ky, PF = — 2K, Fj. 
We see that H,, is zero if and only if K,, = 0 and that 
(4.11) Bi gpa = 2K 
Moreover from the Bianchi identity, we have 
0 
(4.12) Vie Ten = 0. 
On the other hand, we have 
0 0 
(4.13) g'V Hy, = g'*V(2Kin i") = 2V Kn FP,” 
0 
= (V,,K)F;”. 
Thus 


THEOREM 4.6. The tensor H,,; 1s harmonic 1f and only tf K — const, 
and tt is effective (that is, ["H,, = 0) tf and only if K = 0. 


Applying a theorem of Hodge,! we get from this 


THEOREM 4.7. If, in a compact pseudo-Kahlerian space, K,, 4 0, 
K = 0, then the second Betts number B, = 2. 


THEOREM 4.8. If, in a compact pseudo-Kdhlerian space, K,, € 0, 


] 
K = const. #40 and B, = 1, then K,, = ae Kg ji. 


§ 5. Pseudo-analytic vectors. 
In a pseudo-Kadhlerian space, we call a field v, whose covariant deri- 
vative is pure 


0 0 *x O 
(5.1) F;'V,v, — F;'V,v, = 0 or O7, V,w, = 0 


a covariant pseudo-analytic vector field.? From (5.1), we can deduce 


0 0 


(5.2) gV,V,v, — Kj'v, = 0. 


1 HopcE [1, 3]. 
*In a Kahlerian space, the equations (5.1) can be written as d;v, = 0, O,%x = 0 
with respect to a complex coordinate system. Hence v,(vx) are complex analytic 


functions of 24(z#). 





ES I a TN, 
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This is a necessary and sufficient condition that a vector field v, in a 
compact orientable Riemannian space be harmonic. * 
Conversely, if v, is harmonic, then we have (5.2), from which 
a” 0 
(5.3) eV VF n't, — Km Fj'0, = 0 
by virtue of F;,"K,' = K,"F;'. From this, it follows that F,,"v, is 
also harmonic. 
Thus, from 
0 0 0 0 
V,v, = V,v, and V,(F;'v,) — V,(Fj'v,) = 0, 
we get (5.1). Thus 


THEOREM 5.1. In order that a vector field in a compact pseudo- 
Kahlerian space be covariant pseudo-analytic, tt 1s necessary and sufficient 
that the vector be harmonic. 


Thus applying a theorem of Bochner, ? we obtain 


THEOREM 5.2. If the Rtect curvature of a compact pseudo-Kahlerian 
space 1s positive definite, there does not exist a covariant pseudo-analytic 
vector freld. 


In a pseudo-Kahlerian space, we call a vector field v" whose covariant 
derivative is pure 


0 0 x O 
(5,4) LF;* = — V;'V,v" + F;"V,v' = 0 or OFV,v* = 0 
U 


a contravariant pseido-analyttc vecior field. Krom (5.4) we see that if 
v" is contravariant pscudo-analytic, then F;"v' is also contravariant 
pseudo-analytic. Moreover, if 4” and v" are both contravariant pseudo- 
analytic, then denoting the Lie derivations with respect to #” and v” 
by £ and £ respectively, we have 

u v 


£F;"=0O and £F;" = 0, 


from which ({£)F;*=0, where (££) denotes the Lie derivation with 


respect to the vector {”. Thus the vector {v’ is also contravariant 
v u 


pseudo-analytic. Thus we have 


1 pE RuaAM and Kopaira [1]; YANo and BocHner [1]. 
2 BOCHNER [2]; YANO and Bocune_er [1]. 
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THEOREM 5.3. Jf 12" and uv" are both contravariant pseudo-analytic 
vector fields in a pseudo-Kdhlerian space, then 


h wh ..h ch 
Bona, Fe", Le, Le, LE ow, Lia 
v Fu v fo 


are all contravariant pseudo-analytic vector fields. 


In an almost complex space, we have the following identity: } 
(5.5) fw + Fy LF jw + Fi" fw — £F fw == Ny wv, 
v v Fo Fv 


from which 


THEOREM 5.4. In order that an almost complex space be pseudo-complex, 
it is necessary and sitfficient that the left-hand side of (5.5) vanish for any 
vectors 1" and vo". 


Now, from (5.4), we obtain 
(5.6) g?PVv Viut + Kk:"vi = 0, 


from which we get the following theorems which hold in a compact 
pseudo-Kiéhlerian space. 
Virst, from Theorem 4.4 of Ch. 1x and the equation (5.6), we get 


THEOREM 5.5. A contravariant pseudo-analytic vector field v" satis- 
fying V,v' = 01s a Killing vector. 


lor a contravariant pscudo-analytic vector field v*, we have 
A(v,v") == 2[v,g7V,V,v" + (V,V,)(V'v")| 
= 2/— K,,v'v" + (V,v,)(V'v")]. 
Thus, from Theorem 1.3 of Ch. 1x, we obtain ? 


THEOREM 5.6. If a compact pseudo-Kdhlerian space has a negative 
definite Ricci tensor, there does not exist a contravariant pseudo-analytic 
vector field other than the zero vector. 


If a vector v* is contravariant pseudo-analytic, then J;"v* is also 
pseudo-analytic. Hence, if a contravariant pseudo-analytic vector v” 
satisfies J**"V,v, = 0, then according to Theorem 5.5., F;"v* is a Killing 
vector. Thus 

1 ECKMANN [1, 2]; FROLICHER [1]. 

* BOCHNER [2]; YANO and BOcHNER [1] 
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THEOREM 5.7. If a contravariant pseudo-analytic vector v" satisfies 
FV v, = 0, then F;"v' is a Killing vector. 


If a contravariant pseudo-analytic vector v" satisfies g*V,v, = 0 
and F**V.v, = 0, then according to Theorems 5.5 and 5.7, v* and F;"v* 
are both Killing vectors. Hence 


Viv, + Vu; = 9, 
F;'V,v, + F;'V,v, = 0,’ 
from which 
— F;'V,v04 — F;"V,v' = 0. 
Comparing this equation with (5.4), we conclude V,v' = 0. Hence 
THEOREM 5.8. Jf a contravariant pseudo-analytic vector field v" 
satisfies g*V,v, = 0 and FYV,v, = 0, wt ts a covariant constant fteld. 


If a vector is at the same time covariant and contravariant pseudo- 
analytic, then the vector is harmonic and the equations (5.1) and (5.4) 
can respectively be written as 


F;'V,v, — F;'V,v; = 0 
Fs'V,v, + F;'V,v; = 0, 
from which V,v,; = 0. Thus 


THEOREM 5.9. If a vector is at the same time covanant and contra- 
variant pseudo-analytic, then it 1s covariant constant. 


§ 6. Pseudo-Kihlerian spaces of constant holomorphic curvature. 


We call a sectional curvature 


K I; wos Fs‘ atu 
mith* k 
(6.1) Pi ee 


Gp, UE Ww ge, iu" 

determined by two orthogonal vectors #* and F;"1* the holomorphic 
sectional curvature with respect to the vector u”. If the holomorphic 
sectional curvature is always constant with respect to any vector at 
every point of the space, then we call the space a space of constant 
holomorphic curvature. } 


1 BOCHNER [3]; HAWLEY [1]; SCHOUTEN and van DANTzIG [2]; YANo and MoaI 
fl, 2]. 
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Now, if this 1s the case, then (6.1) or 
Kamin Ful uu = — keg, uw ure 
should be satisfied for any u”*, from which we obtain 
Kahr a Kasak Pia Ranh k; 
ee R(Las8 on = Ea v&ban or Balin) 
by virtue of the symmetry of K,,,,,F,"F;' with respect to g, j and 
to ~, h. Multiplying the above equation by I "F;? and contracting, 
we find 
Kenn — Kien — Kaa F;' = — RP yy Pay — Ly Fan + Sae8sn)- 


Taking the antisymmetric part of this equation with respect to k 
and 7 and taking account of 


Kiawah, aT Kvainl; "Fy 
= (Au ae 1 Gre) ra i 
=-—K FytF;! et K yin 


qleh 


we obtain 
2K sin =. K yakn + Kan a Kigan 
= — RQF PF yy + (Snr 8)n — Soren) — (Fy Pen — Pa Py1)] 


or 
k . . = 
(6.2) Kayan = 4 [(an2ir — San Sar) + (Pan ly, — Pople) — 2F xy F ea)- 


It is casily to be seen from the Bianchi identity that, if the curvature 
tensor has the form (6.2), the scalar curvature k is an absolute constant. 
Hence we have proved! 


THEOREM 6.1. If a pseudo-Kadhlerian space has a constant holomorphic 
sectional curvature at every point, then the curvature tensor of the space 1s 
of the form (6.2), where k ts a constant. 


Using the formula (6.2), we can easily prove! 


THEOREM 6.2. In a pseudo-Kadhlerian space of constant holomorphic 
curvature, the general sectional curvature K determined by two orthogonal 








Yano and Moar [1, 2]. 








a 





240 LIE DERIVATIVES IN AN ALMOST COMPLEX SPACE CH. X 





unit vectors u® and v" 1s given by 
k 
(6.3) K= ri (1 + 3a?) 


where a! uu" is the cosine of the angle between two wnits vectors 
I:"y and 4" and consequently a® << 1. Thus 


I 
(6.4) aK xh for k > 0, 


k 
ho K <= for k < 0. 


We now assume that, when there 1s given a holomorphic plane element, 
that is, a plane clement determined by the vectors uw" and F;"s at a 
point of the space, we can always draw a 2-dimensional totally geodesic 
surface passing through this point and being tangent to the given holo- 
morphic plane element. [f this is the case, we say that the space satisfies 
the axiom of holomorphic planes. 

If we represent such a surface by the parametric equation 


(6.5) gh. Eh pA) a,b, c,d = 1,2, 


then the fact that the surface is totally geodesic is represented by the 
equation 


(6.6) a.Bt + Bi{h} — BES} = 0, 


where By =: 0,5" and where '{%} is the Christoffel symbol formed with 
the fundamental tensor ‘g,, “ Bijg,, of the surface. 
The integrability conditions of (6.6) are 


(6.7) Baw Ky,” = Bo Kas’, 


where ‘K,j.;,° is the curvature tensor of the surface. 
If we put 


B= uy", BY = Fj", 


equation (6.7) must be satisfied by any unit vector «*. Thus we must have 


F;™utuiutK 3” = au + BF 2" a, 
(6.8) t $ j p 


-™ ~t ry h ch 
5 Ww Pw Ky = Ae + Pw. 
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From the first equation of we obtain 
(F;"Kiji” — ag, A} — Bg, Fj"\utwut = 0, 
from which 
Fy" Kinyo’ + Fy" Kins” + Fi" Kina” 
== a(g, 4s + e,,45 + 8.043) + Bleu Fi* + 8,.F5* 4+ 2.7;"). 
Transvecting this with F,°, we obtain 
— Ki’ + FF Kinja” + Kaa; 
= a(F A; + 8,.Fi* + Fe A}) + BUF Fi" — 8, Ai + FeeF;"), 


from which, taking the alternating part with respect to & and 7 and 
using the relation 


Bh ha, la ly Raa = 4G. 
we find 
— 4Kjy,” = 0(2F,, Ay + 8 F i" — bn,” + Fu Aj — _— 
+ B(2F,;F i" — gn, Ab + 8 Al + Fa Fj* — Fy Fk; '). 


Contracting this equation with respect to 4 and 1, we find « = 0, 
and consequently we obtain 


ha a 4 (eg; Ag —; Bin A}) ot (F,,F ;* —, F ,, F;") ~ 2h or), 


which shows that the space is of constant holomorphic curvature. Thus 
we have proved! 


THEOREM 6.3. If a pseudo-Kdhlerian space admits the axiom of holo- 
morphic planes, then the space 1s of constant holomorphic curvature. 


If a pseudo-Kahlerian space admits a group of motions which carry 
any two vectors “* and F;"* at a point P to any two vectors 'u* and 
'F;"’u‘ at any point ’P, then we say that the space admits a holomorphic 
free mobility. 

If we denote by 


(6.9) "Eh = Eh 4 y(t) dy 


—enmeommes 


1 Yano and Moai [1, 2]. 
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an infinitesimal transformation of the group, then the fact that this is a 
motion is represented by 


(6.10) £8: = Viv, + Viv; = 9, 


and the fact that this carries a pair of vectors u* and F;"u! into a pair 
of vectors ‘u" and ‘F;’* is represented by 


(6.11) LF;* = — F;'V,v* + F;"V,v' = 0. 


From (6.10) we get 
(6.12) £{j) = V,V,0" + Kiji*v* = 0, 


and the integrability conditions of these differential equations are given by 
(6.13) £Kiy" = v'V Kui’ — Ki V0" + Ki,"V,0 

+ Kjiji*V,v' + Kigzi*V,0' = 0. 

Now, at a fixed point P of the space, we consider two arbitrary holo- 

morphic plane elements, then by hypothesis there exists always a motion 

which fixes this point and carries one of these holomorphic plane ele- 

ments into the other. Since the point P is arbitrary, the space must be 


of constant holomorphic curvature and consequently the curvature 
tensor of the space has the form 


k , : 
Ki = 4 [(gs, 4% — eecA;) + (F,,F;" — F,,F;") — 2h i"). 


Conversely, if the curvature tensor of the space has the above form, 
then it is easily to be seen that the integrability condition £Kj;;" = 0 
v 


is always satisfied by any v” for which £g,, = 0 and £F;* = 0, and that 


the differential equations (6.12) have solutions. But equation (6.12) 
is equivalent to 


Val £8, :) rae 0, 


and consequently, if the equation £g,,; = 0 is satisfied by some initial 


values of v* and V,v", then it is satisfied by any solutions belonging to 
them. 
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On the other hand, if v" satisfies (6.12), then we have 
V(LF i") = V(— F;'V,v* + F;*V,0") 
= — F;'V,V,v" + F;*V,V,v' 
= (Fi Rigi’ — Fi" Kgyi')o® 
— 0, 
and consequently, if the equation £F;* =0 is satisfied by some initial 


values of v* and V,v", then it is satisfied by any solutions belonging 
to them. Thus the space admits the holomorphic free mobility, and we 
have} 


THEOREM 6.4. The necessary and sufficient condition that a pseudo- 
Kahlerian space admit a holomorphic free mobility is that the space be of 
constant holomorphic curvature. 





1 YANO and Moar [1, 2). 
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APPENDIX } 


§ 1. Groups of motions. 


In §10 of Chapter IV, we have studied an #-dimensional Rieman- 
nian manifold V, which admits a group G, of motions of the order 
y = $n(n — 1) + 1. But, the cases 2 = 3, n = 4 and u = 8 werc excep- 
tional cases in our results. 

The Vg, with G, was studied by E. Cartan [11] and G. L. Kruékovi¢ [1]. 

The case # = 4 was studied by S$. Ishihara [1] as was mentioned in 
the text. 

The case » = 4 was also studied by I. P. Egorov [10]. He proved the 
following two theorems: 

THEOREM 1.1. There exist two and only two different Riemannian 
spaces of four dimenstons which are maximally mobile and are of non 
constant curvature and for which the line element is defined by the formula 
iy. gee, 2 eye Oy Srey ee 

(e+ Ly")? 
(e = + 1) 

The group G, of motions ts compact for « = + 1 and non-compact for 
e=- — l. 

If we put 

gia= yl + iy®, z2 = y3 + iy4, 
then we have 
(1.2) ds? = e-®[e(dz'dz! 4- dz*dz") + (22dzi — zidz*) (27dz1 — 2z1dz*)] 
where 
ev = zizl 4 2272 +. ¢, 

THEOREM 1.2. Maximally mobile V,’s of non constant curvature are 
veal vepresentations of the space of point-line couples of a complex projective 
plane in which the points and lines ave harmonic with respect to the Hermitian 


quadrtc 
oigl + 7272 + ¢ — 0, 


er 


1 Added Oct. 3lst 1956. 
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The case = 4 was also studied by G. Vranceanu [6], and the case 
n=5 by C. Teleman [1]. 
C. Teleman [2] has proved 


THEOREM 1.3. Every subgroup of the complete group of rotations in n 
variables is a motion group of a space V,_, of constant positive curvature 
which keeps two or more complementary systems of Pfaff invariant. 


THEOREM 1.4. A group G, of rotations in n vanables, real and trre- 
ducible, with r < \n(n — 1) parameters, has at most p* parameters tf 
n == 2p or n = 2p -+ 1. Hence the space V,,(d) of Vranceanu are those 
irreducible Riemannian V,,, ’s of variable curvature which has a motion 
group of the maximum number of parameters p* + 2p. 


A V,,(A) of Vranceanu is defined as a Riemannian V,, with a transitive 
group of motions and the group 


X 95--1,29 Xo, -1,27r-1 2 X 96,99 X 961,29 —_ Xo5,27-1 (Xj, = x,0,f ~ x ,C;f) 
as group of stability. 


THEOREM 1.5. Such a V,,(A) can be realized as a non homogeneous 
manifold on the spheres S,,,, 1n a euclidean Ey, ,o. 


THEOREM 1.6. The stability group G2 of these V,,, admuts a particular 
transformation X14 4+- Xo, + ..- + Nop1.9, and ts the largest orthogonal 
group of this property. The V,, has thus the maximum group of motions 
among the spaces of which the growp of stability has this particular transfor- 
mation. 


THEOREM 1.7. The group G ,. ts closed and ts composed of this particular 
transformation and a simple Gj... Hence the group Gop, 2 1S simple and ts 
closed. 


THEOREM 1.8. The V,,(A) has the metric 


lj2 n\2 SW ERD ER\2 2 
(1.3) pg nx MOE SOE). 2 Ae ee 
uu ut 





3 


w= 1 + A(EY2 +... + (E)2] 
Ww — Elgg ar E2q El ft Seek + E2P—1 qf E2P es EXP e2p—1 


(& = constant). 


As it was mentioned in the text, I. P. Egorov proved that a Riemannian 
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V, which is not an Einstein space has a maximum group of motions of 
4n(m — 1) + 1 parameters and that this maximum is reached. 
G. Vranceanu [7] proved 


THEOREM 1.9. If the V, 1s not conformally Euclidean this maximum 
is 4(n — 1) (nw — 2) + 3 and this maximum ts reached. Moreover tf the 
Einstein V,, ts not of constant curvature, the maximum ts &(2—1) (4—2)-+-5, 
yeached for n = 4 and n = 6 but not reached for n °- 7. 


M. Obata [1] obtained the following theorem in which the case » == 8 
is not exceptional. 


THEOREM 1.10. Jf an n-dimensional connected Riemannian mantfold 
M for n23, n +4 admits a group G, of motions of the order r, 
in(n — 1) <r < Sn(w + 1), then G, ts of the order Su(n — 1) + 1 and 
M is one of the followings: 


as a Riemannian manifold as a topological space 
ie aes a E, X S,,1, if it is simply connected, 
~Q to. _ . 
Sy. Oat Ey Or Sy xX -£.4 
Se Ee Or Sy 1 4 
De ye 

where 

Si: n-dimensional Riemannian mantfold of positive constant curvatitre, 


S7: n-dimensional Riemannian manifold of negative constant curvature, 
S°: n-dimensional locally flat Riemannian manifold, 

E 
S 


n. n-dimensional Euclidean space, 


ni n-dimensional sphere. 


H. Wakakuwa [1] studied a similar problem. 

In a Riemannian V,, with constant rotation coefficients, there exists 
a real simply transitive group of motions G,, and conversely. G. Vranceanu 
[10] proved the following 


THEOREM 1.11. A necessary condition that the Ricct tensor be positive 
definite is that G,, coincides with its derived group G,,. 


Let M be a Riemannian manifold and let A(M) and /(M) the group 
of all affine motions and the group of all isometrics of M onto itself 
respectively. We denote by A,(M) and /,(M) the connected components 
of the identity in A(M) and I(M) respcctively. 
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In §5 of Chapter IX, we have proved the 


THEOREM 1.12. In a compact Riemannian manifold M an infinite- 
simal affine motion is an tsometry. Therefore A (M) coincides with I,(M). 


There appeared recently several generalizations of this theorem. 
S. Kobayashi [4] proved the 


THEOREM 1.13. If M is an trreducible and complete Riemannian 
mantfold, then A(M) ts equal to I(M), except the case M 1s the \-dimenstonal 
Euclidean space. 


J. Hano [1] proved the following two theorems: 


THEOREM 1.14. Let M be a simply connected complete Riemannian 
manifold and M = M, x M, x... x M, be the de Rham decomposition 
of M. Then the group A,(M) ts tsomorphic to the direct product A,(M,) 
x A,(M,) x ... x A,(M,) and the group I,(M) ts tsomorphic to the 
direct product I,(My) < Ip9{M,) x ... x I,(M,). 


THEOREM 1.15. Let M be a complete Riemannian manifold. If the 
length of an infinitesimal affine motion v* ts bounded on M, then v* is a 
Killing vector field. 


S. Ishihara and M. Obata [3] also obtained theorems similar to the 
above three theorems. 


§ 2. Groups of affine motions. 


An n-dimensional manifold with a linear connexion is said to have the 
property 4 (or A’), if it is possible to find an affine motion 9 satisfying 
the following conditions: 

a) @ leaves some point P of the manifold fixed. 
b) The tangent space T(P) at P has a base {X,, Xq, ..., X,} such that 


for some real numbers o, 


oX,=o,X,; (1 <7 = 2) (not summed) 


c) 0.00.0: 41 if jf #R (1 Si,7,k,1 <n) 
or 
c’) poprrKlifiAs (1 <i,j,k,1 <n). 


S. Ishihara and M. Obata [1] proved the following 
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THEOREM 2.1. Let M be a manifold with a linear connexion admitting 
a transitive group of affine motions. 
1) If M has the property A, the curvature tensor vanishes identically. 
2) If M has the property A’, the torsion tensor vanishes identically. 
3) If M admuts a group of affine motions of the order greater than n°, 
then M has the property A and A’ and the group is transitive, so that M 
1s locally Euclidean. 


In the text, we studied an A, which is not locally Euclidean and admits 
a group of affine motions of the maximum order #7, G. Vranceanu [12] 
studied the global properties of such spaces. D. Dumitrus [1] and 
S. Petrescu [1] studied such A, ’s and A, ’s in a great detail. 

Y. Muto [7] studied n-dimensional projectively Euclidean spaces J), 
which admit a group G, of affine motions of order 7 == 27 —n + 1 
and he obtained the following theorems: 


THEOREM 2.2. A necessary and sufficient condition that a projectively 
Euclidean space D, (n = 3) with asymmetric Ricci tensor admit a group 
G, of affine motions of order r = n® — n -+ 1 ts that the connexton para- 
meters It, satisfy 


- i Pu AX a PAL 


py = ab&, ps = — abé', ps = px = ene = p,, —O 
with 
ab? = — l, a= + l 
in a suttable coordinate system. If the space 1s real, we can puta = — |, 
b= — 1}, 


THEOREM 2.3. A necessary and sufficient condition that a projectively 
Euclidean space D, (n & 3) with symmetric Ricci tensor which ts non 
positive admit a complete group G, of affine motions of orderr == n* —n + | 
ts that the connexion parameters I", satisfy 


wa = — (V,P)AX — (Vib)Ay, BP = 2 log (E16* — 1) 
in a suitable coordinate system. If the space ts real, we should have 
gig? — 1 > 0. 


THEOREM 2.4. A necessary and sufficient condition that a projectively 
Euclidean D,, (n = 3) with symmetric Ricct tensor which is non negative 
admit a complete group G, of affine motions of order r = n? —n + 1 1s 
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that the connexion parameters 1‘, satisfy 
mr = — (Vi A)AT — (V,p)Ap, bp = 2 log tl + (E")° + (E")"} 
in a suitable coordinate system. 


THEOREM 2.5. A necessary and sufficient condition that a projectively 
Euclidean D, (n = 3) with symmetric Ricci tensor which 1s tndefinite 
admit a complete group G, of affine motions of order r= n? —n+ 1 
ts that the connexion parameters \\, satisfy 


“ua = —(V,P)AX — (Va p)AL, =f = ¥ log (1 — 26") 
in a suttable coordinate system. If the space is real, we should have 
Lge? > 0: 


THEOREM 2.6. Consider a space A, (n 2&5) with a symmetric linear 
connexion or a projectively Euclidean D,, (n & 3), a necessary and stf- 
ficient condition that the sbace admit a complete group G, of affine motions 
of order ry = n? — n + 1 ts that the space be one of the spaces mentioned in 
Theorems 2.2, 2.3, 2.4, 2.5. 


Y. Mut6 [6,9] studied also m-dimensional spaces A, with symmetric 
linear connexion admitting a group G, of affine motions of order 
y > n* — 2n and obtained the following interesting theorems. 


THEOREM 2.7. If an A, (n = 7) admits a group G, of affine motions 
of order r > n® — 2n, then tts curvature tensor Rj3% 1s of the form 


(2.1) Ry" = By, A” — AX U,, + AU, + (Uy, — U,,) AR 
or 
(2.2) Ry = VU, — VU,) (UO, A* + Vi") — AYU, + An Uy 
+ (Oy, — Uy) AG. 


The vectors A* and C™ and the vectors U, and V, in (2.2) are linearly 
independent respectively. 


THEOREM 2.8. IJ} an A, (m = 8) admits a group G, of affine motions 
of order r > n® — 2n, then its curvature tensor 1s of the form (2.1). 


THEOREM 2.9. If an A,, (n = 7) has the curvature tensor of the form 
(2.2) then the order of the group of affine motions admitted satisfies 


r<n*— 3n-+ 8. 
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THEOREM 2.10. A necessary and sufficient condition that an A, 
(1 >= 7) with the curvature tensor of the form (2.1) admit a group G, of 
affine motions of order r > n® — 2n 1s that the curvature tensor be of the 
form 


Rin = VU, — VU) U, A* — ADU yy + ADU 4 (Gy — Uy) AF 


v 


or 
Ry = (Q) Py — Qu PP, + (PLR, — Pu RQ, 
‘|- 2(R,Q, — RLQ)R, — (QP, — O.2,) RA" 
— ATP AG Pah (Pa — Pus) i 
THEOREM 2.11. <A necessary and sufficient condition that an A, 
(3 2: 7) with non vanishing projective curvature tensor admit a group G, 


of affine motions of order r=: n* — 2n 4-5 1s that the curvature tensor 
be of the form 


Ryo" => (VU, — VOU, AS 
where A*, U,, V, ave covariantly constant. 


Y. Mut6 {10} studied alsoan A, admitting a group G, of affine motions 
of order 7 > nu? — pu and obtained the 


THEOREM 2.12. A necessary condition that an A, (a 2: 4) admil a 
group G, of affine motions of order r >- n> — p'n where p’ < }(n — 2) 
ts that the curvature tensor be of the form 
Ry aie A; Ui ie 53 Us Uy = (Cy, = UF als. =f Ban At, 


APs Been ot Dito d (p) (P me p) 


for some tensors and vectors U,y, Byiy, A%, (a = 1,2, ..., p). 


§ 3. Groups of projective motions. 

We assume that an infinitesimal projective motion defined by v% 
leaves invariant the covariant derivative of the projective curvature 
tensor 


tN | ar — 0. 


Then, by virtue of V, P\3° = — (1 — 2)P,,,, we have from (3.7) and 


VA 
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(3.9) of Chapter VI, 
(4 — 2) Pui’ p, = 0 
and consequently, for ” > 2, 
Pun Pp = 9. 
Thus on transvecting #° to (3.9) of Chapter VI,-we find 
— 2° 6, Pajs* = 0. 
From this equation we have (K. Yano and T. Nagano [1]) 


THEOREM 3.1. Jf a V, (n > 2) admits an infinitesimal non-affine 
projective motion which leaves invariant the covariant derivative of Weyl’s 
projective curvature tensor, then the space 1s projectively Euclidean and 
therefore of constant curvature. 


THEOREM 3.2. If a V, (n > 2) which is not of constant curvature 
admits an infinitesimal projective motion which leaves tnvartant the covariant 
derivative of Weyl’s projective curvature tensor, then the projective motion 
ts necessarily an affine motion. 


If the covariant derivative of Weyl’s projective curvature tensor 
vanishes: V,,P5,;% = 0, then the condition £V,Pjj;* =0 is always 


satisfied. Since this is the case for a symmetric space, we have 


THEOREM 3.3. If a symmetric V, (n > 2) admits an infinitesimal 
non-affine projective motion, then the space 1s necessarily of constant 
curvature. 


THEOREM 3.4. If a symmetric V, (n > 2) which ts not of constant 
curvature admits an infinitesimal projective motion, then the projective 
motion 1s necessarily an affine motion. 


In the text, we have proved that in a compact orientable V,, an 
infinitesimal affine motion is necessarily an isometry. But, here we do 
not have to assume the orientability of the manifold. (See, B. Kostant 
[1}). 


Combining the above theorem and this fact, we have 


THEOREM 3.5. If a compact symmetric V, (n > 2) which 1s not of 
constant curvature admits an infinitesimal projective motion, then the 
projective motion ts necessarily an isometry. 


§3 GROUPS OF PROJECTIVE MOTIONS 271 


ae ae ee Fey! 





We now assume that the V,, is an Einstein space with non vanishing 
scalar curvature and it admits an infinitesimal projective motion defined 
by v*. We then have, from £P,,, = V, 4), 


k Leur aa Vii Pr 
by virtue of 


sian = Rerun; k ich = an ae =e 0. 
Writing out the equation k£g,, = V,p,, we find 


R(V0, + V2.0,) = Vado 
from which 
Vv, + Vu, = 0 
where 


| 
2k 


Wie A 


p>: 


Thus the vector w, is a Killing vector and conse quently 
py, = 2k(v, — ®,) 
defines an infinitesimal projective motion. Thus we have 


THEOREM 3.6. If an Einstein space with non vanishing scalar curvature 
admits an infinitesimal projective motion v*, that is, if we have 
{5h = py lt 4+ p, Ag, then the vector v* 1s decomposed into 


v 


l 
v= w* +- op p*. 


where w* ts a Killing vector and p* is a gradient vector defining an tnfrns- 
tesumal projective motion. 


Since V,P,, = 0 for an Einstein space, from 
(3.1) LV, Pir = V, Vi Pa a 2p, Pur ~ bP» — b,Pyy 


we have 


V,ViPo = R(2D, Bu, ig Pu vr. em Prk) 
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from which 


(3.2) i Ky, 3” p,, a= R(p, Gyr face Py): 


Now transvecting g“ to (3.1), we find 


Vy (g Vp) ae 2(n a 1)kp,. 


Since #, is a gradient vector, putting ~, = V vPo we find, from the 
above equation, 


Vig VV. 2p — 2(n + 1)kp] = 0, 


from which 


gerV Vip — 2(n -+ l)kp = — 2(n + 1)kpy 
or 


(3.3) gh Vu Vi(P — Po) == 2( 4- IRD — Do), 


where #, is a constant. 
On the other hand, from the theorem of Green 


[SP V.VEP do =f (fe VWs + BMW, (Va fllds = 0, 


which is valid for a function / in a compact orientable space, we see 
that ifa function f satisfies g”V,,V,/ = af where « = 0, then / is a constant. 
Thus if & > 0, that is, if A <0, then from (3.3), we have 


p — py = constant, 


that is, p is a constant and consequently #, = 0. This means, following 
Theorem 5.1 of Chapter IX that the infinitesimal projective motion 
defined by v* is an isometry. But in a compact Einstein space with nega- 
tive scalar curvature, there does not exist an isometry other than the 
identity. Thus we have 


THEOREM 3.7. In a compact Einstein space with negative scalar 
curvature, there does not exist an infinitesimal projective motion. 


Now, equation (3.2) shows that the restricted homogeneous holonomy 
group of an Einstein space which has non vanishing scalar curvature 
and which admits in infinitesimal non-affine projective motion is the 
special orthogonal group SO(n). Since the restricted homogeneous 


holonomy group of a K4hler space cannot be the special orthogonal 
group, we have 
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THEOREM 3.8. A Kdhler-Einstein space with non vanishing scalar 
curvature cannot admit an infinitesimal non-affine projective motion. 


Thus if a Kahler-Einstein space with non-vanishing scalar curvature 
admits an infinitesimal projective motion, the projective motion is 
necessarily an affine motion. Thus we have 


THEOREM 3.9. If a compact Kahler-Einstein space with non vanishing 
scalar curvature admits an infinitesimal projective motion, the projective 
motion 1s necessarily an tsometry. 


Since an isometry in a compact Kihler space leaves invariant the com- 
plex structure, we have 


THEOREM 3.10. In acompact Kdhler-Einstein space with non vanishing 
scalar curvature the largest connected group of projective motions leaves 
invariant the complex structure. 


S. Ishihara [4] studied groups of projective motions in a space with 
a projective connexion and obtained the following theorems. 


THEOREM 3.11. Let M be an n-dimensional mantfold with a projective 
connexion and G an effective and connected group of projective motions in M. 
Suppose moreover that dim G = n* + Sandn & 3. Then M ts projectively 
Euclidean and dim G =n? + 2n, nv? +n or w2>+n—1 for n 26; 
dim G = n? +- 2n or 02 4+-n for n= 5; dimG = n? -|- 2n for n = 4, 3. 


THEOREM 3.12. Let G be an effective group of projective motions in a 
manifold M with a projective connexion. If the given invariant projective 
connexion has non trivial torsion, then dimG < n®, where n = dim M. 
There exists moreover an n-dimensional manifold with a projective con- 
nexion having non-trivial torsion which admits an n*-dimenstonal group 
of projective motions. 


THEOREM 3.13. Let M be an n-dimensional connected manifold with a 
projective connexion and G a connected and effective group of projective 
motions of M such that dim G = n? + 2n. Then G 1s transitive on M and 
M is projectively Euclidean. Furthermore, the simply connected ‘covering 
mantfold of M is homeomorphic to a sphere S,, of n dimensions. If moreover 
n is even, M is homeomorphic to S,, or to a real projective space of n dvmen- 
sions. 


THEOREM 3.14. Let G be an effective group of projective motions of 
an n-dimenstonal manifold M with an affine connexion having no torsion. 
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Suppose moreover that dim G = n? + 5. Then M 1s projectively Euchdean 
and dimG = 2+ 2n, n? +n or n?+n—1 for n2=6; dimG =n? 
+ 2n or n? +n forn=5 dimG = n* + 2n for n = 4,3. 


If » is a transformation of a manifold M with a linear connexion 
which carries any torse-forming vector field along an arbitrary curve C 
into a torse-forming vector field along the image 9(C) of C by 9, then 
@ is called a quasi-projective motion of M. If there.exist two covariant 
vector fields #, and g, such that 


Da = TA + Art DA 


is projectively Euclidean, then [4 is said to be quasi-projcctively 
Euclidean. 


THEOREM 3.15. Let G be an effective group of quast-projective motions 
of an n-dimensional mantfold M with a linear connexion. Suppose moreover 
that dimG 2 n? + 5. Then M ts quast-projectively Euclidean and dim 
G=n?+ 2n, n? +n or nm? +n — 1 for n= 6; dim G = n?2 + 2n or 
n2 +-n for n= 5; dimG = n? + 2n for n = 4,3. 


THEOREM 3.16. Let G be an effective group of quast-projective motions 
of an n-dimensional manifold M with a linear connexion. If the torston 
tensor Si3% of the linear connexion does not satisfy the equation 


(n — 1)S55% = Sno’ Af — Syy° At 


pe 


then dimG < n?. 


§ 4. Groups of conformal motions. 


We assume that an infinitesimal conformal motion leaves invariant 
the covariant derivative of the conformal curvature tensor 


(4.1) Lise =0. 


By virtue of V..Cj3° = — (” — 3)C 


er we have, from (3.11) and (3.13) 
of Chapter VII, 


VELA? 


(1 —_ 3) Cua" Pp = 0 
and consequently for n > 3 


Coane d, = 0, 
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Thus, transvecting ¢° to (3.13) of Chapter VII, we obtain 
(4.2) — 26° $., Cyi* = 0. 
From this equation, we have 


THEOREM 4.1. If aV,, (n > 3) admits an infinitesimal non-homothetic 
conformal motion which leaves invariant the covariant derivative of Weyl’s 
conformal curvature tensor, then the space is conformally Euclidean. 


THEOREM 4.2. If a V, (n > 3) which ts not conformally Euclidean 
admits an tnfinitesimal conformal motion which leaves invariant the 
covariant derivative of Weyl’s conformal curvature tensor, then the conformal 
transformation ts necessarily homothettc. 


If the covariant derivative of Weyl’s conformal curvature tensor 


vanishes: V,,Cj,,% = 0, then the condition £V,C\),%=0 is always 


satisfied. Since this is the case for a symmetric space, we have 


THEOREM 4.3.1 If a symmetric space V, (nm > 3) admits an tnfim- 
testmal non-homothetic conformal motion, then the space 1s conformally 
Euchdean. 


THEOREM 4.4. If a symmetric V, (n > 3) which is not conformally 
Euclidean admits an infinitesimal conformal motion, then the conformal 
motion ts necessarily homothettc. 


If we stand on a global point of view, the theorem corresponding to 
Theorem 4.3 is a corollary to the more general theorem: 


THEOREM 4.5. If a homogeneous RKiemannian space V, (n > 3) 
admits a non-tsometric conformal motion, then the space 1s conformally 
Eudlidean. 


Theorems 4.3 and 4.4 can be slightly improved in the following way. 
Consider the Lie derivative of the scalar C“” C,,, with respect to 
v* which defines a conformal motion, then we have 


£ (Geaas Curve) = 2 260" C rae’ 


v 


If the space is locally homogeneous (or symmetric), then C™™* C,,,, 
is a constant and consequently £(C“”C,,,,) = 0. Thus we have 





1 T. Sumitomo [1]. 
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THEOREM 4.18. If M is complete and is not conformally Euchdean, 
then the associated function of any conformal motion can take the value 
unity or an arbitrary value near the unity. 


THEOREM 4.19. If M is compact orientable, then the associated function 
of any conformal motion takes the value unity. 


In Chapter IX of the text, we have proved the integral formulas 


(4.3) [ [eV Vio — Ky*v)o, + (Vr — Wor) (Viv — Vh0,) 

+ (V,0) (Vav")]do = 0, 
(4.4) [ (e@Pv, Vet + Kn, + Veo + Wor) (V0, + W0,) 

— (V,,") (Vjv%)]ds = 0, 


which are valid for a vector field in a compact orientable V,,. 
Using exactly the same method, we can prove the integral formula: 


—2 
(4.5) | | (e VV, 0% + Kj*v* + ~—— v* v0) v, 


Vn 
2 2 
+ 4 (ve vr + Vryh —. - gery ’) (v, v, + Vv, — “Bun V; v) | do = 0, 


from which we have 
THEOREM 4.20. A necessary and sufficient condition for v* in V,,, to be 
a conformal Killing vector ts that 


—2 
(4.6) gv Viv + Kyto* + a V«V, 0 = 0. 


(A. Lichnerowicz [7], I. Sato [1]). 
An infinitesimal transformation v* satisfying 


Ltt os Ps a+ p, Ar ae P* Bur 
is called a conformal collineation. From the above theorem we obtain 


THEOREM 4.21. <An infinitesimal conformal collineation is a conformal 
motion. 


Now, for a conformal motion, we have 


l 
VuVad = 7s hE wn 
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from which 


gV_VG = — Oni (LA + 2K¢). 


Thus if K is a constant, then we have 
K 
WN NN hie Se. 


This equation shows that if K <0, then ¢ = 0, and the conformal 
motion is an isometry. If K = 0, then ¢ = constant and the conformal 
motion is homothetic. But in a compact space, a homothetic motion 
is an isometry. Thus we have 

THEOREM 4.22. If a compact V, with K = constant <0 admits an 
infinitesimal conformal motion, tt is an isometry. 


§ 5. Groups of transformations in generalized spaces. 


In § 8 of Chapter VIII, we have proved: In order that a general affine 
space of geodesics admit a group of affine motions of the maximum 
order n? + n, it is necessary and sufficient that the geodesics be given 
by the equations of the form 

dé dé 
a ae 0 


ange 
See eee 


dst | ds ds 


and the space be locally an E£,. 
Using the method of Y. Muto, Tanjiro Okubo [1] proved 


THEOREM 5.1. If an n-dimensional generalized space of geodestcs 
admits a group G, of affine motions of order r 


vrmrtonsr>n, n> 2, 
then the space ts locally an ordinary E,. 


THEOREM 5.2. I} an n-dimensional generalized space of geodesics 
admits a group G, of affine motions of order r 


n>r>nt—n-+l, n=7, 
then the space ts locally an ordinary E.,,. 


THEOREM 5.3. For n =7, the space admitting a group G, of affine 
motions of order r 


y=n?—n+ i 
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veally exists; its example being furnished by the Arojectively Euclidean 
space with the connexion parameters 


TX = AXV, p + AXV, P+ &V,VAA, 
where 


p= (E1E2) 4, 


§ 6. Groups of transformations in almost complex spaces. 

We have defined a covariant pseudo-analytic vector field in a pseudo- 
Kiahlerian space as a vector field v” satisfying 
(6.1) F3°V iu, — F,°V,u; = 0 


and a contravariant pseudo-analytic vector field as a vector field v” 
satisfying 


(6.2) LEP BOY gear Vv = 0: 


7] 


In a compact pseudo-K&hlerian space, we can prove the following 
integral formula (K. Yano [26]}) 


(6.3) | [(e*V,V,o" — K;*oo, 
+ 4(FOV'D, — F°WD,) (Fj2V,0, — Fj7;0,)]do = 0, 

(6.4) | [(eV,Vi0" + K;*o")0, 
+ YEPV, vt — FV 0) (F;°V, 0; — F%,V,v,)]do = 0. 


From (6.3) we easily see that a necessary and sufficient condition for 
a vector field v* in a compact pseudo-Kidhlerian space to be covariant 
pseudo-analytic is that v* be harmonic. 

From (6.4), we have 


THEOREM 6.1. A necessary and sufficient condition for a vector field 
v* in a compact pseudo-Kahlertan space to be contravariant pseudo-analytic 
ts that 


(6.5) gtV,V,v"§ + K;*vt = 0. 


Let a vector field v* be given in an m-dimensional Riemannian space 
V,, and consider a geodesic &* = &(s) in V,. The condition that the 
infinitesimal transformation §* > &* +. v*(&)dt transforms the geodesic 
€*(s) into a geodesic and preserves affine character of the arc lengths s 
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is given by 


(6.6) (V,V,v* + Ki 


kia 


If we take a point &* and a unit vector h” at é", the geodesic passing 
through ¢* and being tangent to h* is uniquely determined and we 
can consider the vector 


(6.7) = (V,V,v' + K;j,;"0%\ Wie 


appearing in the left hand member of (6.6). We shall call (6.7) the geodesic 
deviation vector of the unit vector h” at the point é* with respect to v*. 

Now consider # mutually Srenononl unit vectors Ay, (a = 1,2, ...,n) 
and geodesic deviation vectors 2", of A’, with respect to 2%. Thus 
for the mean of 1/,,, we have 


a) 


1 
— 3 tty, = : (g V,V,0" 4- K,"v') 


n 
pie ois ae 
which is independent of the choise of //,. We shal call -- % m4, the 
N 


mean geodesic deviation vector with respect to v’?. Thus from Theorem 
6.1 we have 


THEOREM 6.2. <A necessary and sufficient condition for a vector freld 
v' in a compact pseudo-Kahlertan space to be contravariant pseudo-analytic 
ts that the mean geodesic deviation vector with respect to v" vanish. 


Since the tensor /',, in a pseudo-Kahlerian space is harmonic, we have 
je 


THEOREM 6.3. If a compact pseudo-Kahlertian space admits a one- 
parameter group of motions, it preserves the pseudo-complex structure of 
the space. 


Conversely if a compact pseudo-K4ahlerian space admits an infinitesimal 
transformation &*-> &*+-v"dt which preserves the pseudo-complex 
structure of the space and also the volume element, then we have 


eV, V,0' + Kj*vt'=0, 3 V,vt = 
and consequently the transformation is an isometry. Thus we have 


THEOREM 6.4. If an infinitesimal transformation preserves the pseudo- 
complex structure of a compact pseudo-Kdahlerian space and also the volume 
element, then the transformation 1s an isometry. 
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We now consider an equation of the form 


Af te p#V, Vf = af (A = constant < 0) 
in a compact pseudo-Kadhlerian space, from which 
Af, oO! 8 Vi Vitn — Kio fa = Ma (fn = V,S), 
from which 
Av, = eV; Viv, — KE,04 = a, 
where 


Vy, = Eafe 
Substituting this equation into 
[Ue VV.0 + Kita, + V0! + Viv) (Vio, + Vev) 
— (V,v') (V,v')]do = 0 


and taking account of V,v‘ = 0, we find 
|, (2Ku + g,)o'o! + HV ot + Viv!) (Vj, + Vin,)]do = 0, 


from which 


THEOREM 6.5. If, 1n a compact pseudo-Kahlerian space, the form 
(2K ,, + Ag;,)v’v' ts positive definite, then the equation Af = rf has no 
solution other than zero. 


THEOREM 6.6. If, in a compact pseudo-Kéahler-Einstein space with 
K 
K>0, —+A> 0, then the equation Af =f has no solution other 
n 
than zero. Consequently tf the equation Aj = df admits a solution other 
than zero, then 


K K 
—-+A<0, that is, A < ——. 
n n 


THEOREM 6.7. If, in a compact pseudo-Kahler-Einstein space with 
K 
K > 0, the equation Af = — —f admits a solution other than zero, then 
v, = F*,f,1s a Killing vector. 
Now suppose that a general compact pseudo-Kdhlerian space admits a 
Killing vector v*, then we have 


V(F%, Va) — Vi(Fv; 24) = 9, V,(F%u,) = FV, 0, 
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by virtue of £F,, = 0, from which 
v 
THEOREM 6.8. In a compact pseudo-Kahlerian space which does not 


admit a parallel vector field, F"V,jv; 40 for a Killing vector field v". 


Because if F"V,v,=0, then F°,v, is harmonic and consequently 
so is v, too. Thus v" being at the same time a Killing vector and a harmonic 
vector, it is a parallel vector field, a fact which contradicts the hypothesis. 

Now consider a compact pseudo-Kéahler-Einstein space with K > 0 
and suppose that the space admits a Killing vector field v*, then 


n 
fae Bev, a 0. 
On the other hand, using V,V,v" + Kj;;"v* = 0, we find 
piv, = V,(4- FV.) = Pye, 
and consequently 
hi = Pa oa Oa 
from which 
K 

(6.8) OV Nel toe: 

Thus we have 


THEOREM 6.9. If a compact pseudo-Kahler-Ewnstein space with K > 0 
admits a Killing vector field v", then the equation (6.8) adnuts a solution 


other than zero given by f = oe PV, and vice versa. 


Suppose that a compact pseudo-Kahler-Einstein space with K > 0 
admits two Killing vectors v* and w* to which correspond f and g respec- 
tively, then we have 


K 
FHY, (0, w], = FHV, Lu, = £(F"V,w) = — fe 


v 


K K 
= —v'Vg = — —F*},.Ve 
n n 


K 
= — — FV, f) (Vie). 
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Thus if we define [f, g] by 


[f, g] = — (V5 f) (Vig), 
we have 


THEOREM 6.10. If acompact pscudo-Kahler-Etnstein space with K > 0 
admits two Killing vectors v" and w" to which correspond f and g respec- 
tively, then [v, w]" and [f, g] correspond to each other. 


A necessary and sufficient condition for uv” to ‘be a contravariant 
pseudo-analytic vector ficld in a compact pseudo-Kahler-Einstein 
space is that 


K 
#V_Viv® + —-—v" = 0. 
From this equation, we can easily deduce 


Kk 
gt, VAV,,2%) + we Ts (V,2*) == 0 
n 
and 
kK 
g*V; V; VAV.U") AS on V,(Vau") z= 0; 
The last equation shows that the vector V,(V,v%) is a contravariant 


analytic vector field. 
Put 


(6.9) p* = vt + —_ VV, 04), 
K 
then ~” is a contravariant pseudo-analytic vector field. Moreover we 
have 
n 
Vip® = V,v" + 5 VINNY) = 0 


and consequently, p” is a Killing vector. 
Thus if we put 


h Fo | 3 Vv, |, 
q a] ae VN) 
then g” is also contravariant pseudo-analytic and 


Vige — 0, 


and consequently q’ is also a Killing vector. 
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From (6.9), we have 
vt = p+ Fi"q?, 
where #* and q* are both Killing vectors. 


Such a decomposition of a contravariant pseudo-analytic vector is 
unique. Because 1f we have 


ve = "ph + Faget, oh = ph + FA'g’, 
then 
(‘p* — p) + Fy'('q* — 9") = 0, 
from which 
FOV dn — dn) = 0. 
Thus ‘g, = ¢, and consequently ’p* = 6". Thus we have 


THEOREM 6.11. In a compact pseudo-Kadhler-Linstein space, any 
contravariant pseudo-analytic vector field v" 1s uniquely decomposed in the 
form 


yi — ph + Fg", 
where p” and q® are both Killing vector fields. (Y. Matsushima [1)]). 


A transformation o of a pseudo-Hermitian manifold M 1s called a 
Hermitian automorphism if @ preserves both of F,, and F;". 
S. Ishihara [2,3] proved the following theorems: 


THEOREM 6.12. Let G be a group of Hermitian automorphisms of 
a 2n-dimensional pseudo-Hermitian space M. Then G 1s transitive on 
M for n = 2, tf the group G ts of dimension r =n? -+ 2. In casen & 3 
and n # 4, there exists no growp of Hermitian automorphisms of dimension 
y such that 


n+ 2n—-lor>n4 2. 


THEOREM 6.13. Let G/H be a homogeneous pseudo-Hermitian space 
of 2n-dimenstons and dim G = n? + 2n. Then G/H is a homogeneous 
pseudo-Kdhlerian space with constant holomorphic sectional curvature K. 
When K > 0 and G/H 1s simply connected, G is tsomorphac locally to the 
unimodular unitary group in n + 1 complex variables and G/H is homeo- 
morphic to P(C,n). When K <0, G ts locally tsomorphic to the tdentity 
component in the group of all linear transformations in m + 1 variables 
(21, 29, «++» 2n43) Leaving invariant the form 2,2, + ... + 2n@n — 2n4i2n41 
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and G/H 1s homeomorphic to E,,. When K = 0, G is tsomorphic to the 
group of all unitary mottons in a unitary space of n complex dimensions 
and G/H ts homeomorphic to E,,. 


THEOREM 6.14. Let G/H be a homogeneous pseudo-Hermitian space 
of 2n dimensions and dimG = n?+ 2n—1 (n> 1). If n #3, G/H 
1s flat and homeomorphic to E,,, and the group G 1s tsomorphic to the sub- 
group of the group of all unitary motions 1n a unitary space of n complex 
dimensions whose rotation part 1s the unimodular unitary group. If n = 3, 
G/H ts flat or of positive constant curvature. 

In case n = 3 and G/H its flat, the conclusion is the same as tn the general 
case. In case n= 3 and G/H 1s of positive constant curvature, G/H 1s 
homeomorphic to a sphere of dimension 6 and the group ts tsomorphic to 
a compact exceptional simple group of type (G). 


T. Fukami and S. Ishihara [1] proved following two theorems: 


THEOREM 6.15. The almost Hermitian structure on Sg, ts invariant 
under the group G of all automorphisms of Cayley numbers. Conversely, 
the group of all tsometries leaving invartant the almost Hermitian structure 
on S, 1s tsomorphic to G. 


THEOREM 6.16. On the homogeneous almost Hermitian space S, = G/H 
there exists one and only one invariant connexion I defined by 


ey jaa {} a 3(V,, | ee ae 


tor which g,, and F;" are covariant constant. The covariant derivative of 
tts torsion and curvature tensor fields are both zero, but its torsion field 
ttself does not vanish at every point of Sg. 


A. Lichnerowicz [4] proved 


THEOREM 6.17. In an irreducible pseudo-Kahlerian space with 
Kj, #0, every real infinitesimal motion is an automorphism. 


J. A. Schouten and K. Yano [4] proved 


THEOREM 6.18. Jn an irreducible pseudo-Kdhlertian space Vy, with 
n odd every real infinitesimal motion is an automorphism. 


Let M be a manifold of dimension 2m with the almost complex struc- 
ture Ff. We denote by H(P), P « M, the homogeneous holonomy group 
of M with respect to a natural connexion, that is, an affine connexion 
with respect to which F is covariant constant. A(M) denotes the group 
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of all affine motions of M onto itself and A,(M) denotes the connected 
component of the identity of A(M/). We assume that H(P) is irreducible 
in the real number field. Then H(P) is a subgroup of the real represen- 
tation CL(m, R) of the complex linear group. 

M. Obata [2] proved the following theorems. 


THEOREM 6.19. Jf m ts odd or if m 1s even m = 2] and H(P) is not 
a subgroup of QL(L, R), then A,(M) preserves the almost complex structure. 


THEOREM 6.20. If Ay(M) does not preserve the almost complex structure, 
then m =- 2l and H(P) 1s a subgroup of QL (Ll, R) and there exists a homomor- 
phism of A(M) tnto SO(3). 


THEOREM 6.21. In an trreducible pseudo-Kdhlerian manifold M of 
dimension 2n1, 1f mts odd or 1f mis even m = 2! and H(P) is not a sub- 
group of the real representation of the unitary symplectic group, then A,(M) 
preserves the almost complex structure. 


THEOREM 6.22. In an trreducible pseudo-Kahlerian manifold of dimen- 
sion 2m af mts odd or tf mis even m == 21 and the Ricci curvature tensor 
does not vanish, then A,(M) preserves the almost complex stricture; especially 
the largest connected group of tsometries preserves the almost complex 
structure. 


THEOREM 6.23. In an irreducible complex mantfold of dimension 2m, 
if m ts odd or if m ts even m = 21 and the homogeneous holonomy group 
1s not a subgrowp of OL(I, R), an infinitesimal affine transformation is 
always complex analytic. 


THEOREM 6.24. In an irreducible Kdhlerian manifold of dimension 
2m, tf m ts odd or tf mn ts even and the Ricci curvature tensor does not vanish, 
an infinitesimal affine transformation 1s always complex analytic. 


S. Kobayashi and K. Nomizu [1] studied a similar problem. 
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